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PREFACE
TO THE SECOND EDITION

The second edition retains almost all the material in the first edition and includes
three new chapters, namely, Chapter 2: Computability and Formal Languages,
Chapter 7: Finite State Machines, and Chapter 8: Analysis of Algorithms, as well
as several new sections on discrete probability, asymptotic behavior of functions,
and recursive algorithms. I hope the new material will help to further illustrate
the relevance of the mathematics we try to teach and give the reader a glimpse of
a number of upper-class courses in a Computer Science or Mathematics curric-
ulum such as Analysis of Algorithms, Automata Theory, Formal Languages, and
Probability Theory, which he or she might wish to take after having the material
in this book. (Clearly, courses such as Combinatorial Mathematics, Graph
Theory, and Abstract Algebra are natural follow-ups even without the new
material in this edition.)

This edition probably contains more material than one could cover in a
one-semester course at an average pace. There are several possibilities to tailor
the book for a one-semester or one-quarter course: omit the discussion on alge-
braic systems by skipping Chapters 11 and 12; have a more elementary treatment
of combinatorics by skipping the topic of generating functions in Chapter 9 and
the topic of solution of recurrence relations in Chapter 10; or have a lighter
treatment of graph theory by limiting the discussion in Chapters 5 and 6 to basic
definitions and results only. As to the order of presentation, besides following the
current order of chapters, one might consider postponing Chapter 3 until after
Chapter 8. The material imr Chapter 3, though elementary, might appear to be
“tricky” for a beginning student. Also, Chapters 3, 9, and 10 constitute a package
on topics in combinatorics. By the same token, one might wish to do Chapters 2
and 7 together and then even to have a further excursion in the direction of
automata theory and formal languages. It is possible to do boolean algebra(s)
immediately after propositions are introduced. However, Chapter 12 would have

xi



Xii PREFACE TO THE SECOND EDITION

to be tuned down if it is to be covered immediately after Chapter 1, since it
probably would be too formal and abstract for a beginning student. (I should
also mention that the current ordering of chapters is based more or less on the
thread of going from sets to relations, to graphs, to functions, and to algebraic
structures.)

Besides those I thanked in the preface of the first edition I also want to thank
R. V. Book, D. H. Haussler, K. S. Khim, H. W. Leong, W. J. Li, M. C. Loui, R.
Ness-Cohen, K. H. Pun, W. L. Scherlis, J. Waxman, and H. Wu for their contri-

butions.

C.L. Liu



PREFACE
TO THE FIRST EDITION

This book presents a selection of topics from set theory, combinatorics, graph
theory, and algebra which I consider basic and useful to students in Applied
Mathematics, Computer Science, and Engineering. It is intended to be a textbook
for a course in Discrete Mathematics at the sophomore-junior level, although it
can also be used in a freshman-level course since the presentation does not
assume any background beyond high-school mathematics. The material in this
book can be covered in a one-semester course at a rather brisk pace. On the
other hand, it is quite possible to omit some of the topics for a slower course. A
section marked with an asterisk can be omitted without disrupting the continuity.

This book is an outgrowth of a set of lecture notes I wrote for a course I
taught in the Department of Computer Science at the University of Illinois at
Urbana-Champaign. I hope it is not only a record of what I covered in the course
but also a reflection of how I lectured the material in the classroom. I have tried
to be rigorous and precise in presenting the mathematical concepts and, in the
meantime, to avoid complicated formalisms and notations. As a rule I would not
state a definition or a fact if I could not illustrate the utilization of the definition
or the fact in some meaningful way later on. Consequently, it is quite possible
that I have omitted some “important” definitions or facts in this book. I trust,
however, that the students will be quite capable of looking them up somewhere
else when such definitions and facts are needed. I have attempted to teach my
students some useful mathematics in an interesting and exciting way. I hope that
I have demonstrated to them how mathematics can be applied to solve nontrivial
real-life problems. Furthermore, I hope that my students not only learned in the
course some powerful mathematical tools but also developed their ability to
perceive, to formulate, and to solve mathematical problems. I have tried to bring
in an algorithmic point of view in the treatment of several topics, although I
decided not to include explicit computer programs, mainly because of time con-
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Xiv PREFACE TO THE FIRST EDITION

sideration. I hope that some of these personal views and tastes can be shared to
some extent by the instructor using this book.

I would like to thank James N. Snyder, my department head, for his encour-
agement and support; Murray Edelberg, Jane W. S. Liu, and Andrew H.
Sherman for their careful review of the manuscript; Donald K. Friesen for his
contribution to the preparation of the Instructor’s Manual; and Edward M.
Reingold and F. Frances Yao for their many helpful suggestions. Several years
ago, I had an opportunity to serve on a panel on the impact of computing on
mathematics sponsored by the Committee on the Undergraduate Program in
Mathematics of the Mathematical Association of America. I benefited greatly
from the panel’s discussion on the teaching of discrete mathematics, and I am
much indebted to the members of the panel. I also thank Glenna Gochenour,
Connie Nosbisch, Judy Watkins, and June Wingler for their typing and editorial
assistance. Finally, thanks to Kathleen D. Liu for her assistance in the prep-
aration of the index.

There is a certain amount of overlap between this book and the book Intro-
duction to Combinatorial Mathematics 1 wrote a few years ago. In a number of
instances, I follow quite closely the presentation in Introduction to Combinatorial
Mathematics.

C.L. Liu



CHAPTER

ONE
SETS AND PROPOSITIONS

1.1 INTRODUCTION

A major theme of this book is to study discrete objects and relationships among
them. The term discrete objects is a rather general one. It includes a large variety
of items such as people, books, computers, transistors, computer programs, and
so on. In our daily lives as well as in our technical work we frequently deal with
these items, making statements such as, “ The people in this room are Computer
Science majors in their second year of study,” “All the books I bought are
detective stories written by A. B. Charles,” and “We want to select and buy a
computer among those that are suitable for both scientific and business applica-
tions at a price not exceeding $200,000.” We would like to abstract some of the
basic concepts dealing with the many different kinds of discrete objects and
establish certain common terminology for dealing with them.

A hint of the possibility of such an abstraction is quite evident when we
observe that these three statements all have “something” in common. To be
specific, in the first statement we are referring to people who possess the two
attributes of being a Computer Science major and of being a sophomore; in the
second statement we are referring to books that possess the two attributes of
being a detective story and of being written by A. B. Charles; and in the third
statement we are referring to computers that possess the three attributes of being
suitable for scientific applications, of being suitable for business applications, and
of being priced at no more than $200,000. To put it in another way, consider the
group of all the Computer Science majors and the group of all the sophomores in
the university. In our first statement we are then referring to those students who
belong to both of these groups. Also, consider the collection of all detective

1



2 CHAPTER ONE

stories and the collection of all books written by A. B. Charles. In our second
statement we are then referring to those books that belong to both of these
collections. Finally, in our third statement we are referring to all computers that
belong to the three categories of computers that are suitable for business applica-
tions, that are suitable for scientific applications, and that are priced at no more
than $200,000.

Our example illustrates the many occasions on which we deal with several
classes of objects and wish to refer to those objects that belong to all classes.
Similarly, one would immediately perceive occasions on which we refer to objects
that belong to one of several classes of objects, such as in the statement, “I want
to interview all the students who speak either German or French,” where we refer
to those who belong either to the group of German-speaking students or to the
group of French-speaking students.

We begin with the introduction of some basic terminology and concepts in
elementary set theory. A set is a collection of distinct objects. Thus, the group of
all sophomores in the university is a set. So is the group of all Computer Science
majors in the university, and so is the group of all second-year Computer Science
majors. We use the notation {a, b, c} to denote the set which is the collection of
the objects a, b, and ¢. The objects in a set are also called the elements or the
members of the set. We usually also give names to sets. For example, we write
S = {a, b, ¢} to mean that the set named S is the collection of the objects g, b, and
c. Consequently, we can refer to the set S as well as to the set {a, b, c}. As another
example, we may have

Second-year-Computer-Science-majors
= {Smith, Jones, Wong, Yamamoto, Vogeli}

(The name of the set {Smith, Jones, Wong, Yamamoto, Vogeli} is Second-year-
Computer-Science-majors, which is rather long. The reader probably would want
to suggest alternative names such as S or CS. However, there is nothing wrong
conceptually with having a “long” name.) We use the notation a € S to mean
that a is an element in the set S. In that case, we also say that S contains the
element a. We use the notation d ¢ S to mean that d is not an element in the set
S. In that case, we also say that S does not contain the element d. Thus, in the
example above, Jones € Second-year-Computer-Science-majors, while Kinkaid ¢
Second-year-Computer-Science-majors.

Note that a set contains only distinct elements. Thus, {a, a, b, ¢} is a
redundant representation of the set {a, b, c}. Similarly, {The-Midnight-Visitor,
The-Midnight-Visitor, The-Missing-Witness, 114-Main-Street} is a redundant
representation of the detective stories written by A. B. Charles. One might ask the
question: What should we do if our collection of detective stories by A. B.
Charles in the library indeed contains two copies of the book The-Midnight-
Visitor? In that case, the set {The-Midnight-Visitor, The-Missing-Witness, 114-
Main-Street} is a set of distinct titles of detective stories by A. B. Charles in our
library, while the set {The-Midnight-Visitor-1, The-Midnight-Visitor-2, The-
Missing-Witness, 114-Main-Street} is the set of detective stories by A. B. Charles
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in our library where The-Midnight-Visitor-1 is copy 1 of the book The-Midnight-
Visitor, and The-Midnight-Visitor-2 is copy 2 of the book. Note that The-
Midnight-Visitor-1 and The-Midnight-Visitor-2 are two distinct elements in the
latter set.

Note also that the elements in a set are not ordered in any fashion. Thus, {a,
b, ¢} and {b, a, c} represent the same collection of elements. We shall introduce
the notion of ordered sets in Chap. 2.

As was introduced above, one way to describe the membership of a set is to
list exhaustively all the elements in that set. In many cases, when the elements in
a set share some common properties, we can describe the membership of the set
by stating the properties that uniquely characterize the elements in the set. For
example, let S = {2, 4, 6, 8, 10}. We can also specify the elements of S by saying
that S is the set of all even positive integers that are not larger than 10. Indeed,
we can use the notation

S = {x|x is an even positive integer not larger than 10}
for the set {2, 4, 6, 8, 10}. In general, we use the notation
{x|x possesses certain properties}
for a set of objects that share some common properties. Thus,
S = {Smith, Jones, Wong, Yamamoto, Vogeli}
and
S = {x|x is a second-year Computer Science major}

are two different ways to describe the same set of elements.

It should be pointed out that our definition of a set does not preclude the
possibility of having a set containing no elements. The set that contains no
element is known as the empty set, and is denoted by { }. (We are consistent
with the notation of using a pair of braces to enclose all the elements in the set.
In this case, it just happens that there is no element in the enclosure.) In the
literature, the empty set is also denoted by ¢. So that the reader will be familiar
with both notations, we shall use them interchangeably. For example, let S
denote the set of all detective stories by A. B. Charles that were published in
1924. Clearly, S is the empty set if A. B. Charles was born in 1925. As another
example, let S denote the set of all students who failed the course Discrete
Mathematics. S might turn out to be the empty set if all students in the course
studied hard for the final examination.

Let us note that we did not place any restriction on the elements in a set.
Thus, S = {Smith, The-Midnight-Visitor, CDC-6600} is a well-defined set. That
the elements, Smith (a person), The-Midnight-Visitor (the title of a book), and
CDC-6600 (a computer) do not seem to share anything in common does not
prohibit them from being elements of the same set. Indeed, we should point out
that it is perfectly all right to have sets as members of a set. Thus, for example,
the set {{a, b, ¢}, d} contains the two elements {a, b, ¢} and d, and the set {{a, b,
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¢}, a, b, ¢} contains the four elements {a, b, ¢}, a, b, and c. The set of all
committees in the U.S. Senate could be represented by {{a, b, ¢}, {a, d, e, [}, {b, ¢,
g}}, where each element of the set is a committee which, in turn, is a set with the
senators in the committee as elements. Similarly, {a, {a}, {{a}}}] is a set with three
distinct elements a, {a}, {{a}}. Also, the set {{ }}, which can also be written as
{¢}, contains one element—the empty set. The set {{ }, {{ }}}, which can also be
written as {@, {¢}}, contains two elements—the empty set and a set that contains
the empty set as its only element. Perhaps an analogy will be helpful here. We
can imagine that {a, b, ¢} corresponds to a “box” in which there are three objects
a, b, and c. Thus, {a, b, ¢, {a, b}} corresponds to a box in which there are four
objects a, b, ¢, and a box, in which there are two objects, a and b. Also, { }
corresponds to an empty box; {{ }} corresponds to a box in which there is an
object that happens to be an empty box; and {{ }, {{ }}} corresponds to a box in
which there are two boxes—one empty and the other not. As another example,
let

S, = {John, Mary}
S, = {{John, Mary}}
Sy = {{{John, Mary}}}
We note that
John e §,
John ¢ S,
John ¢ S,
S, €8,
S1 ¢8;
S,€e8;

Given two sets P and Q, we say that P is a subset of Q if every element in P is
also an element in Q. We shall use the notation P < Q to denote that P is a
subset of Q. For example, the set {a, b} is a subset of the set {y, x, b, ¢, a}, but it is
not a subset of the set {a, ¢, d, e}. The set of all second-year Computer Science
majors is a subset of the set of all sophomores. It is also a subset of the set of all
Computer Science majors. On the other hand, the set of all Computer Science
majors is not a subset of the set of all sophomores, nor is the set of all sopho-
mores a subset of the set of all Computer Science majors. Let 4 = {a, b, ¢} and

B = {{a, b, ¢}, a, b, c}. We note that it is indeed possible to have both 4 € B and
A < B. As further examples, we ask the reader to check the following statements:

1. For any set P, P is a subset of P.
2. The empty set is a subset of any set. However, the empty set is not always an
element of any set.
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3. The set {¢} is not a subset of the set {{¢}}, although it is an element of the set

{#}}-

Two sets P and Q are said to be equal if they contain the same collection of
elements. For example, the two sets

P = {x|x is an even positive integer not larger than 10}

Q ={x|x=y+zwhere y e {1, 3, 5}, ze {1, 3, 5}}

are equal. In a seemingly roundabout way, we can also say that two sets P and Q
are equal if P is a subset of Q, and Q is a subset of P. We shall see later that on
some occasions this is a convenient way to define the equality of two sets.

Let P be a subset of Q. We say that P is a proper subset of Q if P is not equal
to Q, that is, there is at least one element in Q that is not in P. For example, the
set {a, b} is a proper subset of the set {y, x, b, ¢, a}. We use the notation P = Q to
denote that P is a proper subset of Q.

1.2 COMBINATIONS OF SETS

Now we shall show how sets can be combined in various ways to yield new sets.
For example, let P be the set of students taking the course Theory of Computa-
tion and Q be the set of students taking the course Music Appreciation. If a
certain announcement was made in both the Theory of Computation and the
Music Appreciation classes, what is the set of students who know about the news
announced? Clearly, it is the set of students who are taking either Theory of
Computation or Music Appreciation, or both. If both these courses have their
final examinations scheduled in the same hours, what is the set of students who
will have conflicting final examinations? Clearly, it is the set of students who are
taking both Theory of Computation and Music Appreciation. To formalize these
notions, we define the union and the intersection of sets. The union of two sets P
and Q, denoted P U Q, is the set whose elements are exactly the elements in
either P or Q (or both).t For example,

{a,b} U {c,d} ={a, b, c, d}
{a,b} U {a,c} ={a, b, c}

{a, b} v ¢ = {a, b}
{a, b} U {{a, b}} = {a, b, {a, b}}

+ We do not wish to introduce the notion of algebraic operations until Chap. 11. Thus, at this
moment, P U Q is simply a name we have chosen for a set.



6 CHAPTER ONE

The intersection of two sets P and Q, denoted P n Q, is the set whose elements
are exactly those elements that are in both P and Q. For example,

{a, b} 0 {a, ¢} = {a}
{a, b} N {c, d} = ¢t
{a, b} np=9¢

If the elements in P are characterized by a common property and the elements in
Q are characterized by another common property, then the union of P and Q is
the set of elements possessing at least one of these properties, and the intersection
of P and Q is the set of elements possessing both of these properties. According to
the definitions, P U Q and Q U P denote the same set,asdo P n Q and Q n P.

It follows that the union of the set P U Q and the set R, denoted
(P U Q) U R where the parentheses are used as delimiters to avoid confusion,
contains exactly the elements in P, the elements in Q, and the elements in R. We
shall use the notation P U Q U R for (P U Q) U R, and shall refer to the set
P U Q U R as the union of the three sets P, Q, R. In general, the union of the set
(..{(Py v Py) U Py)..)u P,_, and the set P,, denoted (...(P, v P,) U P3)...
v P,_,) U P, contains exactly the elements in P,, the elements in P,, ..., the
elements in P,_,, and the elements in P,. We shall use the notation P, U P, U
Py -+ U P._,uP,for(.(P,vP,)uPy...uP,_,) u P, and shall refer to
the set P, U P, U P; -+ U P,_, U P, as the union of the k sets P,, P,, P5, ...,
P,_,, P,. Similarly, the intersection of the set P n Q and the set R, denoted
(P n Q) n R, contains exactly the elements that are in P, Q, and R. Also, the
intersection of the set (...(P, » P;) n P3)...) n P,_, and the set P,, denoted
(.{(Py n Py)) " Py)...n P._,) n P,, contains exactly the elements that are in
P,,and P,, ..., and P,_,, and P,. We shall use the notation P, n P, n P3 - -
N P,_y n P for (..((Py N Py) N Py)...n P,_;) n P, and shall refer to the set
P,nP,n Py - n P,_, n P, as the intersection of the k sets P,, P,, P5, ...,
P,_,, P,. For example, the set of all undergraduate students in a university is the
union of the sets of freshmen, sophomores, juniors, and seniors, and the set of
graduating seniors is the intersection of the set of seniors, the set of students who
have accumulated 144 or more credit hours, and the set of students who have a C
or better grade-point average.

Let P denote the set of students taking Theory of Computation, Q denote the
set of students taking Music Appreciation, and R denote the set of students
having type AB blood. Suppose an emergency announcement was made in the
classes of Theory of Computation and Music Appreciation calling for type AB
blood donors. We want to determine the members of the set of potential donors
who heard about the emergency call. Since S = P U Q is the set of students who
heard about the emergency call, R n S is the set of potential donors who heard
about the emergency call. Instead of using a new name S for the set P U Q, we
can simply write R n (P U Q). Note that the set of potential donors who heard

T Two sets are said to be disjoint if their intersection is the empty set.



SETS AND PROPOSITIONS 7

about the emergency call is also the set of students with type AB blood in the
Theory of Computation class together with the set of students with type AB
blood in the Music Appreciation class—that is, the set (R n P) u (R n Q). This
example suggests very strongly that for any sets P, Q, R, the two sets
RN (PuQ)and (R n P)u (R n Q) are equal. Indeed, this is the case, as we
now show.

We show first that R n (P u Q) is a subset of (R~ P)uU (R n Q) by
showing that every element in R n (P U Q) is alsoin (R n P) u (R n Q). Let x
be an element in R n (P U Q). The element x must be in R and must be either in
PorQ.Ifxisin P,xisin R n P.If xisin Q, x is in R n Q. Consequently, x is in
(RNnP)u(Rn Q), and we conclude that Rn (P u Q) is a subset of
(RN P)u (R n Q). Second, we show that (R " P) U (R n Q) is a subset of
R n (P U Q). Let x be an element in (R n P) U (R n Q). Thus, x must either be
in R n Porbein R n Q. That is, x must either be in both R and P or be in both
R and Q. In other words, x must be in R and must be either in P or in Q.
Consequently, x is in R n (P u @), and we can conclude that (R n P) U (P n Q)
is a subset of R n (P u Q). It follows that the two sets R n (P U Q) and
(RN P) u (R n Q) are equal.

In a similar manner we can show that for any sets P, Q, R, the two sets
R U (P n @)and (R U P) n (R U Q) are equal. Furthermore, we have

Rn(P,uP,uuP)=(RNnP))URNP)uU---U(RNP)
RuPinPy,nnP)=(RUP)NRUP,)N---n(RUP

We leave the details to the reader.t
The difference of two sets P and Q, denoted P — Q, is the set containing
exactly those elements in P that are not in Q. For example,

{a, b, c} — {a} = {b, ¢}
{a, b, ¢} — {a,d} = {b, ¢}
{a, b, c} — {d, e} ={a, b, c}

If P is the set of people who have tickets to a ball game and Q is the set of people
who are ill on the day of the game, then P — Q is the set of people who will go to
the game. Note that Q might contain some or none of the elements of the set P.
However, these elements will not appear in P — Q in any case, just as in the
example, those people who are ill but do not have tickets to the ball game will
not go to the game anyway. Indeed, if the elements in Q are characterized by
some common property, then P — Q is the set of elements in P that do not
possess this property. If Q is a subset of P, the set P — Q is also called the

t Again, we do not wish to introduce the notions of algebraic operations, associativity, and
distributivity until Chap. 11. Note, however, these notions are not needed here because P n Q,
P,nP,n---nP,PuUQ P, uP,u: - U P, are simply names for sets obtained according to
our definitions.
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complement of Q with respect to P. For example, let P be the set of all students in
the course Theory of Computation and Q be the set of those students who have
passed the course. Then P — Q is the set of students who failed the course. On
many occasions, when the set P is clear from the context, we shall abbreviate the
complement of Q with respect to P as the complement of Q, which will be denoted
Q. For example, let P be the set of all students in the course Theory of Computa-
tion. Let Q be the set of Computer Science majors in the course, and R be the set
of sophomores in the course. Then the complement of Q refers to the set of
students in the course who are not Computer Science majors, and the com-
plement of R refers to the set of those students who are not sophomores, if it is
understood that in our discussion we always restrict ourselves to students in the
course Theory of Computation. Indeed, when our discussion is always restricted
to the subsets of a set P, P is referred to as the universe.

The symmetric difference of two sets P and Q, denoted P @ Q, is the set
containing exactly all the elements that are in P or in Q but not in both. In other
words, P ® Q is the set (P U Q) — (P n Q). For example,

{a, b} @ {a, ¢} = {b, ¢}
{a, b} ® ¢ = {a, b}
{a, b} @ {a, b} = ¢

If we let P denote the set of cars that have defective steering mechanisms and Q
denote the set of cars that have defective transmission systems, then P @ Q is the
set of cars that have one but not both of these defects. Suppose that a student will
get an A in a course if she did well in both quizzes, will get a B if she did well in
one of the two quizzes, and will get a C if she did poorly in both quizzes. Let P be
the set of students who did well in the first quiz and Q be the set of students who
did well in the second quiz. Then P n Q is the set of students who will get A’s,
P ® Q is the set of students who will get B’s, and S — (P u Q) is the set of
students who will get C’s, where S is the set of all students in the course. We
define P, ® P, ® - - - @ P, to be the set of elements that are in an odd number of
the sets Py, P,,..., Py.

The power set of a set 4, denoted 2(A), is the set that contains exactly all the
subsets of A. Thus 2({a, b}) = {{ }, {a}, {b}, {a, b}}, and 2({ }) = {{ }}. Note
that for any set 4, { } € 2(A4) as well as { } < 2(A4). For example, let 4 = {novel,
published-in-1975, paperback} be the three attributes concerning the books in the
library in which we are interested. Then 2(A) is the set of all possible com-
binations of these attributes the books might possess, ranging from books that
have none of these attributes [the empty set in 2(A4)] to books that have all three
of these attributes [the set 4 in 2(A4)].

Sets obtained from combinations of given sets can be represented pictorially.
If we let P and Q be the sets represented by the cross-hatched areas in Fig. 1.1a,
then the cross-hatched areas in Fig. 1.1b represent the sets P U Q, P n Q, P — Q,
and P @ Q, respectively. These diagrams are known as Venn diagrams.
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Figure 1.1

1.3 FINITE AND INFINITE SETS

Intuitively, it is quite clear that by the size of a set we mean the number of
distinct elements in the set. Thus, there is little doubt when we say the size of the
set {a, b, c} is 3, the size of the set {a, ¢, d} is also 3, the size of the set {{a, b}} is
1, and the size of the set ¢ is 0. Indeed, we could stop our discussion on the size
of sets at this point if we were only interested in the size of “finite ” sets. However,
a much more intriguing topic is the size of “infinite” sets. At this point, a
perceptive reader will probably ask the question, “What is an infinite set in the
first place?” An evasive answer such as, “An infinite set is not a finite set,” is no
answer at all, because if we start to think about it, we should also ask the
question, “ What is a finite set anyway?”

Let us begin be declaring that we have not yet committed ourselves to the
precise definitions of finite sets and infinite sets. As the basis of our discussion, we
want to construct an example of an infinite set. For a given set 4, we define the
successor of A, denoted A*, to be the set A U {A}. Note that {4} is a set that
contains A4 as the only element. In other words, 4™ is a set that consists of all the
elements of 4 together with an additional element which is the set A. For
example, if A = {a, b}, then A% ={a, b} U {{a, b}} ={a, b, {a, b}}; and if
A = {{a}, b}, then A™ = {{a}, b, {{a}, b}}. Let us now construct a sequence of
sets starting with the empty set ¢. The successor of the empty set is {¢}, whose
successor is {¢, {¢}}, and whose successor, in turn, is {¢p, {¢}, {$, {¢}}}. It is
clear that we can go on to construct more and more successors. Let us also assign
names to these sets. In particular, we use 0, 1, 2, 3, ... as the names of the sets.t

Let 0=¢
1={¢}
2=1{¢. {¢}}
3={e, {9}, {0, {¢}}}
t Using 0, 1, 2, 3, ... as names of sets is just as good as using 4, B, C, D, .... As will be seen, it is

intentional that we choose 0, 1, 2, 3, ... as names.
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We have, clearly, | =0%,2=1% 3=2" and so on. Let us now define a set N
such that

1. N contains the set 0.
2. If the set n is an element in N, so is the set n™*.
3. N contains no other sets.

Since for every set in N its successor is also in N, the reader probably would
agree that N is indeed an “infinite set.” However, let us proceed in a more precise
way.

We shall talk about the sizes of sets in a comparative manner. To this end, let
us introduce a definition: Given two sets P and Q, we say that there is a one-to-
one correspondence between the elements in P and the elements in Q if it is
possible to pair off the elements in P and Q such that every element in P is paired
off with a distinct element in Q.1 Thus, there is a one-to-one correspondence
between the elements in the set {a, b} and the elements in the set {c, d}, because
we can pair a with ¢ and b with d, or we can pair a with d and b with c¢. There is
also a one-to-one correspondence between the elements in the set {a, b, ¢} and
the elements in the set {@, a, d}. On the other hand, there is no one-to-one
correspondence between the elements in the sets {a, b, ¢} and {a, d}. The inten-
tion of introducing the notion of one-to-one correspondence between the ele-
ments of two sets is quite obvious, because we can now compare two sets and say
that they are of the same size or that they are of different sizes. The basis of our
comparison is indeed the sets we constructed above, namely, 0, 1, 2, 3, ..., and N.
We are now ready to introduce some formal definitions. A set is said to be finite if
there is a one-to-one correspondence between the elements in the set and the
elements in some set n, where n € N; n is said to be the cardinality of the set.
Thus, for example, the cardinalities of the sets {a, b, ¢}, {a, ¢, d}, {¢, {#}, {®,
{¢}}} are all equal to 3. Note that it is now precise for us to say that a set is an
infinite set if it is not a finite one. We can, however, be more precise about the
“size” of infinite sets: A set is said to be countably infinite (or the cardinality of
the set is countably infinite)} if there is a one-to-one correspondence between the
elements in the set and the elements in N. We observe first of all that the set of all
natural numbers {0, 1, 2, 3,...}§ is a countably infinite set. It follows that the set
of all nonnegative even integers {0, 2, 4, 6, 8, ...} is a countably infinite set
because there is an obvious one-to-one correspondence between all nonnegative
even integers and all natural numbers, namely, the even integer 2i corresponds to
the natural number i for i =0, 1, 2, .... Similarly, the set of all nonnegative
multiples of 7 {0, 7, 14, 21, ...} is also a countably infinite set. So is the set of all
positive integers {1, 2, 3, ...}. We note that a set is a countably infinite set if
starting from a certain element we can sequentially list all the elements in the set

+ Such an intuitive definition will be made more formal in Chap. 4.

I In the literature, the cardinality of a countably infinite set is also referred to as N . (X is the first
letter in the Hebrew alphabet.)

§ The notation is perhaps confusing. However, it is intentional, because the set N is indeed a
precise definition of the set of natural numbers.
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one after another, because such a listing will yield a one-to-one correspondence
between the elements in the set and the natural numbers. For example, the set of
all integers {..., —2, —1,0, 1, 2, ...} is a countably infinite set, since its elements
can be listed sequentially as {0, 1, —1. T —2, 3, —3,...}. This example suggests
that the union of two countably infinite sets is also a countably infinite set. It
indeed is the case. As a matter of fact, the union of a finite number of countably
infinite sets is a countably infinite set and, furthermore, so is the union of a
countably infinite number of countably infinite sets (see Prob. 1.26).

1.4 UNCOUNTABLY INFINITE SETS

We show in this section that there are infinite sets with cardinalities that are not
countably infinite. We now introduce a “ proof technique” that probably is new
to the reader.t

Three boys—James, Joe, and John—were asked to taste ice cream of three
different flavors—chocolate, vanilla, and strawberry. The following table sum-
marizes the flavors they each like and dislike:

Chocolate Vanilla Strawberry

James Yes No Yes
Joe No No Yes
John Yes Yes Yes

We make a trivial observation: Suppose we were told that there is a boy who
disagrees with James on whether chocolate ice cream is delicious (that is, James
likes chocolate ice cream, but the boy dislikes it), who disagrees with Joe on
whether vanilla ice cream is delicious (that is, Joe dislikes vanilla ice cream, but
the boy likes it), and who also disagrees with John on whether strawberry ice
cream is delicious (that is, John likes strawberry ice cream, but the boy dislikes
it). Clearly, this boy cannot be James, Joe, or John, but must be a different boy,
since he disagrees with each of their tastes on at least one of the flavors as
illustrated in the following table:

Chocolate Vanilla Strawberry

James No Yes
Joe No Yes
John Yes Yes

New boy No Yes No

+ Indeed, throughout this book, we will need to show on many occasions that something cannot
possibly exist, or some task can never be done. We are all familiar with how to demonstrate the
existence of something or how to describe a procedure for performing a certain task. But, how does
one demonstrate something that cannot possibly exist under any circumstances? How does one
prove that some task cannot be done by anybody however intelligent, or any machine however
powerful?
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We may have a more general situation. Suppose that there are n boys and ice
cream of n different flavors. If we were told that there is a boy who disagrees with
the first boy on whether the first flavor is delicious, who disagrees with the second
boy on whether the second flavor is delicious, and who disagrees with the nth boy
on whether the nth flavor is delicious, then we can be certain that this boy is not
one of the n boys, because he disagrees with each of them in at least one way.
This seemingly frivolous example illustrates a diagonal argument in which we
assert that a certain object (a new boy) is not one of the given objects (the n boys
we know), using the fact that this object is different from each of the given objects
in at least one way.

As an example of infinite sets with cardinalities that are not countably infin-
ite, we now show that the set of real numbers between 0 and 1 is not a countably
infinite set. Our proof procedure is to assume that the set is countably infinite
and then show the existence of a contradiction. If the cardinality of the set of real
numbers between 0 and 1 is countably infinite, there is a one-to-one correspon-
dence between these real numbers and the natural numbers. Consequently, we
can exhaustively list them one after another in decimal form as in the following:t

0.a,a1,013a14 -
0.a;1a55a53a54 "

0.a31a3,a33a34 -

where q;; denotes the jth digit of the ith number in the list. Consider the number

0.byb,byb, -
where
b, — 1 if a; =9
"_{9—% if  a;=0,12,..,8

for all i. Clearly, the number 0.b,b, b3 b, -+ is a real number between 0 and 1
that does not have an infinite string of trailing Os (for example, 0.34000 - - -).
Moreover, it is different from each of the numbers in the list above because it
differs from the first number in the first digit, the second number in the second
digit, the ith number in the ith digit, and so on. Consequently, we conclude that
the list above is not an exhaustive listing of the set of all real numbers between 0
and 1, contradicting the assumption that this set is countably infinite.

It is possible to continue in this direction to classify infinite sets so that
notions such as some infinite sets are “more infinite” than other infinite sets can
be made precise. This, however, will be beyond our scope of discussion.

+ A number such as 0.34 can be written in two different forms, namely, 0.34000 --- or
0.339999 - - -. We follow an arbitrarily chosen convention of writing it in the latter form.
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1.5 MATHEMATICAL INDUCTION
Let us consider some illustrative examples:

Example 1.1 Suppose we have stamps of two different denominations, 3
cents and 5 cents. We want to show that it is possible to make up exactly any
postage of 8 cents or more using stamps of these two denominations. Clearly,
the approach of showing case by case how to make up postage of 8 cents, 9
cents, 10 cents, and so on, using 3-cent and 5-cent stamps will not be a
fruitful one, because there is an infinite number of cases to be examinedt Let
us consider an alternative approach. We want to show that if it is possible to
make up exactly a postage of k cents using 3-cent and 5-cent stamps, then it
is also possible to make up exactly a postage of k + 1 cents using 3-cent and
5-cent stamps. We examine two cases: Suppose we make up a postage of k
cents using at least one 5-cent stamp. Replacing a 5-cent stamp by two 3-cent
stamps will yield a way to make up a postage of k + 1 cents. On the other
hand, suppose we make up a postage of k cents using 3-cent stamps only.
Since k = 8, there must be at least three 3-cent stamps. Replacing three
3-cent stamps by two 5-cent stamps will yield a way to make up a postage of
k + 1 cents. Since it is obvious how we can make up a postage of 8 cents, we
conclude that we can make up a postage of 9 cents, which, in turn, leads us to
conclude that we can make up a postage of 10 cents, which, in turn, leads us
to conclude that we can make up a postage of 11 cents, and so on. O

Example 1.2 Suppose we remove a square from a standard 8 x 8 chessboard
as shown in Fig. 1.2a. Given 21 L-shaped triominoes} as shown in Fig. 1.2b,
we want to know whether it is possible to tile the 63 remaining squares of the
chessboard with the triominoes. (By tiling the remaining squares of the chess-
board, we mean covering each of them exactly once without parts of the
triominoes extending over the removed square or the edges of the board.)
The answer to our question is affirmative, as Fig. 1.3 shows. We can actually
prove a more general result, which we shall proceed to do.

A chessboard with one of its squares removed will be referred to as a
defective chessboard. We want to show that any defective 2" x 2" chessboard
can be tiled with L-shaped triominoes.§ It is trivially obvious that a defective
2 x 2 chessboard can be tiled with an L-shaped triomino. Let us now assume
that any defective 2% x 2* chessboard can be tiled with L-shaped triominoes
and proceed to show that any defective 2**! x 2¥*! chessboard can also be
tiled with L-shaped triominoes. Consider a defective 2**! x 2**! chessboard

t See, however, Prob. 1.30.

I The word triomino is derived from the word domino. Also, there are tetrominoes, pentominoes,
hexominoes and, in general, polyominoes. For many interesting results in connection with polyo-
minoes, see Golomb [7].

§ One would immediately question whether 2" x 2" — 1 is always divisible by 3. The answer is
affirmative. (See Prob. 1.36.)



14 CHAPTER ONE

(a) (b)
Figure 1.2

as shown in Fig. 1.4a. Let us divide the chessboard into four quadrants, each
of which is a 2 x 2* chessboard, as shown in Fig. 1.4b. One of these 2* x 2*
chessboards is a defective one. Furthermore, by placing an L-shaped tri-
omino at the center of the 2¥*! x 2¥*! chessboard, as shown in Fig. 1.4c, we
can imagine that the other three quadrants are also defective 2¥ x 2* chess-
boards. Since we assume that any defective 2* x 2* chessboard can be tiled
with L-shaped triominoes, we can tile each of the quadrants with L-shaped
triominoes, and conclude that any defective 2¥*! x 2¥*! chessboard can be
tiled with L-shaped triominoes. Thus, starting with the tiling of any defective
2 x 2 chessboard, we have proved that we can tile any 2" x 2" defective
chessboard. O

These two examples illustrate a very powerful proof technique in mathe-
matics known as the principle of mathematical induction. For a given statement
involving a natural number n, if we can show that:

1. The statement is true for n = ny; and
2. The statement is true for n = k 4+ 1, assuming that the statement is true for
n=k, (k= ng)),

then we can conclude that the statement is true for all natural numbers n = n,.
(1) is usually referred to as the basis of induction, and (2) is usually referred to as
the induction step. Also, the assumption that the statement is true for n = k in (2)
is usually referred to as the induction hypothesis. For example, in the postage-
stamp problem, we want to prove the statement, “It is possible to make up
exactly any postage of n cents using 3-cent stamps and 5-cent stamps for n = 8.”
In order to prove the statement we show+that:

1. Basis of induction. It is possible to make up exactly a postage of 8 cents.
2. Induction step. It is possible to make up exactly a postage of k + 1 cents,
assuming it is possible to make up exactly a postage of k cents, (k = 8).
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Figure 1.3
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Figure 1.4



16 CHAPTER ONE

We note that the principle of mathematical induction is a direct consequence
of the definition of natural numbers. Consider a set S such that

1. The natural number n, is in S.
2. If the natural number k is in S, then the natural number k + 1 is also in S,
(k = ny).

According to the definition of the set of natural numbers, we can conclude that S
contains all the natural numbers larger than or equal to n,. However, this is
exactly the statement of the principle of mathematical induction when we con-
sider S to be the set of natural numbers for which a given statement is true.

We consider now more examples:

Example 1.3 The king summoned the best mathematicians in the kingdom to
the palace to find out how smart they were. The king told them: “I have
placed white hats on some of you and black hats on the others. You may
look at, but not talk to, one another. I will leave now and will come back
every hour on the hour. Every time I return, I want those of you who have
determined that you are wearing white hats to come up and tell me imme-
diately.” As it turned out, at the nth hour every one of the n mathematicians
who were given white hats informed the king that she knew that she was
wearing a white hat. Why?

We shall prove by induction that if there are n mathematicians wearing
white hats, then they will all figure that out on the nth hour.

1. Basis of induction. For n = 1, there is only one mathematician wearing a
white hat. Since the king said that white hats were placed on some of the
mathematicians (kings never lie), the mathematician who saw that all
other mathematicians had on black hats would realize immediately that
she was wearing a white hat. Consequently, she would inform the king on
the first hour (when the king returned for the first time) that she was
wearing a white hat.

2. Induction step.t Assume that if there were k mathematicians wearing white
hats, then they would have figured out that they were wearing white hats
and informed the king so on the kth hour. Now, suppose that there were
k + 1 mathematicians wearing white hats. Every mathematician wearing a
white hat saw that k of her colleagues were wearing white hats. However,

t To help you understand the argument better, we will explore the reasoning for the case that
there were two mathematicians wearing white hats. Consider one of these two mathematicians. She
saw that one of her colleagues was wearing a white hat. She reasoned that if she were wearing a black
hat, her colleague would be the only one wearing a white hat. In that case, her colleague would have
figured out the situation and informed the king on the first hour. (All mathematicians are smart.)
That this did not happen implies that she was also wearing a white hat. Consequently, she told the
king on the second hour (and so did the other mathematician with a white hat, since, again, all
mathematicians are smart).



SETS AND PROPOSITIONS 17

that her k colleagues did not inform the king of their findings on the kth
hour can only imply that there were more than k people wearing white
hats. Consequently, she knew that she must be wearing a white hat also.
On the (k + 1)st hour, she (together with all other mathematicians wearing
white hats) would tell the king their conclusion. O

Example 1.4 Consider the following solitaire game: for every integer i, there
is an unlimited supply of balls marked with the number i. Initially, we are
given a tray of balls, and we throw away the balls in the tray one at a time. If
we throw away a ball that is marked with i, we can replace it by any finite
number of balls marked 1, 2, ..., i — 1. (Thus, no replacement will be made if
we throw away a ball marked with 1.) The game ends when the tray is empty.
We want to know whether the game always terminates for any tray of balls
given initially.

We shall prove that the game always terminates by induction on n, the

largest number that appears on the balls in the tray.

1.

Basis of induction. For n = 1, there is a finite number of balls marked with
1 in the tray initially. Since there is no replacement after a ball marked 1 is
thrown away, the game terminates after a finite number of moves.

“Induction step. We assume that the game terminates if the largest number

that appears on the balls is k. Consider the case when the largest number
that appears on the ball is k + 1. According to the induction hypothesis,
we eventually have to throw away a ball marked k + 1. (If we throw away
only balls marked 1, 2, ..., k, they will be exhausted in a finite number of
moves.) Repeating this argument, we would have thrown away all balls
marked with k + 1 in a finite number of moves. Again, by the induction
hypothesis, the game terminates after a finite number of moves from then

on. O

Example 1.5 Show that

2 _ nn+ D2n + 1)

P+22 4+ 4n 5 nx1
by mathematical induction.
1. Basis of induction. For n = 1, we have
2= (1+D2+1
6

2. Induction step. Assume that

_ Kk + 12k + 1)

12 +22 4+ k? 5
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We have

(k + D[k(2k + 1) + 6(k + 1)]
6

(k + 1)(2k* + Tk + 6)
6

_(k+ Dk + 2)(2k +3)
B 6

(k+ DLk + 1)+ 1702k + 1)+ 1]

124+22 4+ k2 +(k+1)? = (k + 1)?

Example 1.6 Show that any integer composed of 3" identical digits is divisi-
ble by 3". (For example, 222 and 777 are divisible by 3; 222,222,222 and
555,555,555 are divisible by 9.) We shall prove the result by induction on n.

1. Basis of induction. For n = 1, we note that any 3-digit integer with three
identical digits is divisible by 3.%
2. Induction step. Let x be an integer composed of 3**! identical digits. We

note that x can be written as
X=yXxz

where y is an integer composed of 3* identical digits and

z =102 4 10* + 1 = 1000000 - - 01000000 - -- 01
3¥—1 0s 3*¥—1 0s

Since we assume that y is divisible by 3*, and z is clearly divisible by 3, we
conclude that x is divisible by 3**1. O

Example 1.7 Show that 2" > n3 for n > 10.

1. Basis of induction. For n = 10, 2'° = 1024 which is larger than 103
2. Induction step. Assume that 2¥ > k3, Note that

g s (1 A) e (142) s LA RSP
10 = k k
0

A more “powerful ” form of the principle of mathematical induction, which is
referred to as the principle of strong mathematical induction, can be stated as
follows: For a given statement involving a natural number n, if we can show that

+ We remind the reader of the elementary result that an integer is divisible by 3 if the sum of its
digits is divisible by 3.
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1'. The statement is true for n = ny; and
2'. The statement is true for n = k + 1, assuming that the statement is true for
ng Snsk,
then we can conclude that the statement is true for all natural numbers n = n,.
We note that this is indeed a more powerful form of the principle of mathe-
matical induction presented at the beginning of this section. Specifically, in the
induction step, in order to prove that the statement is true for n = k + 1, we are
allowed to make a stronger assumption in 2’ (namely, the statement is true for
ny < n < k) than in 2 above (namely, the statement is true for n = k.) In other
words, the principle of strong mathematical induction enables us to make the
same conclusion while assuming more. We leave the proof of the principle of
strong mathematical induction to Prob. 1.53. We present now some examples:

Example 1.8 A jigsaw puzzle consists of a number of pieces. Two or more
pieces with matched boundaries can be put together to form a “big” piece.
To be more precise, we use the term block to refer to either a single piece or a
number of pieces with matched boundaries that are put together to form a
“big” piece. Thus, we can simply say that blocks with matched boundaries
can be put together to form another block. Finally, when all pieces are put
together as one single block, the jigsaw puzzle is said to be solved. Putting
two blocks with matched boundaries together is counted as one move. We
shall use the principle of strong mathematical induction to prove that for a
jigsaw puzzle with n pieces, it will always take n — 1 moves to solve the
puzzle.

1. Basis of induction. For a jigsaw puzzle with one piece, it does not take any
moves to solve the puzzle.

2. Induction step. Assume that for any jigsaw puzzle with n pieces, | < n <k,
it takes n — 1 moves to solve the puzzle. Now, consider a jigsaw puzzle
with k + 1 pieces. For the last move that produces the solution of the
puzzle, two blocks—one with n, pieces and the other with n,, where
n, + n, = k + l—are put together to form a single block. According to
the induction hypothesis, it takes n;, — 1 moves to put together one block,
and n, — 1 moves to put the other block together. Including the last move
to unite the two blocks, the total number of moves is equal to

m—-—D+m,—-D+1=k+1-1=k (]

Example 1.9 We want to show that any positive integer n greater than or
equal to 2 is either a prime or a product of primes.

1. Basis of induction. For n = 2, since 2 is a prime, the statement is true.

2. Induction step. Assume that the statement is true for any integer n, 2 <
n £ k. For the integer k + 1, if k + 1 is a prime, then the statement is true.
If k + 1 is not a prime, then k + 1 can be written as pq, where p < k and
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q < k. According to the induction hypothesis, p is either a prime or a
product of primes. Also, g is either a prime or a product of primes.
Consequently, pq is a product of primes. O

Example 1.10 Suppose we wish to trace our family tree to identify our
ancestors. Quite often, incomplete family records prohibit us from going
back beyond a few generations. Figure 1.5a and b show two examples of
family trees. We make a simplifying assumption that for any of our ances-
tors, either we can trace both of his or her parents or we can trace neither
of them. In a family tree, a person is referred as a “leaf” if we have no
record to go on to trace his or her parents, and a person is referred to as a
“internal node ” if his or her parents have been traced.t

We want to show that in any family tree, the number of leaves is
always one more than the number of internal nodes. We shall prove the
statement by induction on n, the number of people in the family tree, using
the principle of strong mathematical induction.

1. Basis of induction. We note that the statement is true when n = 1. When
there is only one person in a family tree, this person is a leaf, and there
is no internal node.

2. Induction step. We assume that the statement is true for all family trees
with n people, for 1 £ n < k. We want to show the statement is true for
any family tree with k + 1 people. Consider the family tree of a man
that has k + 1 people. Let p denote the number of leaves in the tree,
and q denote the number of internal nodes in the tree. Since there are at
least three people in the tree, both parents of this man are in the tree.
Now, consider the family tree of each of his parents, as illustrated in

+ We introduce these terms simply for the convenience of our presentation. They will be presented
again formally in Chap. 6 when we study trees as a special class of graphs.

Adolphos Augusta

George V

Andrew Alice George VI Elizabeth

George VI Elizabeth

. . Philip
Philip Elizabeth 11 Elizabeth 11

Charles Charles
(@) (b)

Figure 1.5
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n; people n, people

Figure 1.6

Fig. 1.6. Let n; denote the number of people in his father’s family tree,
with p, of them being leaves and g, of them being internal nodes. Let
n, denote the number of people in his mother’s family tree, with p, of
them being leaves and g, of them being internal nodes. Since n, < k
and n, £ k, according to the induction hypothesis

pr=4q, +1
P2=4; + 1
Since
P =D+ D,
4=4, +4q,+1
we have
P=dq1+q,+2=q+1 O

1.6 PRINCIPLE OF INCLUSION AND EXCLUSION

We present in this section some results related to the cardinality of finite sets. We
shall use the notation |P| to denote the cardinality of the set P. Some simple
results, the derivation of which is left to the reader, are:

[P ol =I|Pl+10Q]

P~ Q| <min ([P, Q)

IP®Q| =|P| + Q| —2|P Q]
IP—Q| 2 |P| - Q|

We show in the following a less obvious result. Let A, and 4, be two sets.
We want to show that

|A; U Ayl = A+ |A;] — |4, 0 A, (1.1)
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Note that the sets A; and 4, might have some common elements. To be specific,
the number of common elements between 4, and A4, is |4, N A4,|. Each of these
elements is counted twice in |A,| + |A,| (once in |A4,| and once in |A,]),
although it should be counted as one element in |4, U A,|. Therefore, the double
count of these elements in |A4,| + |A4,| should be adjusted by the subtraction of
the term |A, N A,] in the right-hand side of (1.1). As an example, suppose that
among a set of 12 books, 6 are novels, 7 were published in the year 1984, and 3
are novels published in 1984. Let 4, denote the set of books that are novels, and
A, denote the set of books published in 1984. We have

4l =6 |4, =7 [A;n A, =3
Consequently, according to (1.1),
|A; U A, =6+7—-3=10

That is, there are 10 books which are either novels or 1984 publications, or both.
Consequently, among the 12 books there are 2 nonnovels that were not published

in 1984,
Extending the result in (1.1), we have, for three sets A,, 4,,and A4;,

[A; U Ay U Azl = Ay + |Ax] + [As] — [A; 0 Ay — |4 0 43
— Ay, N A3l + |A; N Ay 0 A5 (1.2)

As we shall prove a more general result in the following, we shall not prove the
result in (1.2) here. On the other hand, we suggest that a reader check the result
in (1.2) by examining the Venn diagram in Fig. 1.7.

Let us consider some illustrative examples:

Example 1.11 Suppose we have six computers with the following specifi-

cations:
Floating-point Magnetic disk Graphic display

Computer arithmetic unit memory terminal

I Yes Yes No

11 Yes Yes Yes

1 No No No

v No Yes Yes

\Y No Yes No

\%! No Yes Yes

Let A,, A,, and A5 be the sets of computers with a floating-point arithmetic
unit, magnetic-disk storage, and graphic display terminal, respectively. We
have
[A,| =2 |A| =5 |4;5] =3
|AlﬁA2|=2 ]AlmA3|=1 |AzmA3'=3

|A; N A, N Az =1
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N

Figure 1.7

Consequently,
|4, UA; UA; | =24+54+43-2—-1-3+1=5

That is, five of the six computers have one or more of the three kinds of
hardware considered. O

Example 1.12 Out of 200 students, 50 of them take the course Discrete
Mathematics, 140 of them take the course Economics, and 24 of them take
both courses. Since both courses have scheduled examinations for the follow-
ing day, only students who are not in either one of these courses will be able
to go to the party the night before. We want to know how many students will
be at the party. Examining the Venn diagram in Fig. 1.8a, where A4, is the set
of students in the course Discrete Mathematics and A4, is the set of students

(@

o

\-LL

\!

(b) Figure 1.8
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in the course Economics, we note that the number of students who take
either one or both courses is equal to
50 + 140 — 24 = 166
Consequently, the number of students who will be at the party is
200 — 166 = 34
Suppose that 60 of the 200 are underclass students. Among the under-
class students, 20 of them take Discrete Mathematics, 45 of them take Eco-
nomics, and 16 of them take both. We want to know how many upperclass
students will be at the party. According to the Venn diagram in Fig. 1.8b,
where A3 is the set of underclass students, we have
|4, U Ay U A3] =50+ 140 + 60 — 24 — 20 — 45 + 16 = 177
Thus, the number of upperclass students who will go to the party is
200 — 177 =23 O

Example 1.13 Thirty cars were assembled in a factory. The options available
were a radio, an air conditioner, and white-wall tires. It is known that 15 of
the cars have radios, 8 of them have air conditioners, and 6 of them have
white-wall tires. Moreover, 3 of them have all three options. We want to
know at least how many cars do not have any options at all. Let 4,, 4,, and
A, be the sets of cars with a radio, an air conditioner, and white-wall tires,
respectively. Since

|[A,] =15 |4,] =8 |A;] =6
and
|A; N A, N Az =3
according to (1.2)
|A, U A, U Al =15484+6—|A;, N Ay — |4, N A3] — |A; 0 A3l +3

=32—|A, 0 A, — |4, 0 A3] — |A; N A43]

Since
[A; N Ay] 2 |4, 0 Ay, N A,
|4, N As] 2 |4 N Ay, N A5
[A; N As] Z |A; 0 Ay, 0 As
we have

[A, U A, U Ay £32-3-3-3=23

That is, there are at most 23 cars that have one or more options. Consequent-
ly, there are at least 7 cars that do not have any options. O

In the general case, for the sets 4,, 4,,..., A,, we have

|A1UA2U"'UAr|=Z|Ai|— Z |AzﬂAj|

i 1Zi<jsr

+ Y JANA A+ o+ (=D)THA NAy N0 Al (13)

1Si<j<k=r
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Although the result in (1.2) is not difficult to visualize, the result in (1.3) is not as
obvious. We now prove (1.3) by induction on the number of sets r. Clearly, (1.1)
can serve as the basis of induction. As the induction step, we assume that (1.3) is
valid for any r — 1 sets. We note first that, viewing (4, U 4, U - U A,_,) and
A, as two sets, according to (1.1) we have

Ay A, U UAl=]4, VAU U A |+ A4
— A, n (A, UA, U U A ) (1.4)

Now
[A, n(Ay VA, U UA_ =4 nA)ud nA)u - U4 nA_,)

According to the induction hypothesis, for the r — 1 sets 4, N A, A4, N A4,, ...,
A, n A,_,, we have
(A4, NA) VA, NA)u U4, n A
= |Ar N All + IAr N AZI + - + |Ar N Ar—ll
— (A4, " A)) 0 (4, 0 A)| — [(4, 0 4)) N (A, N A43)]
+ I(Ar N Al) [ (Ar N AZ) N (Ar (@ A3)| + -
F(=1A, 0 A) N (A, N A) (4,0 A, )l
= |Ar N All + |Ar (@ A2| + + IAr [ Ar—ll
— A, N A, nA)| — A, N A N Ay — -
+ A, NnA, NA, N A+

+ (=124, nA, nAy N0 A (1.5)

r

Also, according to the induction hypothesis, for the r — 1 sets 4,, 4,, ..., 4,_,
we have
Ay 0 Ay U U A, ] = A + |4+
—|A; " Ayl = Ay 0 A5 =+
4o
+ (=1 A, n A, A, (16)

Substituting (1.5) and (1.6) into (1.4), we obtain (1.3).
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Example 1.14 Let us determine the number of integers between 1 and 250
that are divisible by any of the integers 2, 3, 5, and 7. Let 4, denote the set of
integers between 1 and 250 that are divisible by 2, 4, denote the set of
integers that are divisible by 3, A; denote the set of integers that are divisible
by 5, and A4, denote the set of integers that are divisible by 7. Since

250 |t 250
Al =|—| =125 Ayl =|— =83
|4l L2J |42 _3J
250 250
I il =|—|=35
|As] _SJ 50 [ Aql _7J
250 250
|A10A2|=_2X3_=41 |A1(‘\A3|=_2X5_:25
250 250
|AlmA4|=L2X7_:l7 |A20A3|=~3X5_=16
250 250
|A2nA4|=_3x7—=ll |A3mA4l—_5X7_—7
250 250
|A1F\AZF\A3|=L2—X3—X§J=8 |A1F\A20A4|=_2—me—5
250 250
'AI“AB“A4'=LmJ=3 'Az“A3“A4'=_3x—sx7J=2
250
Ao d oAl =g x ] T
we have
A, U A, U A3 0 A, =125+83+50+35—41 —-25—-17—-16—-11-7
+8+5+3+2-1=193 O

We shall present more examples on the application of the formula (1.3),
which is called the principle of inclusion and exclusion, in later chapters.

*1.7 MULTISETS

We recall that a set is a collection of distinct objects. There are many occasions,
however, when we encounter collections of nondistinct objects. For example,
consider the names of the students in a class. We might have two or more
students who have the same name, and we might wish to talk about the collec-
tion of the names of the students. We define a multiset to be a collection of
objects that are not necessarily distinct. Thus, {a, a, a, b, b, ¢}, {qa, a, a, a},

+ We use [x] to denote the largest integer that is smaller than or equal to x.
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{a, b, ¢}, and { } are all examples of multisets. The multiplicity of an element in a
multiset is defined to be the number of times the element appears in the multiset.
Thus, the multiplicity of the element a in the multiset {a, a, a, ¢, d, d} is 3. The
multiplicity of the element b is 0, the multiplicity of the element c is 1, and the
multiplicity of the element d is 2. Note that sets are merely special instances of
multisets in which the multiplicity of an element is either 0 or 1. The cardinality
of a multiset is defined to be the cardinality of the set it corresponds to, assuming
that the elements in the multiset are all distinct.

Let P and Q be two multisets. The union of P and Q, denoted P U Q, is a
multiset such that the multiplicity of an element in P U Q is equal to the
maximum of the multiplicities of the element in P and in Q. Thus, for P = {aq, q,
a,¢,d,d}and Q = {a, a, b, c, ¢}

PuQ={aaab,ccdd}

For example, let the multiset R = {electrical engineer, electrical engineer, electri-
cal engineer, mechanical engineer, mathematician, mathematician, physicist} be
the personnel needed in the first phase of an engineering project, and the multiset
S = {electrical engineer, mechanical engineer, mechanical engineer, mathemati-
cian, computer scientist, computer scientist} be the personnel needed in the
second phase of the project. The multiset R U S is the personnel we should hire
for the-project.

The intersection of P and Q, denoted P n Q, is a multiset such that the
multiplicity of an element in P n Q is equal to the minimum of the multiplicities
of the element in P and in Q. Thus, for P = {a, a,a,¢,d,d} and Q = {a, a, b, ¢, ¢}

PnQ={aa,c}

For the example above on the engineering project, the multiset R N S is the
personnel that will be involved in both phases of the project.

The difference of P and Q, denoted P — Q, is a multiset such that the multi-
plicity of an element in P — Q is equal to the multiplicity of the element in P
minus the multiplicity of the element in Q if the difference is positive, and is equal
to 0 if the difference is O or is negative. For example, let P = {a, a, a, b, b, ¢, d, d,
e}and Q = {a,a, b,b,b,c,c,d,d, f}. We have

P—Q={a ¢

For the engineering project example, the multiset R — S is the personnel to be
reassigned after the first phase of the project.

Note that the definitions of union, intersection, and difference of multisets are
so chosen that they are consistent with that of sets. We did not define the
symmetric difference of two multisets here; the interested reader might want to
see Prob. 1.64.

Finally, we define the sum of two multisets P and Q, denoted P + Q, to be a
multiset such that the multiplicity of an element in P + Q is equal to the sum of
the multiplicities of the element in P and in Q. Note that there is no correspond-
ing definition of the sum of two sets. For example, let P = {a, a, b, ¢, ¢} and
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Q=1{a,b,b,d}. Wehave P+ Q = {a,a,a,b, b, b, c, c, d}. As another example, let
R be a multiset containing the account numbers of all the transactions in a bank
on a certain day, and S be a multiset containing the account numbers of all the
transactions on the next day. R and S are multisets because an account might
have more than one transaction in a day. Thus, R + S is a combined record of
the account numbers of the transactions in these two days.

1.8 PROPOSITIONS

A proposition is a declarative sentence that is either true or false. “It rained
yesterday,” “ The pressure inside of the reactor chamber exceeds the safety thresh-
old,” and “ We shall have chicken for dinner” are all examples of propositions.
On the other hand, “What time is it?” and “ Please submit your report as soon
as possible ” are not propositions because they are not declarative sentences, and,
consequently, it is not meaningful to speak of them being true or false. Note that
we do not rule out the possibility that a proposition is definitely true such as “ 15
is divisible by 3,” and the possibility that a proposition is definitely false such as
“Champaign is the state capital of Illinois.” A proposition that is true under all
circumstances is referred to as a tautology, and a proposition that is false under
all circumstances is referred to as a contradiction.

We shall frequently refer to propositions by symbolic names. For example, if
we let p denote the proposition, “ Every student in the class passed the final
examination,” we can conveniently say that p is true or p is false depending on
the outcome of the final examination. The two possibilities of a proposition being
true or false are also referred to as the two possible values a proposition might
assume. It is customary to use T to denote the value true and to use F to denote
the value false. Consequently, instead of saying that the proposition, “Every
student in the class passed the final examination ” is true, we can simply say that
the value of pis T.

Two propositions p and q are said to be equivalent if when p is true q is also
true, when p is false q is also false, and conversely. For example, the two proposi-
tions, “Water froze this morning” and “Temperature was below 0°C this
morning” are equivalent. Also the two propositions, “ He was born in 1934” and
“He will be 60 years old in 1994~ are equivalent. The two propositions, “I will
go to the ball game tonight” and “There is no class tomorrow ” might or might
not be equivalent. On the other hand, the two propositions, “x is a prime
number” and “x is not divisible by 2” are not equivalent because that x is not
divisible by 2 does not necessarily mean that x is a prime number.

Propositions can be combined to yield new propositions. For example, in
connection with the operation of a company, let p denote the proposition that the
volume of the monthly sales is less than $200,000 and let g denote the proposition
that the monthly expenditure exceeds $200,000. We might want to have a propo-
sition to describe the situation where the volume of the monthly sales is less than
$200,000 and the monthly expenditure exceeds $200,000. We might also want to
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p q | pvq P q | pnrq p ’ p
F F F F F F F T
F T T F T F T F
T F T T F F

T T T T T T

Figure 1.9

have a proposition to describe the situation where either the volume of the
monthly sales is less than $200,000 or the monthly expenditure exceeds $200,000.
Clearly, these propositions are examples of “combinations ” of the propositions p
and q.

Let p and g be two propositions. We define the disjunction of p and gq,
denoted pV g, to be a proposition which is true when either one or both of p and
q are true, and which is false when both p and q are false. In the above example
on the operation of a company, the disjunction of the proposition that the
monthly volume of sales is less than $200,000 and the proposition that the
monthly expenditure is more than $200,000 is the proposition that either the
monthly volume of sales is less than $200,000 or the monthly expenditure exceeds
$200,000 or both.

Let p and q be two propositions. We define the conjunction of p and gq,
denoted by pAg, to be a proposition which is true when both p and g are true,
and is false when either one or both of p and q are false. In the foregoing example
concerning the operation of a company, the conjunction of the proposition that
the monthly volume of sales is less than $200,000 and the proposition that the
monthly expenditure is more than $200,000 is the proposition that both the
monthly volume of sales is less than $200,000 and the monthly expenditure
exceeds $200,000.

Let p be a proposition. We define the negation of p, denoted p,f to be a
proposition which is true when p is false, and is false when p is true. Thus, the
negation of the proposition that the monthly volume of sales is less than $200,000
is the proposition that the monthly volume of sales exceeds or equals $200,000.

A proposition obtained from the combination of other propositions is
referred to as a compound proposition. A proposition that is not a combination of
other propositions is referred to as an atomic proposition. In other words, a
compound proposition is made up of atomic propositions. A convenient and
precise way to describe the definition of a compound proposition is a table such
as those shown in Fig. 1.9 where the values of a compound proposition are
specified for all possible choices of the values of the atomic propositions of the
compound proposition. Specifically, the tables in Fig. 1.9 show the definitions of
the disjunction and conjunction of two propositions and that of the negation of a
proposition. Such tables are called truth tables for the compound propositions.

t In the literature, the notation — pis also used.
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P 4q D —>q

F F T

F T T

T F F

T T T Figure 1.10

There are two other important ways to construct compound propositions
that we want to present: Consider the propositions, “ The temperature exceeds
70°C” and “The alarm will be sounded,” which we shall denote p and g, respec-
tively. Also, consider the proposition, “If the temperature exceeds 70°C, then the
alarm will be sounded,” which we shall denote r. It is easy to see that r is true if
the alarm is sounded when the temperature exceeds 70°C (both p and q are true),
and r is false if the alarm is not sounded when the temperature exceeds 70°C (p is
true and q is false). On the other hand, when the temperature is equal to or less
than 70°C (p is false), the proposition r cannot possibly be false, no matter
whether the alarm is sounded or not. Consequently, we say that r is also true
when the temperature is equal to or less than 70°C.

Let us now formalize the notion of combining two propositions p and g to
form one that reads “If p then ¢” introduced in the example above. Let p and g
be two propositions. We define a proposition “If p then ¢,” denoted p— g, which
is true if both p and q are true or if p is false, and is false if p is true and q is false,
as specified in the truth table in Fig. 1.10. The compound proposition “If p then
q” also reads “ p implies q.”

A reader who sees the compound proposition “If p then g~ for the first time
would probably feel a bit uncertain about the fact that the compound statement
is true whenever p is false, no matter whether g is true or not. Let us examine a
few more examples. Consider the statement “If you try, then you will succeed.”
Clearly, if you try and succeed, the statement is true. If you try and fail, the
statement is false. However, if you did not try, then there is no way for you to
argue that the statement is false. Since not being false means being true, we can
conclude that if you did not try, then the statement is true. As another example,
consider the order from the security officer of a company that every visitor must
wear a badge. Note that the order can be rephrased as a proposition “If one is a
visitor, then one wears a badge.” To check whether the order has been enforced
(whether the proposition is true), we shall stop each person in the plant one by
one. If she is a visitor, we can determine whether the order has been enforced by
observing whether she is wearing a badge. On the other hand, if she is not a
visitor, then there is no way we can possibly conclude that the order has not been
enforced, and hence the statement is true. As another example, we recall that in
Sec. 1.1 we make a statement that the empty set is a subset of any set. According
to the definition of a set being a subset of another set, this statement can be
rephrased as “If x is an element of the empty set then x is an element of any set .
Clearly, the statement is true.
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Example 1.15 John made the following statements:

1. I'love Lucy.
2. If I love Lucy, then I also love Vivian.

Given that John either told the truth or lied in both cases, determine whether
John really loves Lucy. Suppose John lied. Then according to statement 1, he
does not love Lucy. It follows that statement 2 must be true, which is a
contradiction. Consequently, John must have told the truth, and we can
confirm that he really loves Lucy.

One can also be a bit more formal by letting p denote the statement,
“John loves Lucy,” and g denote the statement, “John loves Vivian.” The
truth table in Fig. 1.10 shows that it is possible for both p and p— g to be
true but not possible for both of them to be false. O

Let p denote the proposition, “A new computer will be acquired” and g
denote the proposition, “Additional funding is available.” Consider the proposi-
tion, “A new computer will be acquired if and only if additional funding is
available,” which we shall denote r. Clearly, r is true if a new computer is indeed
acquired when additional funding is available. (Both p and g are true.) The
proposition r is also true if no new computer is acquired when additional funding
is not available. (Both p and g are false.) On the other hand, r is false if a new
computer is acquired although no additional funding is available (p is true and ¢
is false), or if no new computer is acquired although additional funding is avail-
able (p is false and g is true).

Let p and g be two propositions. We define a proposition, “p if and only if
g,” denoted p <> g, which is true if both p and g are true or if both p and q are
false, and which is false if p is true while q is false and if p is false while q is true.
The truth table in Fig. 1.11 shows the definition of p & gq.

Example 1.16 An island has two tribes of natives. Any native from the first
tribe always tells the truth, while any native from the other tribe always lies.
You arrive at the island and ask a native if there is gold on the island. He
answers, “ There is gold on the island if and only if I always tell the truth.”
Which tribe is he from? Is there gold on the island? As it turns out, we
cannot determine which tribe he is from. However, we can determine if there
is gold on the island. Let p denote the proposition that he always tells the
truth, and g denote the proposition that there is gold on the island. Thus, his
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Figure 1.12

answer is the proposition p <> q. Suppose that he always tells the truth; that
is, the proposition p is true. Furthermore, his answer to our question must be
true; that is, p— ¢ is true. Consequently, g must be true. Suppose he always
lies; that is, the proposition p is false. Also, his answer to our question is a lie,
which means that p « g is false. Consequently, g must be true. Thus, in both
cases we can conclude that there is gold on the island, although the native
could have been from either tribe. O

We can combine compound propositions to yield new propositions. For
example, let p and g be propositions. We have p A ¢, p A g and, consequently,

(PAQV(PAG)—p (1.7)

as compound propositions where parentheses are used as delimiters. The value of
a compound proposition can always be determined by constructing its truth table
in a step-by-step manner. As the table in Fig. 1.12 shows, the entries for the
columns corresponding to the compound propositions can be constructed
column by column from left to right. :

We can determine whether two propositions are equivalent by examining
their truth tables. For example, according to the truth tables in Figs. 1.9 and 1.12,
the proposition in (1.7) is equivalent to the proposition p V g. As another example,
we note that the two propositions p«>q and (p— g) A (g— p) are equivalent by
comparing the truth tables in Figs. 1.11 and 1.13. Indeed, we realize that the
choice of the notation p < ¢ is not accidental.

Example 1.17 There are two restaurants next to each other. One has a sign
that says, “Good food is not cheap,” and the other has a sign that says,
“Cheap food is not good.” Are the signs saying the same thing? Let g denote
the proposition that the food is good, and ¢ denote the proposition that the

=
<Q

p—~>q q—>p (p—>q)r(q—>p)
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~TN N
NN TS
ST N

Figure 1.13
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food is cheap. The first sign can then be written as g — ¢, and the second sign
be written as ¢ — g. The truth table in Fig. 1.14 shows that indeed the two
signs say the same thing, O

Example 1.18 As a final example, we ask the reader to verify that the two

propositions
(pAQV(pAT)—s
and
(PV(@AT)Vs
are equivalent. O

We shall discuss the subject of constructing, manipulating, and simplifying
compound propositions in Chap. 12, after we have developed the concept of
boolean algebras.

A reader probably will recognize that the combination of propositions to
yield new propositions bears a strong similarity to the combination of sets to
yield new sets. To be specific, we note the similarity between the notions of the
union of two sets and of the disjunction of two propositions, between the notions
of the intersection of two sets and of the conjunction of two propositions, and
between the notions of the complement of a set and of the negation of a proposi-
tion. Such similarities are not accidental, as we shall see in Chap. 12.

1.9 REMARKS AND REFERENCES

A number of books can be used as general references for this book. See, for
example, Arbib, Kfoury, and Moll [1], Berztiss [2], Birkhoff and Bartee [3],
Bogart [4], Cohen [5], Gill [6], Kemeny, Snell, and Thompson [10], Knuth
[11], Kolman and Busby [12], Korfhage [13], Levy [14], Liu [15], Prather [17],
Preparata and Yeh [18], Sahni [19], Stanat and McAllister [22], Stone [24],
Tremblay and Manohar [26], and Tucker [27]. For further discussion on set
theory, see Halmos [9], and Stoll [23]. Polya [16], Sominskii [21], and Golovina
[8] are three delightful books covering the subject of mathematical induction and
more. See Chap. 4 of Liu [15] for further discussion on the principle of inclusion
and exclusion. Suppes [25] is a useful reference for the material in Sec. 1.8 on
propositions. See also Smullyan’s fascinating book [20].
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PROBLEMS

1.1 Determine whether each of the following statements is true or false. Briefly explain your answer.

(@ ¢<¢
(b) ¢pe¢

(© ¢<={¢}



@ ¢e{¢}
() {¢}=o
() {¢}ed
9 {4} <= {4}
() {¢} e {s}
() {a.b}c{a b c {ab c}}
() {a, b}efa b, c {a b, c}}
(k) {a, b} = {a, b, {{a. b}}}
() {a, b} ef{a. b, {{a b}}}
(m) {a, ¢} < {a, {a. ¢}}
() {a. ¢} €{a {a, ¢}}

1.2 Determine the following sets:
(a) ¢ v {$}
() ¢ n {$}
(0) {¢} v {a ¢ {¢}}
d {¢} n{a ¢ {$}}
() ¢@{a ¢, {¢}}

() {4} @ {a ¢, {4}
1.3 (a) Let A and B
diagram.
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be sets such that (4 U B)< B and B & A. Draw the corresponding Venn

(b) Let A, B, and C be sets such that A< B, A= C,(Bn C)< A4, and A = (B n C). Draw the

corresponding Venn diagram.

(c) Let 4, B, and C be sets such that (A " BN C)=¢, (An B)#¢, (A C)#¢, and

(B n C) # ¢. Draw the corresponding Venn diagram.

1.4 Give an example of sets 4, B, and C such that A € B, Be C,and A4 ¢ C.
1.5 Determine whether each of the following statements is true for arbitrary sets 4, B, C. Justify your

answer.
(a) IfAe Band B< C, then 4 € C.
(b) If Ae Band B< C,then 4 = C.
() IfA< Band Be C,then 4 € C.
(d If A< Band Be C,then 4 < C.

1.6 Let A, B, C be subsets of U. Given that
ANnB=AnC
AnB=AnC
Is it necessary that B = C? Justify your answer.
1.7 Given that
AnC)s(BnCO)
(AnC<sBnO

show that 4 < B.
1.8 What can you say about the sets P and Q if

@ PnQ=P?
() PuQ=p?
() P®Q=P?
d PnQ=PuUQ?

1.9 (a) Let A < B and C < D. Is it always the case that (4 U C) = (B u D)? Is it always the case

that (4 n C) = (B  D)?

(b) Let W = X and Y < Z. Is it always the case that (W U Y) = (X u Z)? Is it always the case

that (W n Y)c (X n Z)?
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1.10 (a) Giventhat 4 U B= A4 U C,is it necessary that B = C?
(b) Giventhat A n B= A n C,is it necessary that B = C?
(¢) Giventhat A® B =A@ C, is it necessary that B = C?

Justify your answers.

1.11 For A = {a, b, {a, ¢}, ¢}, determine the following sets:

(a) A—{a}
(b) A-¢

() A—{¢}
d A-{a, b}
(e) A—{a, c}

(/) A —{{a b}}
@ 4—{{a c}}
(h) {a} — 4
() ¢—-4
(o) {¢}—4
(k) {a,c}—4
(O {{a,c}} -4
(m) {a} — {4}
1.12 Let A, B, C be arbitrary sets.
(a) Show that

(A-B)—C=A4A—-(Bu ()
(b) Show that
(A-B)—C=(A-C)—-B
(¢) Show that
(A-B—-C=(A-C—-(B-0)

1.13 Let A4, B, C be sets. Under what condition is each of the following statements true?

@ A-Bu(A-0C=A4

b) A-Bu(A-0=¢

() A-=Bn(A-C)=¢

(d (A-B@A-C)=¢
1.14 Let A4, B be two sets.

(a) Given that A — B = B, what can be said about 4 and B?

(b) Given that A — B = B — A, what can be said about 4 and B?
1.15 Let A4 denote the set of all automobiles that are manufactured domestically. Let B denote the set
of all imported automobiles. Let C denote the set of all automobiles manufactured before 1977. Let D
denote the set of all automobiles with a current market value of less than $2000. Let E denote the set
of all automobiles owned by students at the university. Express the following statements in set-
theoretic notation:

(a) The automobiles owned by students at the university are either domestically manufactured
or imported.

(b) All domestic automobiles manufactured before 1977 have a market value of less than $2000.

(c) All imported automobiles manufactured after 1977 have a market value of more than $2000.
1.16 Let A denote the set of all freshmen, B denote the set of all sophomores, C denote the set of all
mathematics majors, D denote the set of all computer science majors, E denote the set of all students
in the course Elements of Discrete Mathematics, F denote the set of all students who went to a rock
concert on Monday night, G denote the set of all students who stayed up late Monday night. Express
the following statements in set-theoretic notation:

(a) All sophomores in computer science are in the course Elements of Discrete Mathematics.

(b) Those and only those who are in the course Elements of Discrete Mathematics or who went
to the rock concert stayed up late Monday night.
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(¢) No student in the course Elements of Discrete Mathematics went to the rock concert
Monday night. (The obvious reason is the long problem sets in the course Elements of Discrete
Mathematics.)

(d) The rock concert was only for freshmen and sophomores.

(e) All sophomores who are neither mathematics nor computer science majors went to the rock
concert.

1.17 Determine the power sets of the following sets.
(@) {a}
(b) {{a}}
© {6 {0}}
1.18 Let A = {¢, b}. Construct the following sets:
(@) A-¢
(b) {¢} -4
(c) Au £A)
(d) A~ 2A)

1.19 Let A = {¢}. Let B = 2(P(A)).
(a) Is¢ € B? ¢ < B?
(b) Is {¢} € B? {¢p} < B?
(0) Is{{¢}} e B?{{$}} = B?

1.20 Let A = {¢. {¢}}. Determine whether each of the following statements is true or false.
a) ¢ € P(A)
(b) ¢ = 2(4)
(c) {4’} P(A)
(d)

1.21 Let A = {a, {a}}. Determine whether each of the following statements is true or false.
) ¢ € P(A)
() ¢ < P(A)
(c) {a} e 2(A)
(d {a} = 2(A4)
(e) {{a}} € 2(A)
0 {{a}} = 2(4)
) {a {a}} € 2(4)
(h) {a, {a}} = 2(4)
(t) {{{a }}} P(A)
) {{{a}}} = 2(4)
1.22 Determine whether each of the following statements is true or false. Briefly explain your answer.
(@ AU P(A)=PA)
(b) AN PA) =
(© {A} U 2(4) = 2(A)
d) {4} N P(A) =
() A—PA =
() 2(4) - {A} = 2(4)
1.23 Let 4 and B be two arbitrary sets.
(a) Show that (4 n B) = 2(A) N P(B) or give a counter example.
(b) Show that Z(A U B) = Z(A) U Z(B) or give a counter example.
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1.24 Determine the cardinalities of the sets:

(@) A= {n"|nisa positive integer}

(b) B = {n'®°|nisa positive integer}

(¢ AUB

(d AnB
Justify your answers.
1.25 Show that at most a countably infinite number of books can ever be written in English. (We
define a book to be a finite sequence of words, divided into sentences, paragraphs, and chapters.)
1.26 (a) Show that the set of all positive rational numbers is a countably infinite set. (Hint: Consider
all the points in the first quadrant of the plane whose x coordinate and y coordinate are integral

values.)
(b) Show that the union of a countably infinite number of countably infinite sets is a countably

infinite set.
1.27 Let N denote the set of all natural numbers. Let S denote the set of all finite subsets of N. What
is the cardinality of the set S? Justify your answer.
1.28 (a) Give an example to show that the cardinality of a set that is the intersection of two
countably infinite sets may also be countably infinite.

(b) Give an example to show that the cardinality of a set that is the intersection of two
countably infinite sets may be finite.
1.29 Mr. Kantor built a machine that tells “lucky” numbers from “unlucky ” numbers. That is, given
a natural number, the machine will respond with the answer “lucky” or “unlucky.” Two such
machines are considered different if there is at least one number which one machine considers lucky
but the other considers unlucky. Prove that there are more than a countably infinite number of such
machines.
1.30 Solve the postage stamp problem in Example 1.1 by showing how postages of 3k, 3k + 1, 3k + 2
cents can be made up with 3-cent and S-cent stamps.
1.31 Mr. J. E. Roberts claims that he is a one-third Indian. When asked how this is possible, his
answer was, “My father was a one-third Indian and my mother was a one-third Indian.” Is this a
correct proof by induction?
1.32 We present a proof of the statement “Any » billiard balls are of the same color” by induction.

Basis of induction. For n = 1, the statement is trivially true.

Induction step. Suppose we are given k + 1 billiard balls which we number 1, 2, ..., (k + 1). Accord-
ing to the induction hypothesis, balls 1, 2, . . ., k are of the same color. Also, balls 2, 3, ..., (k + 1)
are of the same color. Consequently, balls 1,2, .. ., k, (k + 1) are all of the same color.

What is wrong with the proof ?
1.33 Prove by induction that for n = 0and a # 1
l+a+a*+ - +a"=

l1—a
1.34 Show that n® + 2n is divisible by 3 for all n = 1 by induction.
1.35 Show that n* — 4n? is divisible by 3 for all n > 2 by induction.
1.36 Show that 2" x 2" — 1 is divisible by 3 for all n = 1 by induction.
1.37 Show that

14+2+22 4224 4 2"=2""1 |

by induction.
1.38 Determine the sum

L4345+ +@2n—1)

by (a) guessing a general formula on the basis of the values of the sum for n = 1, 2, 3, 4, 5; (b) proving
that the general formula is valid by induction.
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1.39 Prove by induction that for n > 1
1-114+2-2143-31+-+n-nl=mn+1)! -1

where n! stands for the product 1 - 2-3---n.
1.40 Prove by induction that for n > 1

n(n + 1)(n +2)

124234 +nn+1)= 3

1.41 Show that

nn+1)

12—22+32—42+~~(—-1)""n2=(—1)"" >

(a) By induction.
(b) By using the result in Example 1.5.
1.42 Show that

n(2n — 1)2n + 1)

12432+52+--+(2n—-1)?= 3

1.43 Show that
P+22+-4+nP=(1+24+34++n)?

1.44 Show that

12 N 22 . n® _nn+1)
. 2n—1)2n+1) 22n+1)

1.45 (a) Show that

1 + 1 + 1 ot 1 _n
1-2°2-3 3.4 nn+1) n+1
(b) Show that
1 + 1 N 1 _n
1-3 3.5 @n=1)2n+1) 2n+1
(c) Show that
1 N 1 L B 1 _n
1-4 4-7 7-10 Bn=203n+1) 3n+1

(d) Determine and prove a general formula that includes the results in (a), (b), and (c) as special
cases.
1.46 Show that

n(n + 1}n + 2)(n + 3)
4

12342344345+ +nn+1)n+2)=

1.47 Formulate and prove by induction a general formula stemming from the observations that
13=1
22=3+5
3¥F=7+9+11
P =13+15+17+19
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1.48 Prove by induction that the sum of the cubes of three consecutive integers is divisible by 9.
1.49 Show that for any integer n

(1172 + (12)1
is divisible by 133.

1.50 It is known that for any positive integer n > 2

1 1
+ it ——A>0
n+ 1 n+2+ 2n

where A is a constant. How large can A be?
1.51 Show that for any positive integer n > 1

1 1 1
— b —t o+ —=>n
J1 V2 Jn
1.52 When n couples arrived at a party, they were greeted by the host and hostess at the door. After
rounds of handshaking, the host asked the guests as well as his wife (the hostess) to indicate the
number of hands each of them had shaken. He got 2n + 1 different answers. Given that no one shook
hands with his or her spouse, how many hands had the hostess shaken? Prove your result by
induction.
1.53 (a) Let S be a set of natural numbers such that: (1) The natural number n, is in S. (2) If the
natural numbers nqg, ny + 1, ny + 2,..., k are in S, then the natural number k + 1 is also in S.
Show that S is the set of all natural numbers larger than or equal to n,.
Hint: Assume that n, is the smallest natural number not in S.
(b) Use the result in part (a) to show that the principle of strong mathematical induction is
indeed valid.
1.54 Among the integers 1-300, how many of them are not divisible by 3, nor by 5, nor by 77 How
many of them are divisible by 3, but not by 5 nor by, 7?
1.55 N toys are to be distributed randomly among N children. There is an interesting way for the
children to choose the toys so that no two of them will choose the same toy. A graph such as that
shown in Fig. 1P.1(a) is drawn where there are N vertical lines and an arbitrary number of random

John Joc Jack Jim Jesse John Joe Jack Jim  Jesse
Book  Bike Bell Ball Bat Book  Bike Bell Ball Bat
(a) )

Figure 1P.1
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horizontal segments between adjacent vertical lines with the stipulation that no two horizontal
segments meet at the same point. The N toys are assigned to the bottoms of the vertical lines, and
each child chooses as a starting point the top of a vertical line. From this starting point, the child will
trace a path downward. However, whenever the child runs into a horizontal segment, he or she must
turn horizontally, and then turn downward again when the adjacent vertical line is reached. For
example, Fig 1P.1(b) shows the path that John follows. It is claimed that no matter how many
horizontal segments are drawn, in whatever possible way, no two children will reach the same toy.
Prove this claim by induction on the number of horizontal segments drawn.
1.56 A survey was conducted among 1000 people. Of these 595 are Democrats, 595 wear glasses, and
550 like ice cream; 395 of them are Democrats who wear glasses, 350 of them are Democrats who like
ice cream, and 400 of them wear glasses and like ice cream; 250 of them are Democrats who wear
glasses and like ice cream. How many of them who are not Democrats, do not wear glasses, and do
not like ice cream? How many of them are Democrats who do not wear glasses, and do not like ice
cream?
1.57 It is known that at the university 60 percent of the professors play tennis, 50 percent of them
play bridge, 70 percent jog, 20 percent play tennis and bridge, 30 percent play tennis and jog, and 40
percent play bridge and jog. If someone claimed that 20 percent of the professors jog and play bridge
and tennis, would you believe this claim? Why?
1.58 The 60,000 fans who attended the homecoming football game bought up all the paraphernalia
for their cars. Altogether, 20,000 bumper stickers, 36,000 window decals, and 12,000 key rings were
sold. We know that 52,000 fans bought at least one item and no one bought more than one of a given
item. Also, 6000 fans bought both decals and key rings, 9000 bought both decals and bumper stickers,
and 5000 bought both key rings and bumper stickers.

(a) How many fans bought all three items?

(b) How many fans bought exactly one item?

(¢) Someone questioned the accuracy of the total number of purchasers; 52,000 (given that all
the other numbers have been confirmed to be correct). This person claimed the total number of
purchasers to be either 60,000 or 44,000. How do you dispel the claim?

1.59 Out of a total of 130 students, 60 are wearing hats to class, 51 are wearing scarves, and 30 are
wearing both hats and scarves. Of the 54 students who are wearing sweaters, 26 are wearing hats, 21
are wearing scarves, and 12 are wearing both hats and scarves. Everyone wearing neither a hat nor a
scarf is wearing gloves.

(a) How many students are wearing gloves?

(b) How many students not wearing a sweater are wearing hats but not scarves?

(¢) How many students not wearing a sweater are wearing neither a hat nor a scarf?
1.60 Among 100 students, 32 study mathematics, 20 study physics, 45 study biology, 15 study
mathematics and biology, 7 study mathematics and physics, 10 study physics and biology, and 30 do
not study any of the three subjects.

(a) Find the number of students studying all three subjects.

(b) Find the number of students studying exactly one of the three subjects.
1.61 At a DAR (Daughters of the American Revolution) meeting of 30 women, 17 are descended
from George Washington, 16 are descended from John Adams, and 5 are not descended from
Washington or Adams. How many of the 30 women are descended from both Washington and
Adams?
1.62 Seventy-five children went to an amusement park where they can ride on the merry-go-round,
roller coaster, and ferris wheel. It is known that 20 of them have taken all three rides, and 55 of them
have taken at least two of the three rides. Each ride costs $0.50, and the total receipt of the
amusement park was $70. Determine the number of children who did not try any of the rides.
1.63 (a) Among 50 students in a class, 26 got an A in the first examination and 21 got an A in the
second examination. If 17 students did not get an A in either examination, how many students got an

A in both examinations?
(b) ¥ the number of students who got an A in the first examination is equal to that in the
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second examination, if the total number of students who got an A in exactly one examination is 40,
and if 4 students did not get an A in either examination, determine the number of students who got
an A in the first examination only, who got an A in the second examination only, and who got an A
in both examinations.

1.64 A possible way to define the symmetric difference of two multisets P and Q, denoted P @ Q, is to
let the multiplicity of an element in P @ Q be equal to the absolute value of the difference between the
multiplicities of the element in P and Q. What is a possible inconsistency with such a definition?

Hint: Consider the multisets (P@® Q) ® Rand P ® (Q @ R).

1.65 To describe the various restaurants in the city, we let p denote the statement, “ The food is
good,” g denote the statement, “The service is good,” and r denote the statement, “ The rating is
three-star.” Write the following statements in symbolic form.

(a) Either the food is good, or the service is good, or both.

(b) Either the food is good or the service is good, but not both.

(¢) The food is good while the service is poor.

(d) Itisnot the case that both the food is good and the rating is three-star.

(e) If both the food and services are good, then the rating will be three-star.

(f) Itis not true that a three-star rating always means good food and good service.

1.66 Let p denote the statement, “ The material is interesting,” and q denote the statement, “The
exercises are challenging,” and r denote the statement, “ The course is enjoyable.” Write the following
statements in symbolic form:

(a) The material is interesting and the exercises are challenging.

(b) The material is uninteresting, the exercises are not challenging, and the course is not
enjoyable.

(c) If the material is not interesting and the exercises are not challenging, then the course is not
enjoyable.

(d) The material is interesting means the exercises are challenging, and conversely.

(e) Either the material is interesting or the exercises are not challenging, but not both.

1.67 Write the following statements in symbolic form:

(a) The sun is bright and the humidity is not high.

(b) IfI finish my homework before dinner and it does not rain, then I will go to the ball game.

(c) If you do not see me tomorrow, it means I have gone to Chicago.

(d) If the utility cost goes up or the request for additional funding is denied, then a new
computer will be purchased if and only if we can show that the current computing facilities are indeed
not adequate.

1.68 Let p denote the statement, “ The weather is nice” and g denote the statement, “ We have a
picnic.” Translate the following in English and simplify if possible:

(@) pAg

(b) p—g

(©) g—p

(d (pVaVipAg)

1.69 (a) Write a compound statement that is true when exactly two of the three statements p, g, r is
true.

(b) Write a compound statement that is true when none, or one, or two of the three statements
p, q, r are true.

1.70 Construct the truth tables for the folllowing statements:
(@ p—p
(b (p—>p)V(p—p)
(¢) (p—p)—(p—p)
d (PvVaVvp
(e bVa)—p
(f) p=(BVa)
@ p—=@g—->—->((p—9—>p@—r)
(h) (@—p)—(p—q)
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1.71 (4) Given that the value of p — q is false, determine the value of (p V g) — q.

(b) Given that the value of p— g is true, can you determine the value of p V (p < ¢)?
1.72 Consider the following advertisement for a game:

(a) There are three statements in this advertisement.

(b) Two of them are not true.

(¢) The average increase in IQ scores of people who learn this game is more than 20 points.

Is statement ¢ true?

1.73 A certain country is inhabited only by people who either always tell the truth or always tell lies,
and who will respond to questions only with a “yes” or a “no.” A tourist comes to a fork in the
road, where one branch leads to the capital and the other does not. There is no sign indicating which
branch to take, but there is an inhabitant, Mr. Z, standing at the fork. What single question should
the tourist ask him to determine which branch to take?

Hint: Let p stand for “Mr. Z always tells the truth” and let g stand for “ The left-hand branch

leads to the capital.” Formulate a proposition A involving p and g such that Mr. Z's answer to the
question *Is A4 true?” will be “yes” when and only when g is true.
1.74 Tony, Mike, and John belong to the Alpine Club. Every club member is either a skier or a
mountain climber or both. No mountain climber likes rain, and all skiers like snow. Mike dislikes
whatever Tony likes and likes whatever Tony dislikes. Tony likes rain and snow. Is there a member
of the Alpine Club who is a mountain climber but not a skier?



CHAPTER

TWO

COMPUTABILITY AND
FORMAL LANGUAGES

2.1 INTRODUCTION

We shall examine in this chapter a seemingly simple question, namely, “ How do
we specify the elements of a set?” In Sec. 1.1 we suggested two simple ways to
specify the elements of a set: to exhaustively list all elements in the set (provided,
of course, that the set is finite), and to specify the properties that uniquely
characterize the elements in the set. For example,

(9, 16, 25, 36, 49}
{x|x is a perfect square, 5 < x < 50}

are two ways to describe the same set. So far, we have taken all of these for
granted. On the one hand, we have not examined closely whether there is any
pitfall when we specify the elements of a set in these ways. On the other hand, we
have not looked into other possible ways that might also be effective and useful.
As it turns out, some of the issues we shall discuss in this chapter not only are
extremely interesting but also are of significant importance in theoretical com-
puter science.

2.2 RUSSELL’S PARADOX AND NONCOMPUTABILITY

When we want to specify the elements of a set that contains only a few elements,
the most direct and obvious way is to exhaustively list all elements in the set.
However, when a set contains a large number or an infinite number of elements,

44
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exhaustively listing all elements in the set becomes impractical or impossible. For
example, we may have

P = {x|x is a high school student in Illinois}
where P is a finite set with a large number of elements. We may have
0 = {x|x is a perfect square}
where Q is a countably infinite set of integers. Also, we may have
R = {x|{a, b} = x}

Note that R is a set of sets such that every element in R has the set {a, b} as a
subset.

We want to show that there is a possible pitfall when we specify the elements
of a set by specifying the properties that uniquely characterize these elements.
Consider the set

S={x|x¢x}

It seems that we have followed the “recipe ” and have defined a set S such that a
set x is an element of S if x ¢ x. Thus, for example, {a, b} is an element of §
because {a, b} ¢ {a, b}. {{a}} is also an element of S because {{a}} ¢ {{a}}.
However, suppose someone wants to know whether S is an element of S. In other
words, she wants to know whether S € S. Following the specification, we say that
for S to be an element of S it must be the case that S ¢ S, which is a self-
contradictory statement. Let us turn around and assume that S is not an element
of §; that is, S ¢ S. Then, according to the specification, S should be an element
of S. That is, if S¢ S then S e S—again, a self-contradictory statement. We
hasten to point out that what we have said is not just a pun and have by no
means attempted to confuse the reader with entangled and complicated syntax.
Rather, contrary to our intuition, it is not always the case that we can precisely
specify the elements of a set by specifying the properties of the elements in the set.
Such an observation was first made by B. Russell in 1911, and is referred to as
Russell’s paradox.

So that the reader will have a deeper appreciation of the argument above, we
mention here a few more examples:

Example 2.1 There is a barber in a small village. He will shave everybody
who does not shave himself. It seems that we have here a precise description
of a certain barber in the village. However, suppose the question whether the
barber shaves himself is raised. If the barber shaves himself, then he should
not shave himself (because he only shaves those who do not shave
themselves). On the other hand, if the barber does not shave himself, then he
should shave himself (because he shaves all of those who do not shave
themselves). In both cases, we have a self-contradictory statement. Again,
what is wrong is our way of specifying the barber. Consequently, we conclude
that no such barber can exist. O
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Example 2.2 We define a property that an adjective might or might not
possess. An adjective is said to be heterological if it does not possess the
property it describes. For example, the adjective “monosyllabic” is heter-
ological (because it has more than one syllable), while the adjective
“polysyllabic” is not heterological (because it has more than one syllable).
Also, the adjective “long ” is heterological if we agree that a word with five or
more letters is a long word. Similarly, the adjective “short” is heterological.
We now ask the question, “Is the adjective ‘ heterological’ heterological?” If
the adjective “heterological ” is heterological, then it is not heterological. On
the other hand, if the adjective “ heterological ” is not heterological, then it is
heterological. Consequently, we conclude that heterological is not a well-
defined property. O

Example 2.3 There were two craftsmen, Bellini and Cellini, from Florence.
Whatever Bellini made, he always put a true inscription on it. On the other
hand, whatever Cellini made, he always put a false inscription on it. If they
were the only craftsmen around, what would you say if it was reported that
the following sign was discovered?

This sign
was made by
Cellini

a

We give now a final illustration of the argument we just went through, While
we all have been impressed by the power and versatility of the computer, we are
going to show that there are tasks no computer can perform. Indeed, this is one
of the most important concepts in theoretical computer science. (Again, we ask
the reader to think about the question, “How do we prove that no computer is
capable of performing a certain task?” before going on. To prove a computer is
capable of performing a certain task, we can simply demonstrate how the task
can be performed. On the other hand, when we say a certain task is beyond the
capability of all computers, how do we know that it is not due to our ineptness as
a user of the computer? Perhaps someone else will devise a way to use the
computer to perform the task for us. How do we know for sure that it is not due
to the fact that our computer is not “powerful” enough for the task? Perhaps
someone else has a computer that is powerful enough to perform the task.) One
of the nightmares of any computer science student is that a program enters an
“infinite loop” and never stops. Thus, students frequently seek the help of a
friendly consultant and ask him to look at a program and the data it works on to
determine whether the program will ever stop. Instead of imposing such an
unpleasant chore upon the consultant, one wonders about the possibility of
writing a program that will examine any student’s program together with the
data it works on and report whether the program, working on the given data, will
ever stop. Let us assume that someone has written such a program, which we



COMPUTABILITY AND FORMAL LANGUAGES 47

Program (P) Prints WILL STOP, stops.
+ —] T i
Data (D) Prints WILL NOT STOP, stops.

(@)

If P + D will stop, enters an infinite loop.

PtD ———ef T —
If P+ D will not stop, stops.
(b)
If P + P will stop, enters
P+ P an infinite loop.
P — C T’ —
If P + P will not stop, stops.
(c)
If P + P will stop, enters
an infinite loop.
A | Q —————a
If P + P will not stop, stops.
(d)
If Q + Q will not stop, enters
an infinite loop.
Q —t] Q  d
If Q + @ will not stop, stops.
(e)
Figure 2.1

shall refer to as T. The behavior of program T can be described in Fig. 2.1q,
namely, program T will examine a program P and the data P works on, D, make
the right diagnosis, print out a corresponding message, and then stop. When we
were given program T, we can make a slight modification to obtain a program
T'. The only difference between the two programs T and T’ is that after diag-
nosing that a program working on a given set of data will stop, program T’ will
enter an infinite loop itself. Figure 2.1b describes the behavior of program T’
(Such a modification is easy as we all know how to add an infinite loop to a
program.)
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Since a program is composed of strings of letters and digits, and so is a set of
data, it is possible that a program uses itself as the set of data it works on.
(Whether the results will be meaningful or not is another question, which we are
not concerned with here.) Thus, by constructing a small program C that copies a
program for the program to use as data, we have what is shown in Fig. 2.1c. Let
us simply put programs C and T' together and refer to it as program Q, as shown
in Fig. 2.1d. We can summarize the behavior of program Q as follows:

[y

. Program Q accepts program P as input.

2. If program P, when using program P as input data, will eventually stop, then
program Q will enter an infinite loop.

3. If program P, when using program P as input data, will enter an infinite loop,

then program Q will stop.

Since program Q is a program itself, we can let program Q be the input to
program Q. Thus, we have the situation depicted in Fig. 2.1e. Now, according to
statements 2 and 3 above, we have:

2". If program Q, when using program Q as input data, will eventually stop, then
program Q will enter an infinite loop.

3. If program Q, when using program Q as input data, will enter an infinite loop,
then program Q will stop.

It is clear that both statements 2’ and 3 are self-contradictory. Again, what leads
to such contradictory statements is the assumption that program T exists. Conse-
quently, we conclude that it is not possible to write a program that examines any
given program and data set and determines whether the program will eventually
stop.

We must conclude this section by reestablishing the reader’s confidence. As it
turns out (it is beyond the scope of this book to discuss the subject in detail),
there will be no confusion in specifying a set by using characterizing properties of
the elements of the set as long as we are confined to a certain universe of
elements. For example, let 4 denote the set of all students. Then, the following
sets are clearly well-defined:

F = {x|x € A, x is a freshman}

G = {x|x € P(A), x is a set of students in one living group}

In the first example, 4 is the universe. In the second example, 2#(A) is the
universe. At this point, a keen observer will point out that Russell’s paradox will
arise again, if we use as our universe a set that contains all the sets in the world.
However, it can be shown that there does not exist a set that contains all the sets
in the world. (Does that set contain itself as an element?) Indeed, Russell’s
paradox is equivalent to the assumption of the existence of such a set.



COMPUTABILITY AND FORMAL LANGUAGES 49

2.3 ORDERED SETS

As we mentioned in Chap. 1, a set is an unordered collection of objects. In this
section, we shall introduce the notion of ordered sets of objects. To this end, we
define first the notion of an ordered pair of objects. An ordered pair of objects is a
pair of objects arranged in a fixed order. Thus, these two objects can be referred
to as the first object and the second object of the ordered pair. We use the
notation (a, b) to denote the ordered pair in which the first object (component) is
a and the second object (component) is b. Note that an ordered pair differs from a
set of two objects in two ways: First, the order of the two objects in an ordered
pair is important. Thus, (a, b) and (b, a) are two different ordered pairs. Second,
the two objects in an ordered pair do not have to be distinct. Thus, (a, a) is a
well-defined ordered pair. We often encounter the notion of ordered pairs of
objects. For example, among all players in a tennis tournament, an ordered pair
(a, b) might denote the champion and the runner-up of the tournament. Thus, the
ordered pair (a, b) does not mean the same as the ordered pair (b, a). As another
example, among all students in a class, an ordered pair (a, b) might denote the
students who obtained the highest score in two examinations. Thus, the pair (a, a)
means that student a obtained the highest score in both examinations.

The notion of ordered pairs can be extended immediately. Although it is
intuitively obvious that we might wish to define an ordered triple of objects, such
as (a, b, ¢), to mean a triple of objects in which the first one is a, the second one is
b, and the third one is ¢, we define, instead, an ordered triple formally as an
ordered pair ((a, b), c¢), where the first component of the ordered pair is, in turn,
an ordered pair.t Similarly, we define an ordered quadruple as an ordered pair
(((a, b), ¢), d), where the first component of the ordered pair is an ordered triple.
We also define an ordered n-tuple as an ordered pair where the first component is
an ordered (n — 1)-tuple.

An ordered n-tuple is indeed an “ordered set” with n elements. Specifically,
the 1st, 2nd, ..., (n — 1)st elements of the ordered set are the n — 1 elements in the
first component of the ordered n-tuple which, we repeat, is an ordered (n — 1)-
tuple, and the nth element of the ordered set is the second component of the
ordered n-tuple. Thus, for an ordered n-tuple, we can refer to the first, second,
and nth element (component) of the ordered n-tuple. As a matter of fact, we
frequently relax our notations, using (a, b, ¢) or abc to represent the ordered
triple ((a, b), ¢), using (a, b, ¢, d) or abcd to represent the ordered quadruple
(((a, b), ¢), d), and so on.

24 LANGUAGES

Let A={a, b,c, d, ..., x, y, z} denote the 26-letter English alphabet. Clearly, a
n-letter word is an ordered n-tuple of the letters in the alphabet. Indeed, the

t The reason such a formal definition is used is that no new concept needs to be introduced.
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ordered quintuple (o, r), d), e), r) corresponds to the word order. (This is exactly
the reason we introduce the simpler notation for ordered n-tuples in Sec. 2.3.) In
the context of languages, we often use the terms sequences, strings, or sentences (of
letters) interchangeably with the term ordered n-tuples (of letters). We use the
notation A" or {a, b, ¢, d, ..., x, y, z}" to denote the set of all sequences of n letters
from set A or set {a, b, ¢, d, ..., x, y, z}. We also use the notation A* or {a, b, c, d,
..., X, y, z}* to denote the set of all sequences of letters from set A, that is, all
sequences of one letter, two letters, and n letters.t Thus, for example, the set of all
the names in a telephone directory is a subset of A*. Also, the set of all names
with 5 letters in the directory is a subset of 4°. As another example, let B be a set
consisting of both the upper case and lower case of the 26 letters in the English
alphabet as well as 7 punctuation marks: the period, comma, colon, semicolon,
exclamation point, question mark, and dash (which denotes a blank). That is,

B={a9b""’y7z’A’B7"'7Y’Z9'7” :’ ;9 !’ ?7 }

Clearly, a sentence in the English language, such as Where is John? is a
sequence in B*. Similarly, a statement in any programming language is a
sequence in C*, where C is the character set of that particular programming
language such as

C: {A3 Bs L] Y3 Z’ 0, 13 2""383 9’ +3 ) *9 /9 ;3 * =}

We define formally the notion of a language: Let 4 be a finite set which is the
alphabet of the language. A language (over the alphabet A) is a subset of the set
A*.% Thus, for example, let A = {a, b, ¢}. The following sets are all languages
over the alphabet A.

L, = {a, aa, ab, ac, abc, cab}
L, = {aba, aabaa}

Ly={ }
L, = {d'cb']i > 1}

In the specification of L,, note that we use the notation a‘ to mean a sequence of
i @’s. Thus, a’ch’ means a sequence of i a’s, followed by c, followed by i b’s.

Since languages are defined as sets of strings, all set operations can be
applied to languages. For example, let L, and L, be two languages. L, U L, is
also a language that contains the sentences in either L, or L,. Thus, if L, is the
English language, and L, is the French language, L, U L, will be the set of all
sentences someone who speaks both English and French can recognize. Similarly,
L, n L, is a language that contains all the sentences that are in both L, and L,.
Thus, let L, be the programming language FORTRAN, and let L, be the program-

+

t In the literature, the notation A™ or {a, b, ¢, d, ..., x, y, z} * is often used. We use % to avoid
possible confusion with the notation for the successor set of a set introduced in Chap. 1.

1 Throughout our discussion we avoid the notion of a “null sequence,” that is, a sequence that
contains no letters. In general, a language may contain the null sequence as a sequence.
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ming language Pascal. Then L, n L, will be the set of all statements that are
valid statements in both FORTRAN and Pascal. Also, as other examples, note that

{abli>jz 1} v {db|lSi<j}={ab|i#]ij=1}

{abic!|i, j 2 1} n {a'bicd]i, j = 1} = {a'bic'|i = 1}

{dblizjzly@{ab |1 Si<jy={abi#])ijz1}
{ablli,jz 1} — {a'b'liz 1} = {a'V|i #j,i,j = 1}

2.5 PHRASE STRUCTURE GRAMMARS

Since a language is a set of strings, the problem of specifying a language is no
longer a new one. However, the two ways of specifying the elements in a set
proposed in Chap. 1 are not quite suitable for the case of languages. Since most,
if not all, languages have an infinite number of strings, an exhaustive listing of all
strings is out of the question. Yet for any nontrivial language it is extremely
complicated to describe the properties that uniquely characterize all strings in the
language. Furthermore, for many applications, we are interested mostly in the
following problems:

1. Given the specification of a language, automatically generate one or more
strings in the language.

2. Given the specification of a language, determine whether a given string is in
the language.

Consequently, it is desirable to have ways to describe languages that will facili-
tate us in solving these problems. To this end, we introduce the notion of
specifying a language by a grammar, an idea originated from our study of natural
languages. In particular, we shall study a class of grammars known as phrase
structure grammars.

Let us present an example to motivate the formal definitions we are going to
introduce later. Suppose we limit ourselves to a very restrictive subset of the
sentences in English. We may begin by asking what a sentence in the language is.
Suppose a sentence can be in one of two forms:

1. A sentence is a noun-phrase followed by a transitive-verb-phrase and another
noun-phrase.
2. A sentence is a noun-phrase followed by an intransitive-verb-phrase.

We then ask what is a noun-phrase, transitive-verb-phrase, and intransitive-verb-
phrase. We may have:

3. A noun-phrase is an article followed by a noun.
4. A noun-phrase is a noun.
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Also,
5. A transitive-verb-phrase is a transitive-verb.
Also,

6. An intransitive-verb-phrase is an intransitive-verb followed by an adverb.
7. An intransitive-verb-phrase is an intransitive-verb.

Now, we must specify what is an article, noun, transitive-verb, intransitive-verb,
and adverb. We may have:

8. An article is a.
9. An article is the.

Also,

10. A noun is dog.
11. A noun is cat.

Also,

12. A transitive-verb is chases.
13. A transitive-verb is meets.

Also,
14. An intransitive-verb is runs.

Also,

15. An adverb is slowly.
16. An adverb is rapidly.
All of these motivate the following notation:
sentence — noun-phrase transitive-verb-phrase noun-phrase
sentence — noun-phrase intransitive-verb-phrase
noun-phrase — article noun
noun-phrase — noun
transitive-verb-phrase — transitive-verb
intransitive-verb-phrase — intransitive-verb adverb

intransitive-verb-phrase — intransitive-verb
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article — a 2.1)
article — the
noun — dog
noun — cat
transitive-verb — chases
transitive-verb — meets
intransitive-verb — runs
adverb — slowly
adverb — rapidly

The meaning of the arrow in the lines above should be obvious. It indicates the
possibility of transforming what is on its left-hand side to what is on its right-
hand side. Also, the reader can immediately see that some sentences in the
language are:

the dog meets a cat
dog chases cat
the cat runs slowly

We shall explain many additional details after we introduce some general nota-
tions.

As defined above, a language is a subset of the strings in A*. A phrase
structure grammar can be used to specify a language. It consists of four items:

. A set of terminals T.

A set of nonterminals N.

A set of productions P.

Among all the nonterminals in N, there is a special nonterminal that is

referred to as the starting symbol.

H Lo -

Let us explain now what all of these mean:

1. The terminals in T are symbols used to make up sentences in the language.
For the example above, the set {a, the, dog, cat, chases, meets, runs, slowly,
rapidly} is the set of terminals.

2. The nonterminals in N are intermediate symbols used to describe the structure
of the sentences. In the example above, the set {sentence, noun-phrase, noun,
article,  transitive-verb-phrase, transitive-verb, intransitive-verb-phrase,
intransitive-verb, adverb} is the set of nonterminals.

3. The productions are grammatical rules that specify how sentences in the lan-
guage can be made up. A production is of the form o — f, where o and g are
strings of terminals and nonterminals. A production specifies that string « can
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be transformed into string . In the example above, (2.1) is the set of pro-
ductions.

4. The starting symbol is a special nonterminal that begins the generation of any
sentence in the language. In the example above, sentence is the starting
symbol.

Once we are given a grammar, we can generate the sentences in the language
as follows:

1. Begin with the starting symbol as the current string of terminals and non-
terminals.

2. If any portion of the current string of terminals and nonterminals matches the
left-hand side of a production, replace that portion of the string by the right-
hand side of the production. To be specific, let a denote the current string of
terminals and nonterminals. Furthermore, suppose that « can be divided into
three substrings a,, a,, and a5, that is, a = a,a, a5 . If there exists a production
o, — P, then we can replace the substring «, in « by S to obtain the string
o fay. We use the notation o= o, fa, to mean that the string o can be
transformed into the string o, fay by replacing a portion of the string o accord-
ing to one of the productions in the grammar.

3. Any string of terminals obtained by repeating step 2 is a sentence in the
language. Note that in step 2 the possibility exists that more than one pro-
duction can be applied to transform the current string of terminals and non-
terminals. In that case, any one of the productions can be chosen. On the
other hand, if in step 2 we reach a string of terminals and nonterminals to
which no production can be applied, then we have reached a deadend and
must begin with the starting symbol all over again to obtain a sentence in the
language.

The process of generating a sentence as described above is also referred to as
a derivation. In the above example, the sentence, “a dog runs slowly,” is derived as
follows:

sentence = noun-phrase intransitive-verb-phrase
=> noun-phrase intransitive-verb adverb
=> noun-phrase intransitive-verb rapidly
=> noun-phrase runs rapidly
=> article noun runs rapidly
=> article dog runs rapidly

=>a dog runs rapidly

We examine more examples:



COMPUTABILITY AND FORMAL LANGUAGES 55

Example 2.4 We want to construct a grammar for the language
L = {aaaa, aabb, bbaa, bbbb}

Since L has a finite number of strings, we can simply list all strings in the
language. Thus, let T = {a, b} be the set of terminals, N = {S} be the set of
nonterminals, and S be the starting symbol. We have as the set of pro-
ductions

S — aaaa
S — aabb
S — bbaa
S — bbbb

We can, however, have a slightly simpler grammar. Let N = {S, A} be the set
of nonterminals with S being the starting symbol. The following set of pro-
ductions will also specify the language L:

S— AA
A—> aa

A— bb ad

Example 2.5 We want to construct a grammar for the language
L ={ab*|i=1}

Let T = {a, b} and N = {S}, with S being the starting symbol. Let the set of
productions be

S— aSbhb
S— abb
Thus, for example, we obtain the string aaabbbbbb as follows:

S = aSbb = aaSbbbb = aaabbbbbb O

Example 2.6 We want to construct a grammar for the language
L = {x|x € {a, b}*, the number of d’s in x is a multiple of 3}

Let T = {a, b} and N = {S, A4, B}, with S being the starting symbol. The set
of productions is

S—bS
S—b
S—aA
A— bA
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A—aB
B— bB
B—aS
B—a

For example, we have

S = bS = bbS => bbaA = bbabA = bbabaB => bbababB
= bbababbB => bbababbaS = bbababbab
We note that nonterminal 4 represents the set of all strings in which the

number of a’s is 3k + 2, and nonterminal B represents the set of all strings in
which the number of a’s is 3k + 1 for k > 0. O

Example 2.7 Suppose we are given a grammar in which T = {a, b} and
N = {8, A, B}, with S being the starting symbol. Let the set of productions
be

S—aB

S—bA

A—a

A— aS

A—bAA

B—b

B— bS

B— aBB
We observe that the sentences in the language are all strings of a’s and b’s in
which the number of a’s equals the number of b’s. Such an observation
becomes clear when we note that nonterminal A represents the set of strings
in which the number of a’s is one more than the number of b’s, and non-

terminal B represents the set of strings in which the number of b’s is one
more than the number of a’s. O

Example 2.8 We want to construct a grammar for the language

L={ablij21,i+#j}
We note that
L=L vlL,
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where
L, = {a'b’|i > j}
L, = {ab']i <j}
Note that
A—aA
A—aB (2.2)
B— aBb
B—ab

is a set of productions in a grammar for L,, where {a, b} is the set of
terminals and {4, B} is the set of nonterminals, with 4 being the starting
symbol. Also,

C—Cb

C— Db (2.3)
D — aDb
D— ab

is a set of productions in a grammar for L,, where {a, b} is the set of
terminals and {C, D} is the set of nonterminals, with C being the starting

symbol.
We realize immediately that by adding the two productions
S— A
S—-C

to the productions in (2.2) and (2.3), we have a grammar for L, with S being
the starting symbol. However, we can simplify the grammar to

S— A4

S—-C

A—aA

A—aB

B— aBb

B—ab

C—-Cb

C— Bb O

Example 2.9 Consider the following grammar which specifies assignment
statements that involve identifiers, the arithmetic operators + and *, the
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equal sign, =, the left parenthesis, (, and the right parenthesis, ). Let T = {4,
B, C, D, +, %, (, ), =} and N = {asgn stat, exp, term, factor, id}, with
asgn stat being the starting symbol. Let the following be the set of pro-
ductions:

asgn_stat— id = exp
exp — exp + term
exp— term
term — termxfactor
term — factor
factor — (exp)
factor — id
id— A4
id— B
id— C
id—D
We note that
asgn_stat = id = exp
= id = exp + term
= id = exp + termxfactor
= id = exp + term=(exp)
= id = exp + termx(exp + term)
= id = exp + termx(exp + factor)
= id = exp + termx(exp + id)
= id = exp + termx(exp + B)
= id = exp + termx(term + B)
= id = exp + termx(factor + B)
=>id = exp + termx(id + B)
= id = exp + termx(D + B)
= id = exp + factorx(D + B)
= id = exp + id«(D + B)
=id = exp + Dx(D + B)
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= id = term + Dx(D + B)

= id = factor + Dx(D + B)

=id = id + D«(D + B)

=id = A4 + DD + B)

=C=A+ D«D + B) a

2.6 TYPES OF GRAMMARS AND LANGUAGES

In Sect. 2.5 we saw how grammars can be used to specify languages. As it turns
out, using grammars to specify languages also leads us to a natural way of
classifying languages. It is beyond the scope of this book to go into the details of
this subject. However, we do want to state some of the results, without proof, so
that the reader may appreciate more the subject matter.

In the following, we shall use 4 and B to denote arbitrary nonterminals, a
and b to denote arbitrary terminals, and a and § to denote arbitrary strings of
terminals and nonterminals. A grammar is said to be a type-3 grammar if all
productions in the grammar are of the forms

A—a
(2.9)
A— aB
or, equivalently, of the forms
A—a
2.5
A— Ba )

In other words, in any production the left-hand string is always a single non-
terminal and the right-hand string is either a terminal or a terminal followed by a
nonterminal. Thus, the grammar in Example 2.6 is a type-3 grammar.

+ It is not obvious that the forms in (2.4) are equivalent to the forms in (2.5) in that languages that
can be specified using productions of the forms in (2.4) can also be specified using productions of the
forms in (2.5), and conversely. Furthermore, it can be shown that productions of the forms in (2.4) are
equivalent to productions of the forms

A—y
A—yB
and productions of the forms in (2.5) are equivalent to productions of the forms
A=y
A— By

where y is an arbitrary string of terminals. See Probs. 7.28 and 7.29.
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In a type-2 grammar, every production is of the form
A-a

In other words, in any production the left-hand string is always a single non-
terminal. Clearly, a type-3 grammar is trivially also a type-2 grammar. Thus, the
grammar in Examples 2.5 and 2.7 are type-2 grammars.

In a type-1 grammar, for every production

a—f
the length of B is larger than or equal to the length of a. For example, the
productions
A—ab
A—aA
aAb— aBCb
all satisfy the condition, while the productions
aAd—a
ABc— bc
do not. Again, clearly a type-3 or a type-2 grammar is also trivially a type-1
grammar.
A phrase structure grammar as defined above with no restriction is referred
to as a type-0 grammar.
Corresponding to different types of grammar, there are different types of
languages. Thus, a language is said to be a type-i (i = 0, 1, 2, 3) language if it can

be specified by a type-i grammar, but cannot be specified by a type-(i + 1)
grammar. For example, the language

L = {d*b*|k = 1}
is a type-2 language because it can be specified by the type-2 grammar
A—aAb
A—ab

Yet, on the other hand, L cannot be specified by a type-3 grammar. (How does
one prove that there is no type-3 grammar that specifies the language L? We
shall answer this question in Chap. 7.) Thus, corresponding to the four types of
grammars, we also have four types of languages. There are some questions that
arise naturally:

Are there languages that are not type-0 languages? The answer is affirmative. In
other words, there are languages that cannot be specified by phrase structure
grammars.
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How about all the programming languages? They can be specified by phrase
structure grammars. As a matter of fact, all of them are (almost) type-2
languages.T

Is each class of type-i languages nonempty? The answer is affirmative but is not
as obvious as it seems. (Since we choose the definitions of the various types of
grammars in a seemingly arbitrary manner, the possibility that any language
that can be specified by a type-i grammar can also be specified by a type-
(i + 1) grammar is not precluded.)

From a more practical point of view, there is the important question of
determining whether a given string indeed belongs to a language specified by a
grammar, and if so, how that string is derived. In Sec. 2.5, we show how we can
derive the sentences in a language. However, in practice, for example when we
want to construct a compiler for a programming language we need to determine
if a given string is indeed a legitimate sentence in the language. Then we need to
discover how the sentence was derived so that we can translate it (into machine
instruction codes) accordingly. Conceptually, these can all be done by exhaustive
search, but efficient algorithms have been developed to perform the tasks.

Many of these questions are investigated in detail in the study of theory of
formal languages and design and construction of compilers.

2.7 REMARKS AND REFERENCES

See Stoll [10], especially Sec. 2.11 on paradoxes of (intuitive) set theory. See also
Smullyan [9]. The notion of computability is a significant concept from the
viewpoint of both computer science and mathematics. For a very insightful intro-
duction, see Minsky [8]. See Hennie [4] and Yasuhara [11] for a more detailed
treatment. As general references on theory of computation and formal languages,
see Harrison [3], Hopcroft and Ullman [5], Kfoury, Moll, and Arbib [6], and
Lewis and Papadimitriou [7]. The concept of a hierachy of languages was intro-
duced by Chomsky [2]. For an introduction to the design and construction of
compilers, see Aho and Ullman [1].
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PROBLEMS

2.1 Professor Lai has just returned from a visit to an island where each inhabitant either always tells
the truth or always lies. He told us that he heard the following statements made by two of the island’s
inhabitants 4 and B:

A: B always lies.

B: A always tells the truth.
What can you say about Professor Lai’s vacation?

22 Let A={a, b, c},B={b, c, d} and
L ={dblizl,j21}
Ly={pdlizjz1}
Ly={abcdd|iz1,j=1}
Ly = {(adydd|i 2 2,j 2 1}

Determine whether each of the following statements is true or false.
(@) L, isalanguage over A.
(b) L, isalanguage over B.
(¢) L,isalanguage over A U B.
(d) L, is alanguage over A N B.
(e) Ljisalanguage over A U B.
(f) Ljyis alanguage over A N B.
(9) L,is alanguage over A @ B.
(h) L, is alanguage over A — B.
(i) L, isalanguage over B — A.
() L, v L, isalanguage over A.
(k) L, u L,isalanguage over A U B.
() L, v L,isalanguageover A n B.
(m) L, n L, is a language over B.
(n) L, n L,isalanguage over 4 U B.
(0) L, n L,isalanguage over A N B.
23 Let A = {a, b, ¢} and B = {c, d}. Determine the following sets:
(@) {a'bd|iz1,j=0} n A*
(b) {a'bd|i=1,j=0} n B*

-~
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(¢) {(cd)i(bcy|i=0,j=0} n A¥
(d) {(cd)(bc)|i 20, =0} n B*
2.4 Obtain simpler expressions for the languages specified in the following:
(a) {xab|x € {a, b}, i 23} U {xbb|x € {a, b}, iz 3}
(h) {@b'|i,j=1} N {a, b}*
(0) {(abyc'|i = 1} N {(@)(be)|i =1}
(@ {a}* - {a'bia'|i=1,j 20}
(¢) {(ab)a(ba) i, j =1} — {a(ba)'|i 2 1}
(f) {atba)'|i 2 1} ® {(ab)ali = 1}
2.5 Determine whether each of the following sentences is in the language generated by grammar
specified by the productions in (2.1). If so, provide a step-by-step derivation.
(a) cat chases the dog
(b) the dog meets rapidly
(c) the cat meets cat rapidly
(d) the cat meets slowly
(e) adog chases rapidly
(f) cat runs rapidly
(g9) a cat slowly chases the dog
(h) dog runs the cat
(i) dog slowly meets the cat
(j) cat runs
2.6 Determine whether each of the following sentences is in the language generated by the grammar
given in Example 2.9. If so, provide a step-by-step derivation.
(@ B=CxD+ A
) B=C+DxA
(¢) C=D+(A+B)
(d A=(CxD)+ B
() B=(A+ Bx(C+ D)
2.7 Consider the language L specified by the grammar (T, N, S, P), where

T = {a, b, ¢} is the set of terminals.

N = {8, A, B} is the set of nonterminals.

S is the starting symbol.

P={S— AB, A— ab, A— aAb, B— ¢, B— Bc} is the set of productions.

(a) Determine whether each of the following strings is a sentence in the language.
aabb
aaabbc
aaabbbccc
ababcc

(b) Describe the language L in set-theoretic notations.

2.8 Consider a grammar in which N = {signed_integer, sign, integer, digit} and T = {+, —, 0, 1}
with signed_integer being the starting symbol. Let the set of productions be

signed_integer — sign integer
sign— +
sign— —

integer — digit integer



64 CHAPTER TWO

integer — digit
digit— 0
digit — 1

Show a derivation of the string —010in the language.
2.9 Design a grammar that will specify a language, including such sentences as the following:

Do you understand ?
Do I like John?
Does he come?

Does she like Mary?

(We leave the details of the language to the reader’s imagination.)

2.10 In the following, let {4, B, C, S} be the set of nonterminals, with S being the starting symbol. Let
{a, b, ¢} be the set of terminals. Describe the language specified by each set of productions either
verbally or in set-theoretic notations.
(@) {S—aA, S—aS, A— ab}
(b) {S—abS, S—ad, A—a}
() {S—aAB, A—>aB, A—a, B> b, B—c}
(d) {S—aSA,S—aB, A—b, B—c}
(0 {
(f) {S—aS, S b}
(9 {S— AB, A—aA, A—a, B> Bb, B— b}
(h) {S— AB, A— ab, A— aAb, B— ¢, B— Bc}
() {S—>aS,S—>bA, A—ad, A—a}
() {S—>ad, A—>bA, A—bC,C—cC,C—c}
(k) {S—aAb, S— bBa, A— aAb, A— c, B—bBa, B— ¢}
() {S—BA, A— Aa, A— a, B— Bb, B—c}
(m) {S— AB,S—¢, A—aC, C— bS, B—aD, D— b}
(n) {S—AB,A—aA, A—>b, B> bB, B—a}
(0) {S— aad, A— aa, A— aaA, A— B, B—b, B— bB}
2.11 Give a grammar that specifies each of the following languages:
(@ L={a*p¥|iz1,j21}
(b) L={(abyc¥]iz1,jz1}
() L={dblli<jizl,jz1}
d L={db|i<j<2iiz1}
() L={db'dd|iz1,j=1}
() L={adbct|i+j=qi21j21}
(9) L={a*chb¥*|iz1,j=1}
(h L= {dbiddié*|i>0,j>0,k> 0}
2.12 Give a grammar that specifies each of the following languages:
(a) Every sentence in the language is a string of equal numbers of a’s and b’s.
(b) Every sentence in the language is a string of a’s and b’s with the number of a’s being a
multiple of 3.

2.13 Give a type-2 grammar generating the language L consisting of strings of Os and 1s, with more
Os than 1s.
2.14 Suppose L, and L, are type-2 languages.

(a) Prove that L, U L, is also a type-2 language.

(b) Prove that L,L, is also a type-2 language where

LiL,={eBlaeL, BeL,
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2.15 Let {A, B, C, S} be the set of nonterminals, with S being the starting symbol. Let {a, b} be the
set of terminals. For each set of productions in the following, determine the type of the corresponding
grammar and the type of the corresponding language.

(@) {S—ABC, A—a, A—b,aB— b, bB— a, bC— a, aC— b}

(b) {S— AB, AB— BA, A— a, B— b}

(¢) {S— AB,S—BA, A—a, B—b}

(d) {S—aB,S—bA, A—a, B— b}
2.16 For each set of productions in the following, describe either verbally or in set-theoretic nota-
tions the language specified.

(a) {S— aSBC,S— aBC, CB— BC, aB— ab, bB— bb, bC — bc, cC — cc}

(b) {S— ABC, AB— aAD, AB— bAE, DC— BaC, EC — BbC, Da— aD, Db— bD,
Ea— aE, Eb— bE, aB— Ba, bB— Bb, AB— aF, AB— bG, FO— OF, F1— IF, G0 — 0G,
Gl - 1G,FC—a,GC— b}

() {S— aAB, Aa— SBa, Ab— SbB, B— SA, B— ba, aB— b}
217

(a) Give a type-3 grammar that generates the language

L ={x|x € {a, b}* and x does not contain two consecutive a’s}
(b) Give a type-2 grammar that generates the language

L = {x|x € {a, b}* and x contains twice as many a’s as b’s}
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THREE

PERMUTATIONS, COMBINATIONS, AND
DISCRETE PROBABILITY

3.1 INTRODUCTION

In Sec. 1.6 we discussed some results on the size of finite sets. We shall present in
this chapter some further results along this line. For example, let A be a finite set
of size n. We might wish to know the number of distinct subsets of the set A4, that
is, the size of the power set of 4, 2(A). Furthermore, among all subsets of A, we
might wish to know the number of subsets that are of size k. We might also wish
to know the number of ordered sets with the components of the ordered sets
being the elements of A. For example, let 4 be a set of 10 senators. The number
of subsets in 2(A), which is equal to 2'°, is the number of different committees
the senators can form [including a committee with no members, corresponding to
the empty set in 2(A)]. Moreover, the number of subsets of size 6 in 2(A4), which
is equal to 210, is the number of different 6-member committees they can form.
An ordered set of size 3 with distinct components from A might represent the 3
highest vote getters among the 10 senators in the election. There are 720 such
ordered sets, corresponding to the 720 different possible outcomes. An ordered
set of size 3 with not necessarily distinct components from 4 might represent the
3 chairpersons of 3 different senate committees consisting of some of the 10
senators. In this chapter, we shall discuss these and related problems in the
context of permutations and combinations of objects.

66
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3.2 THE RULES OF SUM AND PRODUCT

By an experiment, we mean a physical process that has a number of observable
outcomes. Thus, for example, placing a ball in a box, placing a certain number of
balls in a certain number of boxes, selecting a representative among a group of
students, assigning offices to professors, placing bets on a horse race, tossing a
coin, rolling a pair of dice, and dealing a poker hand are all experiments. For
example, for the experiment of placing a ball in a box, there is only one possible
outcome. (There is only one way to place a ball in a box.) The two possible
outcomes of tossing a coin are head and tail, the six possible outcomes of rolling
a die are 1, 2, 3, 4, 5, and 6, and both the experiments of dealing a poker hand
and selecting five student representatives from 35,000 students have many pos-
sible outcomes. When we consider the outcomes of several experiments, we shall
follow the rules stated below:

Rule of product. If one experiment has m possible outcomes and another experi-
ment has n possible outcomes, then there are m x n possible outcomes when
both of these experiments take place.

Rule of sum. If one experiment has m possible outcomes and another experiment
has n possible outcomes, then there are m + n possible outcomes when
exactly one of these experiments takes place.

For example, if there are 52 ways to select a representative for the junior
class and 49 ways to select a representative for the senior class, then according to
the rule of product, there will be 52 x 49 ways to select the representatives for
both the junior and senior classes. On the other hand, according to the rule of
sum, there will be 52 + 49 ways to select a representative for either the junior or
the senior class. As another example, suppose there are seven different courses
offered in the morning and five different courses offered in the afternoon. There
will be 7 x 5 choices for students who want to enroll in one course in the
morning and one in the afternoon. On the other hand, they will have 7 + 5
choices if they want to enroll in only one course.

3.3 PERMUTATIONS

Consider the simple problem of placing three balls colored red, blue, and white in
10 boxes numbered 1, 2, 3, ..., 10. We want to know the number of distinct ways
in which the balls can be placed in the boxes, if each box can hold only one ball.
Let us place the balls one at a time, beginning with the red ball, then the blue
ball, and then the white ball. Since the red ball can be placed in any of the 10
boxes, the blue ball can be placed in any of the nine remaining boxes, and the
white ball can be placed in any of the eight remaining boxes, the total number of
distinct ways to place these balls is 10 x 9 x 8 = 720.
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The result of this numerical example can be generalized immediately:
Suppose we are to place r distinctly colored balls in n distinctly numbered boxes
with the condition that a box can hold only one ball. Since the first ball can be
placed in any one of the n boxes, the second ball can be placed in any one of the
remaining (n — 1) boxes, ..., and the rth ball can be placed in any one of the
remaining (n — r + 1) boxes, the total number of distinct ways to place the balls
is

nn—1)n—-2)---(n—r+1)

which can also be written ast

(n—rn!

We use the notation P(n, r) for the quantity n(n — 1)(n — 2) -+ (n — r + 1).
The following examples show that the problem of placing balls in boxes is
not as uninteresting as it might seem.

Example 3.1 In how many ways can three examinations be scheduled within
a five-day period so that no two examinations are scheduled on the same
day? Considering the three examinations as distinctly colored balls and the
five days as distinctly numbered boxes, we obtain the result 5 x 4 x 3 = 60.
O

Example 3.2 Suppose that we have seven rooms and want to assign four of
them to four programmers as offices and use the remaining three rooms for
computer terminals. The assignment can be made in 7 x 6 x 5 x 4 = 840
different ways because we can view the problem as that of placing four
distinct balls (the programmers) into seven distinct boxes (the rooms), with
the three boxes that are left empty being the rooms for computer terminals.
(We assume that the programmers are distinct but that all computer termin-
als are identical.) O

A problem equivalent to placing balls in boxes is that of arranging or permu-
ting distinct objects. By permuting r of n distinct objects, we mean to arrange r of
these n objects in some order. For example, there are six ways to permute two of
the three objects a, b, c. They are ab, ba, ac, ca, bc, and cb. Since to arrange r of n
objects amounts to filling r positions with r of the n objects, there are n choices of
an object for the first position, n — 1 choices of an object (from the n — 1 remain-
ing objects) for the second position, ..., and n — r + 1 choices of an object (from
the n — r + 1 remaining objects) for the rth position. Consequently, there are

t n! reads “n factorial " and is defined to be n(n — 1)(n — 2) --- 2 x 1. We also have the conven-
tion that 0! is equal to 1.
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n(n — 1) - - (n — r + 1) ways to arrange r of n objects in order.t In the terminol-
ogy of ordered sets, there are n(n — 1) --+ (n — r + 1) ordered r-tuples that have
distinct components which are elements from a set of size n.

Consider the following examples:

Example 3.3 Let us determine the number of four-digit decimal numbers that
contain no repeated digits. Since this is a problem of arranging 4 of the 10
digits 0, 1, 2, ..., 9, the answer is P(10, 4) = 5040. Among these 5040
numbers, 9 x 8 x 7=504 of them have a leading 0. Consequently,
5040 — 504 = 4536 of them do not have a leading 0. The result can also be
computed as

9x9x8x7=4536

using the argument that the first digit can be any one of the nine digits 1, 2,
..., 9, the second digit can be any of the nine remaining digits, and so on. [

Example 3.4 We note that the number of ways in which we can make up
strings of four distinct letters followed by three distinct digits is

P(26, 4) x P(10, 3) = 258,336,000 O

Let us return to the problem of placing 3 distinctly colored balls into 10
distinctly numbered boxes. Suppose a box can hold as many balls as we wish.
Since the red ball can be placed in any of the 10 boxes, as can the blue ball, and
as can the white ball, the total number of ways of placement is

10 x 10 x 10 = 1000

In general, there are n” ways to place r colored balls into n numbered boxes if
a box can hold as many balls as we wish.
We consider now some other examples:

Example 3.5 If we are to schedule three examinations within a five-day
period with no restriction on the number of examinations scheduled each
day, the total number of ways is 5° = 125. O

Example 3.6 Let us determine the number of subsets of a set 4 whose size is
r. Consider the problem of placing the r elements of 4 in two boxes. Corre-
sponding to each placement, we can define a subset of 4 by taking the
elements placed in box 1 and discarding the elements placed in box 2. Since
there are 2" ways to place the r elements, there are 2" subsets in 2(A). O

+ A slightly different point of view, which might cause some initial confusion but will prove to be
useful eventually, is to consider the problem as that of placing balls in boxes. Consider n boxes
corresponding to the n objects, and r balls corresponding to the r positions in the arrangement. The
placement of a ball in a certain box is equivalent to putting the object corresponding to the box in a
position corresponding to the ball in an arrangement. Consequently, the number of ways to permute
r of n objects is P(n, r).



70 CHAPTER THREE

Similarly, in terms of permutation of objects, we say that, if there are n
distinct kinds of objects with an infinite supply of each kind, then there are n"
ways to arrange r of these n kinds of objects, because there are n choices of an
object for the first position, n choices of an object for the second position, ..., and
n choices of an object for the rth position. Again, in the terminology of ordered
sets, there are n" ordered r-tuples with their components being elements from a
set of size n. For example, there are 10* four-digit decimal sequences. Conse-
quently, 10* — P(10, 4) = 4960 of them contain one or more repeated digits.

Example 3.7 We observe first that there are 2" r-digit binary sequences. We
now ask among the 2" r-digit binary sequences how many of them have an
even number of 1s? We can pair off these binary sequences such that two
sequences in a pair differ only in the rth digits. Clearly, one of the two
sequences in a pair has an even number of 1s and the other has an odd
number of 1s. It follows that there are § - 2" r-digit binary sequences that
contain an even number of 1s.

There is a slightly different way to derive the same result. There are 27!
(r — 1)-digit binary sequences. To an (r — 1)-digit sequence that has an even
number of 1s, we can append a 0 to obtain an r-digit sequence that has an
even number of 1s. To an (r — 1)-digit sequence that has an odd number of
1s, we can append a 1 to obtain an r-digit sequence that has an even number
of 1s. Furthermore, in these two ways, we shall obtain all r-digit sequences
that have an even number of 1s. Consequently, there are 2"~ ! of them. Such
an idea can be employed to enhance the reliability of computers. Inside a
computer, data are represented by sequences of binary digits. In the course of
manipulating and transmitting these binary sequences, an error is said to
occur if a 0 becomes a 1, or a 1 becomes a 0. So that errors will be detected,
we shall use (r — 1)-digit binary sequences to represent the data and append
an rth digit to each sequence so that the resultant r-digit sequence always has
an even number of 1s. The occurrence of an error (as a matter of fact, the
occurrence of an odd number of errors) will yield a binary sequence with an
odd number of 1s. The detection of a binary sequence with an odd number of
1s will signify the presence of an error condition.

We now ask for the number of r-digit quintary sequences (sequences
made up of the digits 0, 1, 2, 3, 4) that contain an even number of 1s. We note
that among the 5" r-digit quintary sequences, there are 3" of them that
contain only the digits 2, 3, and 4. These sequences are, of course, counted as
sequences containing an even number of 1s. The remaining 5" — 3" sequences
can be divided into groups according to the patterns of 2s, 3s, and 4s in the
sequences. (For instance, all sequences of the form 23xx344xx2xxx will be in
one group, where each x is either 0 or 1.) Since half of the sequences in each
group has an even number of 1s, the total number of r-digit quintary
sequences with an even number of 1s is 3" + 4(5" — 3"). d

Example 3.8 Suppose we print all five-digit numbers on slips of paper with
one number on each slip. However, since the digits 0, 1, 6, 8, and 9 become 0,
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1, 9, 8, and 6 when they are read upside down, there are pairs of numbers
that can share the same slip if the slips are read right side up or upside down.
For example, we can make up one slip for the numbers 89166 and 99168. The
question is then how many distinct slips will we have to make up for all
five-digit numbers. We note first that there are 10° distinct five-digit
numbers. Among these numbers, 5 of them can be read either right side up
or upside down. (They are made up of the digits 0, 1, 6, 8, and 9.) However,
there are numbers that read the same either right side up or upside down, for
example, 16091, and there are 3(5%) such numbers. (The center digit of these
numbers must be either 1, 0, or 8; furthermore, the fifth digit must be the first
digit turned upside down, and the fourth digit must be the second digit
turned upside down.) Consequently, there are 5° — 3(5%) numbers that can be
read either right side up or upside down but will read differently. These
numbers can be divided into pairs so that every pair of numbers can share
one slip. It follows that the total number of distinct slips we need is
10° — [5° — 3(5%)]/2. O

Example 3.9 We now give an example on the application of the principle of
inclusion and exclusion. Suppose a student wants to make up a schedule for
a seven-day period during which she will study one subject each day. She is
taking four subjects: mathematics, physics, chemistry, and economics.
Clearly, there are 47 different schedules. We want to know the number of
schedules that devote at least one day to each subject?}

Let A, denote the set of schedules in which mathematics is never in-
cluded. Let 4, denote the set of schedules in which physics is never included.
Let A5 denote the set of schedules in which chemistry is never included. Let
A, denote the set of schedules in which economics is never included. Then

Ay v A, U A3 0 A,

is the set of schedules in which one or more of the subjects is not included.
Since
[Ay| = [4,] = [4;3] = |44] =37

Ay N Ay| = Ay N As| = [A; 0 Ayl = [A; 0 As]
=|A; N Aul = [A3 0 Ay =27
Ay N Ay, N Azl = A, n Ay, N Ayl = A, 0 Ay 0 Ay
=|A,n Ay Ayl =17
|[Ay " Ay N A3 N Ayl =0
+ We ask the reader to convince himself that P(7, 4) x 4 is not the right answer. There is a flaw

in the argument that there are P(7, 4) ways to schedule four subjects for four of the seven days, and 43
ways to schedule three subjects for the three remaining days.
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we obtain
|4, U A, U A3 U Ay =4(37) —6(27) + 4

Consequently, the number of schedules in which all subjects will be included
is
47 —437) + 6(27) — 4 0

Let us consider the problem of placing four balls, two red, one blue, and one
white, in 10 numbered boxes. Suppose we repaint the two red balls with two
shades of red, light and dark, so that they become distinguishable. The number of
ways to place these balls in the 10 boxes is then P(10, 4) = 5040. Among these
5040 placements, let us consider the placement in which the light red ball is in the
first box, the dark red ball is in the second box, the blue ball is in the third box,
and the white ball is in the fourth box, and the placement in which the dark red
ball is in the first box, the light red ball is in the second box, the blue ball is in the
third box, and the white ball is in the fourth box. If we do not distinguish
between the two shades of red, that is, if the two red balls are indistinguishable,
these two ways of placement actually become one. Indeed, the 5040 placements
can be paired off in a similar way so that every pair of placements becomes one
when we do not distinguish the two shades of red. Consequently, there are
3040 — 2520 ways to place two red balls, one blue ball, and one white ball in 10
numbered boxes. Following the same argument, we see that the number of ways
of placing three red balls, one blue ball, and one white ball in 10 numbered boxes

is
P(10, 5)
T 5040
because each way to place three indistinguishable red balls, one blue ball, and one
white ball corresponds to 3! ways of placing three distinguishable red balls, one
blue ball, and one white ball.

We derive now a general formula for the number of ways to place r colored
balls in n number boxes, where g, of these balls are of one color, g, of them are of
a second color, ..., and g, of them are of a tth color. We note that a placement of
the r balls is not changed by rearranging the g, balls of the same color among the
boxes in which they are placed, or rearranging the g, balls of the same color
among the boxes in which they are placed, ..., or rearranging the g, balls of the
same color among the boxes in which they are placed. On the other hand, if the r
balls were distinctly colored, any rearrangement will yield a different placement.
It follows that each way to place the r not completely distinctly colored balls
corresponds to ¢q,!q,! - q,! ways to place r distinctly colored balls. Since there
are P(n, r) ways to place r distinctly colored balls in n numbered boxes, the total
number of ways to place r colored balls in n numbered boxes, where g, of these
balls are of one color, g, of them are of a second color, ..., and g, of them are of a
tth color, is

P(n, r)

L e R0 — (3.1)
q:'9;! - q,!
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Example 3.10 We observe that the number of ways to paint 12 offices so that
3 of them will be green, 2 of them pink, 2 of them yellow, and the remaining
ones white is

12!

321215~ 166320 O

In terms of arrangement of objects, we say that there are

n!
— (3.2)
41:92° """ 4y
ways to arrange n objects, where g, of them are of one kind, g, of them are of a
second kind, ..., and ¢, of them are of a tth kind. Again, if the n objects were all

distinct, there are n! ways to arrange them. On the other hand, in an arrangement
of objects that are not completely distinct, permuting the objects of the same kind
among themselves will not change the arrangement. We thus obtain the formula
in (3.2).

Example 3.11 We note that the number of different messages that can be
represented by sequences of three dashes and two dots is

5!

3= 10 O

3.4 COMBINATIONS

Consider now the problem of placing three balls, all of them colored red, in 10
boxes that are numbered 1, 2, 3, ..., 10. We want to know the number of ways
the balls can be placed, if each box can hold only one ball. According to (3.1), the
answer is
10 x 9 x 8
3!

In general, the number of ways of placing r balls of the same color in n numbered
boxes is
nn—1Hn—-2)---(n—r+1 n!
r! S rl(n—r)!

n!
The quantity r_'(;z—r)'

Let us consider some examples:

is also denoted C(n, r).

Example 3.12 Suppose a housekeeper wants to schedule spaghetti dinners
three times each week. Imagine the spaghetti dinners as three balls and the
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seven days in the week as seven boxes; then the number of ways of sched-
uling is
7!

341 =

Example 3.13 We note that there are C(32, 7) binary sequences of length 32
in each of which there are exactly seven 1s, because we can view the problem
as placing seven 1s in 32 numbered boxes (and then fill the empty boxes with
0s). O

A problem equivalent to placing r indistinguishable balls in » numbered
boxes is that of selection of r objects from n distinct objects. If we are to select r
objects from n distinct objects, we can imagine the n objects as boxes and mark
the selected objects with r identical markers, the balls. Consequently, the number
of ways to select r objects from n distinct objects is also C(n, r). In other words,
for a set of size n there are C(n, r) subsets of size r.

According to the definition of C(n, r), it is clear that C(n, r) = C(n, n —r).
There is also a simple combinatorial argument that confirms this result: since to
select r objects from n objects is the same as to pick out the n — r objects that are
not to be selected, we have C(n, r) = C(n, n — r).

Example 3.14 Among 11 senators there are C(11, 5) = 462 ways to select a
committee of S members. Moreover, there are C(10, 4) = 210 ways to select a
committee of five members so that a particular senator, senator 4, is always
included, and there are C(10, 5) = 252 ways to select a committee of five
members so that senator A is always excluded. We now ask in how many
ways we can select a committee of five members so that at least one of
senator A and senator B will be included. The number of selections including
both senator A and senator B is C(9, 3) = 84. The number of selections
including senator 4 but excluding senator B is C(9, 4) = 126, as is the
number of selections including senator B but excluding senator A. Conse-
quently, the total number of ways of selection is

84 + 126 + 126 = 336

Alternatively, since the total number of committees excluding both 4 and B
is C(9, 5), the total number of ways of selection is

C(11, 5) — C(9, 5) = 462 — 126 = 336

The problem can also be solved by applying the principle of inclusion
and exclusion. Among the 462 ways of selecting 5 senators, let 4, and A4, be
the set of ways of selection that include senator 4 and senator B, respectively.

Since
[4,] = C(10, 4) = 210

|4,] = C(10, 4) = 210
|4, N A,] = CO, 3) = 84
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it follows that
|A; U 4,] =210 + 210 — 84 = 336 O

Example 3.15 If no three diagonals of a convex decagon meet at the same
point inside the decagon, into how many line segments are the diagonals
divided by their intersections? First of all, the number of diagonals is equal

to
C(10,2) — 10 =45—-10= 35

as there are C(10, 2) straight lines joining the C(10, 2) pairs of vertices, but 10
of these 45 lines are the sides of the decagon. Since for every four vertices we
can count exactly one intersection between the diagonals, as Fig. 3.1 shows
(the decagon is convex), there are a total of C(10, 4) = 210 intersections
between the diagonals. Since a diagonal is divided into k + 1 straight-line
segments when there are k intersecting points lying on it, and since each
intersecting point lies on two diagonals, the total number of straight-line
segments into which the diagonals are divided is 35 + 2 x 210 = 455. O

Suppose we are to place r balls of the same color in n numbered boxes,
allowing as many balls in a box as we wish. The number of ways to place the
balls is

(n+r—1)

=1 =Cn+r—1r

An easy way to see this result is to consider the problem of arranging n + 1 1s
and r Os with a 1 at the beginning and a 1 at the end of each arrangement. If we
consider the 1s as interbox partitions and the Os as balls, then every such arrange-
ment corresponds to a way of placing r balls of the same color in n numbered
boxes. For example, let n = S and r = 4, the sequence

1011001101

can be viewed as a placement of four balls in five boxes having one ball in the
first box, no ball in the second box, two balls in the third box, no ball in the
fourth box, and one ball in the fifth box. According to (3.1), the number of ways
of arranging r Os and n + 1 1s with 1s at both ends of an arrangement is

(n+r—1)!
ri(n — 1)!

Figure 3.1
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We note that the problem of selecting r objects from n distinct objects,
allowing repeated selections, can be viewed as that of using r identical markers to
mark the n distinct objects while each object can be marked with arbitrarily
many markers. Therefore, the number of ways to select r objects from n distinct
objects, allowing repeated selections, is

(n+r—1)!

"= D! =Cin+r—1,r) (3.3)

Consider the following examples:

Example 3.16 The number of ways to choose three out of seven days (with
repetitions allowed) is

C(7T+3—1,3)=C0,3) = 84

The number of ways to choose seven out of three days (with repetitions
necessarily allowed) is

CB3+7-1,7)=C0O,7 =36 O

Example 3.17 A domino is made up of two squares each of which is marked
with one, two, three, four, five, or six spots, or is left blank. We note that
there are 28 different dominoes in a set, because the number of distinct
dominoes is the same as the number of ways of selecting two subjects from
the seven objects “one,” “two,” “three,” “four,” “five,” “six,” and “blank,”
with repetitions allowed. Thus, according to (3.3), the number of distinct
dominoes is

CT+2—1,2)=C@8, 2 =28 O

Example 3.18 We note that when three dice are rolled, the number of differ-
ent outcomes is

C6+3—1,3)=C@,3)=56

because rolling three dice is equivalent to selecting three numbers from the
six numbers 1, 2, 3, 4, 5, 6, with repetitions allowed. 0

Example 3.19 We ask for the number of different paths for a rookt to move
from the southwest corner of a chessboard to the northeast corner by moving
eastward and northward only. If we let a 0 denote an eastward step and a 1
denote a northward step, then the number of paths is equal to the number of
ways of arranging seven Os and seven 1s, which is

14!

TEThe 3432

1 A rook is a chesspiece that can move horizontally and vertically on a chessboard.
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We ask now how many of these paths consist of four eastward moves
and three northward moves. (By an eastward move we mean a certain
number of consecutive eastward steps. A northward move is defined simi-
larly.) The number of ways of making up a path with four eastward moves is
the same as that of placing seven indistinguishable balls in four distinct boxes
with no box left empty. Let us place a ball in each of the four boxes and then
distribute the three remaining balls. Since the number of ways to distribute
three indistinguishable balls in four distinct boxes with each box holding as
many balls as we wish is

C4+3-1,3=20

the number of ways to place the seven balls in four boxes with no box left
empty is also equal to 20. Similarly, the number of ways of making up a path
with three northward moves is

C3+4-1,4=15
Therefore, the answer to our question is

20 x 15 =300 O

Example 3.20 We want to determine the number of ways to seat five boys in
a row of 12 chairs. The problem can be viewed as that of arranging 12
objects that are of six different kinds, with each boy being an object of a
distinct kind and the seven unoccupied chairs being objects of the same kind.
According to (3.2), the number of arrangements is

12!
7

There is an alternative way to obtain the same result. Suppose we first
arrange the five boys in a row (there are 5! ways to do so), and then distrib-
ute the seven unoccupied chairs arbitrarily either between any two boys or at
the two ends. The distribution problem then becomes that of placing seven
balls of the same color in six boxes. Thus, the number of ways to do so is

12! 12!
! — =8 w2 1A
SIxC6+7—-1,7) 5.><7!5! T

Suppose we want to seat the boys so that no two boys are next to each
other. We ask the reader to confirm that the number of ways to seat the boys
is

8! 8!

S!IxC6+3—-1,3)=5!x——

3151 31 =

Example 3.21 We want to determine the number of ways to place 2t + 1
indistinguishable balls in three distinct boxes so that any two boxes together
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will contain more balls than the other one. The total number of ways to place
the balls disregarding the constraint is

CB+2t+1—-1,2t+1)=CRt+3,2t+ 1)

The total number of ways to place the balls so that the first box will have
more balls than the second and third boxes combined is

CB+t—1,t)=Ct+ 2,1

(We place t + 1 balls in the first box and then place the t remaining balls in
the three boxes arbitrarily.) The same result applies to the case that the
second box has more balls than the first and third boxes combined, and to
the case that the third box has more balls than the first and second boxes
combined. Thus, the answer to our question is

CQt+3,2t+1)=3C(t+2,t)=CQt +3,2) — 3C(t + 2, 2)
=12t +3)Q2t+2) =t +2(t+ 1)

_Hr+1)
)

*3.5 GENERATION OF PERMUTATIONS AND COMBINATIONS

Suppose we want to write down the n! permutations of n distinct objects. For
n =3, there are only six permutations, so there clearly is little difficulty. For
n = 4, there are 24 permutations, and it is no longer a totally trivial task to keep
track of what we have written down and to make sure we shall write down all the
permutations with no omissions or repetitions. An interesting problem is to find
systematic procedures that exhaustively generate all the permutations of n
objects. As an illustration, we shall present one such procedure. Before we
describe our procedure, let us point out an important question one might raise: If
we are to design a procedure or to examine a procedure presented to us, how can
we ascertain that the procedure will indeed do what it purports to do, namely, to
generate all permutations of n objects? Note that there is no way for us to test
exhaustively the procedure, since it is supposed to perform correctly for all posi-
tive integers n. One way to make sure that a procedure will generate all the
permutations exhaustively with no repetition is to introduce an ordering of the n!
permutations. If we have a procedure that generates the permutations one by one
according to this order, then we can be assured that the procedure will correctly
generate all the permutations when it starts with the first permutation in the
order and stops at the last permutation in the order. One order we can use is the
lexicographic order. Without loss of generality, let {1, 2, 3, ..., n} be the n objects
to be permuted. For two permutations a,a, - - a, and bb, --- b,, we shall say
a,a, - a, comes before b;b, -+ b, in the lexicographic order if, for some 1 <
m<n,a, =b,a,=b,,...,a,_,=b,_,,anda, <b,,. For example, the permu-
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tation 124635 comes before the permutation 125643, and the permutation 125463
comes after the permutation 125346.

Suppose we were given a permutation a,a, - - - a,. Our question is what the
next permutation is according to the lexicographic order. It is not difficult to
show that the next permutation b, b, - - - b, must be such that:

l.a,=b;,,1 £i<m—1,and a, < b,,, for the largest possible m.
2. b,, is the smallest element among a,, 4, dp+2,---, a, that is larger than q,,.
3. bpiy <bpi, < <b,.

For example, the permutation following 124653 in the lexicographic order is
125346. For a given permutation a,a, - - - a,, we note that the largest possible m
for which (1) is satisfied is the largest possible m for which a,, is less than at least
one of dp 4y, Auizs ---» A, A moment’s reflection shows that this is also the
largest possible m for which a,, < a,,,,.1 Therefore, if we examine the permu-
tation a,a, - - - a, element by element from right to left, the first time we observe a
decrement, we know the value of m and can determine b,,b,,, - - - b,, according
to (2) and (3). For example, suppose we were given the permutation 124653.
When we scan the permutation from right to left element by element, according
to (1), we determine that the next permutation is of the form 12xxxx. In other
words, the subscript m is equal to 3. According to (2), we can further determine
that the next permutation is of the form 125xxx. Finally, according to (3), we
determine that the next permutation is 125346. (Actually, we can make use of the
fact that a,,,, > a,., >+ > a, to carry out steps 2 and 3 in a rather simple
manner. The interested reader is referred to Prob. 3.55.)

Our observation leads immediately to a systematic procedure for generating
the n! permutations of n objects by starting with the permutation 1234 --- n and
stopping at the permutation n - - - 4321. Moreover, we know that the procedure is
indeed a correct one. We ask the reader to convince herself that our procedure
will indeed generate the permutations of the four objects 1, 2, 3, 4 in the following
order:

1234 — 1243 — 1324 — 1342 — 1423 — 1432 — 2134 - 2143 —

2314 — 2341 — 2413 — 2431 — 3124 — 3142 — 3214 — 3241 —
3412 3421 — 4123 — 4132 4213 — 4231 — 4312 — 4321

Suppose we want to generate all k-subsets] of the set {1, 2, 3, ..., n}. So that
we can introduce a lexicographic order of the subsets, let us agree first that each
subset will be represented by a sequence with the elements in the subset arranged
in increasing order. We can then arrange the sequences according to the lexico-

+ Suppose that m is the largest possible subscript for which a,, is less than one of a,,, |, @42, ..,
a,. Let us assume, however, that a,, > a,,., and a,, < a,,. ; for some j > 1. We then have a,,., | < a,,.;
contradicting the assumption that m is the largest possible subscript for which a,, is less than one of
Apets sy .- a,. The converse argument is left to the reader.

+ A subset of size k is abbreviated as a k-subset.



80 CHAPTER THREE

graphic order.t For example, the 4-subsets of {1, 2, 3, 4, 5, 6} are represented and
ordered as

1234
1235
1236
1245
1246
1256
1345
1346
1356
1456
2345
2346
2356
2456
3456

Along exactly the same line as our procedure to generate permutations, let us
observe how we can design a procedure to generate all k-subsets of the set
{1,2,...,n}. Letaa, - - a, be a k-subset. It can be shown that the next k-subset
b,b, - -+ b, according to the lexicographic order must be such that

l.a,=b;,1 £i<m-— 1,and a,, < b,, for the largest possible m.

2.b,=a,+ 1

3.bj,,=bj+1form<Zjsk—1

In the sequence a,a, ‘- g,, we define the maximum possible value of a; to be
n — k + j. Thus, the maximum possible value of a, is n, the maximum possible
value of a,_, is n — 1, the maximum possible value of @, _, is n — 2, ..., and the
maximum possible value of a, is n — k + 1. Since in a,a, - - - a, the largest m for
which a,, is not equal to its maximum possible value is the largest m that satisfies
(1), we can determine m by examining a,a, ‘- - a, from right to left, element by
element. Once the value of m is determined we can determine b, b, ., - - b,
according to (2) and (3). We ask the reader to confirm that the 4-subsets of {1, 2,
3,4, 5,6} shown above were indeed generated by our procedure.

3.6 DISCRETE PROBABILITY

As an illustration of the application of some of the concepts and tools studied in
Chap. 1 and this chapter, we present a brief introduction to discrete probability
theory. We recall that an experiment is a physical process that has a number of

+ For two k-subsets a,a, -+ a, and b,b, -+ b,, we shall say a,a, ‘- a, comes before b,b, -+ b,
in the lexicographic order if for some 1 S m < k,a, =b,a, =b,,..., a,_,=b,_,anda, <b,.
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observable outcomes. In previous sections of this chapter, we studied various
ways to compute the number of outcomes of an experiment. As examples, we
note that dealing a poker hand has C(52, 5) = 2,598,960 possible outcomes; and
examining a student’s transcript has 5* possible outcomes (assuming that the
student takes four courses, and the five possible grades are 4, B, C, D, F.) In our
model of a physical process, these outcomes are considered to be mutually exclu-
sive and exhaustive; that is, exactly one outcome will take place in any particular
instance of the experiment. Thus, when we toss a coin, either a head or a tail will
show. It is not possible that both of them will show, nor is it possible that none of
them will show. (If, indeed, we believe that the coin might stand on its side, we
should include in our model three possible outcomes when a coin is tossed—
namely, head, tail, and standing on its side.)

Formally, we refer to the set of all possible outcomes of an experiment as the
sample space of the experiment. We also refer to the outcomes in the sample
space as samples or sample points. We shall use the notation S = {x, x,, ..., x;,
...} for a sample space S consisting of the samples x,, x,, ..., X;, and so on. A
sample space that has a finite number or a countably infinite number of samples
is called a discrete sample space. We shall restrict our discussion to discrete
sample spaces. (An in-depth discussion of the general case of sample spaces with
an uncountably infinite number of samples would require some advanced con-
cepts and tools from mathematical analysis.) For example, for the experiment of
tossing a coin, the sample space is a set S = {h, t}, which consists of the two
possible outcomes h (head) and ¢ (tail). For the experiment of tossing two coins,
the sample space is a set S = {hh, ht, th, tt}, which consists of the four possible
outcomes head-head, head-tail, tail-head, and tail-tail. Also, for the experiment of
waiting for the arrival of a bus at a bus stop, the sample space is a set S = {0, 1,
2, 3, ..., 30} in which the outcomes are the waiting times ranging from 0 to 30
minutes. Consider the experiment of shooting at a target until there is a hit. The
sample space is a countably infinite set S = {h, mh, mmh, mmmh, ...}, where h
denotes a hit, mh denotes a miss followed by a hit, mmh denotes two misses
followed by a hit, and so on.

Associated with each sample in a sample space is a real number called the
probability of that sample. For the sample x;, we shall use p(x;) to denote the
probability associated with x;. The probabilities associated with the samples
must satisfy two conditions:

1. The probability of each sample is a nonnegative number less than or equal
to 1. That is, for each x;in S, 0 < p(x;) < 1.

2. The sum of the probabilities of all the samples in the sample space is equal
to 1. Thatis, ¥ ., .s p(x) = L.

The probability of a sample is a measure of the likelihood of occurrence of that
sample. A sample with a larger probability is more likely to take place, while a
sample with a smaller probability is less likely to take place. Quantitatively, if we
conduct an experiment a large number of times, the probability of a certain
sample is a measure of the fraction of times in which the particular outcome takes
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place. For example, in the sample space of the experiment of tossing a fair coin,
the probability of the outcome head is 4, and the probability of the outcome tail
is also 1. Thus, if we toss the coin many times, approximately half of the out-
comes will be heads and half will be tails. On the other hand, in the sample space
of the experiment of tossing an unfair coin, the probability of the outcome head
might be 2, while the probability of the outcome tail might be 4. In that case,
when we toss the coin many times, approximately two-thirds of the outcomes will
be heads, and approximately one-third of the outcomes will be tails. Also, for the
experiment of tossing two coins with the sample space being S = {hh, ht, th, tt},
we might have

1

hh) = -

plhh) = 7

(ht) = 2

P =13

(th) =

P =74

1

p(tt) = 2

if the coin is fair. Or we might have

p(hh) =

4
9
2
p(ht) = 9
2
p(th) = 5

1
pet) = 5

if the coin is unfair. For the experiment of shooting at a target until there is a hit
with the sample space being S = {h, mh, mmh, mmmh, ...}, we might have

1

P(h)=§

(mh) = -

Pm)—z
(mmh) = »
plmmh) =
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Also, in the sample space of any experiment, a sample with probability 1 corre-
sponds to an outcome that will take place with certainty; a sample with probabil-
ity 0 corresponds to an outcome that will never take place.

We can now explain the physical significance of the two conditions imposed
on the probabilities associated with the samples in a sample space stated above.
Clearly, if the probability associated with a sample is a measure of the frequency
of occurrence of the outcome of an experiment, it is meaningless for it to assume
a negative value, or to assume a value larger than 1. Also, since the sample space
contains all possible outcomes of an experiment, the sum of probabilities of the
samples should equal exactly 1.

We assume that the probabilities of the outcomes of an experiment are given
to us, either based on statistical data or simply on one’s intuitive guesstimation.

An event is a subset of the outcomes of an experiment. An event is said to
occur if any one of the samples in the event occurs. Thus, when we roll a die,
getting a 1 is an event, getting an odd number (1, 3, or 5) is another event. An
event that contains one sample is referred to as a simple event, and an event that
contains more than one sample is referred to as a compound event. The probabil-
ity of occurrence of an event is defined as the sum of probabilities of the samples
in the subset. Since samples are mutually exclusive outcomes of an experiment,
the probability of an event is a measure of the frequency of occurrence of the
event. Thus, in set-theoretic notations, an event A is a subset of the sample space
S. The probability of event 4, denoted p(A), is equal to Y .. 4 p(x,).

We consider some illustrative examples:

Example 3.22 For the experiment of rolling a die, the sample space consists
of six samples. If we suppose the probability of occurrence of each of these
samples is £, then the probability of getting an odd number is equal to

IR

6 6 6 2
On the other hand, suppose that we have a “crooked” die such that the
probability of getting a 1 is + and the probability of getting each of the
remaining numbers is 7%. Consequently, the probability of getting an odd
number is

12 2 3

3PS
and the probability of getting an even number is

2,2 2 2
15 15 15 5 O

Example 3.23 Consider the problem of dealing a poker hand out of a deck of
52 cards. The sample space consists of C(52, 5) sample points corresponding
to the C(52, 5) different hands that can be dealt. We assume that these
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outcomes have equal probabilities; that is, the probability that a particular
hand was dealt is equal to 1/C(52, 5). To determine the probability of getting
four aces, we note that 48 of the C(52, 5) possible outcomes contain four
aces; thus, the probability is 48/C(52, 5) = 0.0000185. ]

Example 3.24 We shall confirm the observation that out of 23 people the
chance is less than 50-50 that no two of them will have the same birthday.
Consider the sample space consisting of 36623 samples corresponding to all
possible distributions of birthdays of 23 people. Let us assume that these
distributions are equiprobable. Since out of the 36623 samples, P(366, 23) of
them correspond to distributions of birthdays such that no two of the 23
people have the same birthday, the probability that no two people have the
same birthday is
P(366, 23)
660 - 0.494 ]
Example 3.25 Eight students are standing in line for an interview. We want
to determine the probability that there are exactly two freshmen, two sopho-
mores, two juniors, and two seniors in the line. The sample space consists of
48 samples corresponding to all possibilities of classes the students are from.
Let us assume these are equiprobable samples. There are 8!/2!1212!2!
samples corresponding to the case in which there are two students from each
class. Thus, the probability is
8!
2121212148 00383 .
Example 3.26 For the experiment of shooting at a target until there is a hit,
we assume the probability of occurrence of the sample that has k misses
before a hit to be 2-**1), Let 4 denote the event that there is a hit before no
more than 5 misses, then A = {h, mh, mmh, mmmh, mmmmh, mmmmmh} and

5
p(A) = Z 27+ — 0984
k=0
Let B denote the event that there is a hit after an odd number of misses. Then
© g 1
pB)y= ) 27% = 3
i=1

Yet, on the other hand, let C denote the event that there is a hit after an even
number of misses (including no misses). Then

2—2i+1

|

Wi

s

p(C) =

0

Once again, we shall observe how elementary set-theoretic concepts enable
us to introduce new definitions precisely and concisely. Given two events 4 and
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B, the event that both 4 and B occur corresponds to the set of samples 4 N B.
We shall use 4 N B to denote such an event. Furthermore, the probability of
occurrence of the event, denoted p(4 N B), is equal to Y .. 4~ p P(x;). Similarly,
given two events 4 and B, the event that either A or B or both occur corresponds
to the set of samples 4 U B. Also, the event that A4 occurs but B does not
corresponds to the set of samples A — B; the event that one but not both of them
occurs corresponds to the set of samples A @ B. Of course, these events are
denoted by A U B, A — B, and A @ B, and their corresponding probabilities can
be computed as ¥« 4. 5 P4, Taie 4-8 PO, Tnre 4@ PI), respectively.
We see now some examples:

Example 3.27 Digital data received from a remote site might fill up 0 to 32
buffers. Let the sample space be S = {0, 1, 2, ..., 32}, where the sample i
denotes that i of the buffers are full. It is given that

pi) = 561 (33 -1
Let 4 denote the event that at most 16 buffers are full, and B denote the
event that an odd number of buffers are full. Then
A=1{0,1,2,...,16}
B={1,3,5,...,31}
AnB={l,35,...,15}

and
p(A)—ﬁ 2(3 —:—g=0758
.Zl( i —%—0485
iis odd
(AmB)—%Ili(%—i):i—g?:OBW O

iis odd

Example 3.28 Out of 100,000 people, 51,500 are female and 48,500 are male.
Among the females 9,000 are bald, and among the males 30,200 are bald.
Suppose we are going to choose a person at random. We shall have S = { /b,
fh, mb, mh} as the sample space with fb denoting a bald female, fh a female
with hair, mb a bald male, and mh a male with hair. Also, we have

p(fb) = 0.090
p(fh) = 0.425
p(mb) = 0.302

p(mh) = 0.183
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Let A denote the event that a bald person was chosen, and B denote the
event that a female was chosen. Then 4 n B is the event that a bald female
was chosen, 4 U B the event that a bald person or a female was chosen,
A @ B the event that a female with hair or a bald male was chosen, and
B — A the event that a female with hair was chosen. Thus, we have

p(A) = 0.090 + 0.302 = 0.392
p(B) = 0.090 + 0.425 = 0.515
p(A n B) = 0.090
p(A U B) = 0.090 + 0.425 + 0.302 = 0.817
p(A ® B) = 0.425 + 0.302 = 0.727
p(B — A) = 0425 O

Example 3.29 Ten men went to a party and checked their hats when they
arrived. The hats were randomly returned to them when they departed. We
want to know the probability that no man gets his own hat back. For the
experiment of returning the hats to the men, the sample space consists of 10!
samples corresponding to the 10! possible permutations of the hats. Let us
assume that each permutation occurs with equal probability, that is, 1/10!.
Consequently, the probability that no man receives his own hat is equal to
1/10! times the number of permutations in which no man receives his own
hat. Let A4; denote the set of samples in which the ith man receives his own
hat. The reader can confirm that, using the principle of inclusion and exclu-
[A; U Ay U U Ayl

sion, we obtain
10 10 10 10 10
= 1 ! | _ | — !
(1)9. (2)g.+<3)7. +(9)1. (10>0.

Consequently, the probability that no man receives his own hat is:

1 10 10 10 10 10
— 1 — ! 1 — P oee — ! !
10![10. <1>9.+<2>8. <3>7.+ <9>1.+<10>0.]
2 3 9 10

1

Intuitively, one probably would not have guessed that the probability would
turn out to be so large. 0O

*3.7 CONDITIONAL PROBABILITY

Suppose a die was rolled, and we want to know the probability that the outcome
was 4. Assume that the six outcomes are equiprobable. Clearly, the answer is
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one-sixth. Now, suppose a die was rolled, and we were told that the number was
even. Again, we want to know the probability that the outcome is 4. We realize
that since only 2, 4, or 6 are the possible outcomes, the probability that 4 has
appeared must be larger than one-sixth. As a matter of fact, the reader has
probably arrived at the answer: the probability that 4 has appeared is one-third.

Consider again the problem of bald people in Example 3.28. Suppose we
choose a person at random. As shown above, the probability that the person is
bald is 0.392. Suppose we were told that this person was a female. Then we would
say, at least intuitively, that the probability of this person being bald would be
less than 0.392. On the other hand, if we were told that the person was male, then
the probability that he is bald would be greater than 0.392.

These two examples bring up the notion of conditional probability of an
event. Let S be a sample space and 4 and B be two events in S. The probability
that event 4 occurs given that event B has occurred is defined as the conditional
probability of event A given the occurrence of event B, which is denoted p(A|B).
In the example of rolling a die, let A denote the event, “ the outcome is 4,” and B
denote the event, “the outcome is an even number.” The conditional probability
p(A|B) is then equal to 1. In the example of bald people, let A denote the event
that a bald person is chosen, B denote the event that a female is chosen, and C
denote the event that a male is chosen. As mentioned above, we would agree that
p(A| B) is smaller than p(A4). In other words, given that a female was chosen, there
is a smaller chance that a bald person was chosen. However, p(4|C) is larger than
p(A), since given that a male was chosen, the chance is better that a bald person
was chosen. Also, although the probability p(B) of a woman being chosen is
greater than the probability p(C) of a man being chosen, the conditional prob-
ability p(B|A4) of a woman being chosen given that a bald person was chosen is
less than the conditional probability p(C|A4) of a man being chosen given that a
bald person was chosen. We shall show how to compute these conditional prob-

abilities to confirm all of these intuitive notions later.
The occurrence of event B has effectively changed the probabilities associated

with the samples in the sample space. Obviously, the probability associated with
a sample not included in event B becomes 0. On the other hand, the probability
associated with a sample included in event B increases. Let us examine again the
simple example of rolling a die. If we were told that an even number appeared,
the probabilities of the samples 1, 3, and 5 all become 0, since it is certain that
none of them could have occurred. On the other hand, the probabilities of the
samples 2, 4, and 6 become one-third. (We assume that all possible outcomes are
equally likely.) Thus, indeed,

1
p(4 appeared|even number appeared) = 3

In general, let pg(x;) denote the probability associated with sample x; given that
event B has occurred. As pointed out above, for x; ¢ B, pg(x;) = 0. However, for
the samples in event B their relative frequencies of occurrence remain the same
while the sum of their probabilities should equal to 1, that is, Y .. 5 pa(x;) = 1.
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Consequently, we need to scale the probability of each of these samples up from
p(x;) to p(x;)/p(B). Thus, we have

0 x; ¢ B
pe(x) =« p(x) x, € B
p(B)

It follows that
p(A|B) = Z pa(x;)

xieAnB
_ oy )
xieAnB p(B)
1
=B ; Bp(xi)
_p4n B
~ p(B)

Example 3.30 For the example of choosing a person at random discussed
above, let A denote the event that a bald person was chosen, B the event that
a female was chosen, and C the event that a male was chosen. We have

p(A n B)  0.090
p(B)  0.515

This is less than p(A4), which is 0.392. On the other hand,
pAn C) 0302

=0.175

p(A|B) =

A|C) = = = 0.623
PAIC) =" ) = 0.485
which is quite a bit larger than p(A). Also,
p(B n A) 0.090
A) = = =0.23
PBIA) == 0392
p(C n A) 0.302
A = = = Vu. 7
PCIA) == =092 = %7
Indeed, although p(B) is slightly larger than p(C), p(B| A) is much smaller than
p(C| A). O

Example 3.31 A coin was chosen at random and tossed. The probability that
a fair coin was chosen and head shows is one-third. The probability that a
fair coin was chosen and tail shows is also one-third. The probability that an
unfair coin was chosen and head shows is one-twelfth. The probability that
an unfair coin was chosen and tail shows is one-quarter.
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Clearly, the probability that head shows is
1 1 5

3V
and the probability that an unfair coin was chosen is
1,1
12 4

1
~3
Thus, the conditional probability that an unfair coin was chosen given that

head shows is

/12 1

5125
and the conditional probability that head shows given that an unfair coin

was chosen is

12
1/3

O

-

Example 3.32 Three dice were rolled. Given that no two faces were the same,
what is the probability that there was an ace? Let 4 denote the event that
there was an ace, and B the event that no two faces were the same. Note that

P(6, 3 3P(5, 2
p(B) = 23) PMF\Q=*{§J
thus,
_3PG5, 2 1
MAWP-Ha”—z O

We should point out that, in general, p(A|B) is not equal to p(B|A). Let us

consider the simple example of rolling a die. Let A denote the event that 5

appeared, and B the event an odd number appeared. Clearly, p(A4|B) = 3, while

p(BlA4) = 1.

*3.8 INFORMATION AND MUTUAL INFORMATION

Suppose we were told that a die was rolled and the outcome was 4. Clearly, we
were given all the information concerning the outcome of the experiment. If we
were told that the outcome was red, we would agree that we were given some
information but not as much. (The outcome is narrowed to one of two pos-
sibilities.t) On the other hand, if we were told that the outcome was black, we

t For the nongamblers, faces 1 and 4 on a die are red, and faces 2, 3, 5, 6 are black.
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would feel that we were also given some information, but even less. (The outcome
is narrowed to one of four possibilities.)

Suppose after six weeks of the semester students were told that there will be a
1-hour examination. Clearly, such an announcement contains a certain amount
of information. However, if the students were told after one week of classes that
there will be a 1-hour examination, we would say the announcement contains
much more information because it is quite unexpected that an examination
would be scheduled after only one week of classes.

These examples illustrate that it is desirable to measure quantitatively how
much information a certain piece of message carries. (We assume that a message
is always an unerring assertion.) If a statement tells us the occurrence of a certain
event that is likely to happen, we would say that the statement contains a small
amount of information. On the other hand, if a statement tells us the occurrence
of a certain event that is not likely to happen, then we would say that the
statement contains a large amount of information. Such an observation suggests
that the information contained in a statement asserting the occurrence of an
event depends on the probability of occurrence of the event. We define the
information contained in a statement asserting the occurrence of an event to be

—lg pt

where p is the probability of occurrence of that event. We note first that because
p is always less than or equal to 1, Ig p is always a nonpositive number. Conse-
quently, —lg p is always a nonnegative number. Furthermore, it is immediately
obvious that the smaller the value of p, the larger the quantity —Ig p, which is
exactly what we wanted.}

Thus, for example, when we were told that the outcome of rolling a die was 4,
the amount of information we received can be computed as

1
—lg o =1g 6 =2.585

On the other hand, when we were told that the outcome was red, the amount of
information we received can be computed as

2
—lgz=1lg3=1585

Suppose that we receive from the computer as output a binary digit that is either

+ We use Ig to denote logorithm of base 2.

1 However, a reader might immediately point out that there are many other ways to define a
measure of information which increases as the value of p decreases. For example, 1/p, 1/p% and | — p
are just some of the many possibilities that we can choose. As one will see in a course on information
theory, our choice is a natural one because it has other properties that match our intuition very well.
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0 or 1 with equal probability of occurrence. When we are told that the output is
indeed 1, the amount of information we receive is

1
2

Similarly, when we are told that the output is 0, the amount of information we
receive is also

—lgz-=1

—lg-=1

N | —

Indeed, when we use the formula —Ig p to compute information contained in a
statement, the unit is referred to as a bit (short for binary digit), since it is the
amount of information carried by one (equally likely) binary digit.

Now, suppose we receive 32 binary digits from the computer as output.
Assuming all 232 possibilities are equally likely, then the information we receive is

1 .
—lg 731 = 32 bits

Our discussion also enables us to introduce the notion of mutual informa-
tion. Suppose we were told that the outcome of rolling a die is red. How much
does that help us to determine that the outcome is a 4? Suppose we were told
that the professor will be out of town tomorrow. How much does that help us to
determine that there will be a 1-hour examination tomorrow? Thus, we want to
know the amount of information concerning the occurrence of event A that is
contained in the statement asserting the occurrence of event B, which we shall
denote I(A, B). Since —Ig p(A) is the amount of information contained in a
statement asserting the occurrence of A and —Ig p(A|B) is the amount of infor-
mation contained in a statement asserting the occurrence of A given that B has
occurred, the difference between these two quantities is the amount of informa-
tion on the occurrence of A provided by the assertion that B has occurred. In
other words, we need —Ig p(A) bits of information to assert the occurrence of
event 4, and we still need —Ig p(A4| B) bits of information to assert the occurrence
of event A after we were told that event B has occurred. Thus, the information
provided by the occurrence of event B on the occurrence of event 4 is

I(4, B) = [—1g p(4)] — [—1g p(A|B)] = —lg p(4) + 1g p(A|B) (3.4)

For example, let A be the event that 4 appeared and B be the event that red
appeared when a die was rolled. Then

I(A, B)= —1g p(A) + 1g p(A|B)
1 1
—lg=+1lg—
getes
2,585 — 1
1.585 bits
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On the other hand, let C be the event that an even number appeared. Then

I(4, C) = —lg p(4) + Ig p(4|C)

11
= —lg_+lg~

getlesg
= 2585 — 1.585
= 1 bit

Let us examine (3.4) more closely so that we can better understand the
significance of the definition of mutual information. If p(4|B) is large, it means
that the occurrence of B indicates a strong possibility of the occurrence of A.
Consequently, I(A, B) is large.t However, if p(A|B) is small, it means that the
occurrence of B does not tell us much about the occurrence of 4. Consequently,
I(A, B) is small. As a matter of fact, the occurrence of event B may mean that
event A is less likely to occur. In that case, p(A| B) is smaller than p(A4) and I(A4, B)
is a negative quantity, as we shall see in Example 3.33.

Let us also examine some extreme cases. Suppose that B is a subset of 4 in S.
In that case, intuitively, the occurrence of B assures the occurrence of 4. Since we
have p(A n B) = p(B), it follows that p(4A|B) = 1 and —Ig p(4|B) = 0; that is, the
mutual information provided by the assertion that B has occurred on the
occurrence of A4 is equal to the information provided by the assertion that 4 has
occurred. However, suppose that B is the whole sample space. In that case,
p(A N B) = p(A) and —Ig p(A|B) is equal to —Ilg p(A4). Indeed, that I(4, B) =0
means that the occurrence of B tells us nothing about the occurrence of 4.

Let us consider some more examples:

Example 3.33 Consider the problem of estimating the likelihood that there
will be a 1-hour examination when the professor is scheduled to go out of
town. Let S = {x,, x,, X3, X4} be the sample space, where the samples rep-
resent the four possible outcomes:

x, : professor out of town and examination given

x,: professor out of town and examination not given
x5 : professor in town and examination given

x,: professor in town and examination not given

Furthermore,

p(x,) =

N =

1
p(x,) = R

t We remind the reader that Ig p(4|B) is a negative quantity, and |lg p(4|B)| is small when
p(A|B) is large.
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3
plxs) = 1_6

N

plxy) =

Let A denote the event that an examination is given, and B the event that the
professor is out of town. Note that

g2l 3 u
PA=5+16"T16

1/2

8
PAIB) =1 116~ 9

The information needed to determine that an examination will be given is

11

—lg —
€16

—lg 11 +1g 16
—346 + 4
= 0.54 bits

—lg p(A)

and the information provided by the fact that the professor is out of town on
the fact that an examination will be given is

11 8
I(A, B) = ——lgﬁ+lg§
—lgll+I1gl6+1g8—1g9
=—-346+4+3-3.17
= 0.37 bits

Let C denote the event that the professor is in town. Since

3/16 3
PAIO =14~ 7
we have
I(A, C) = —1 ll+1 =
(A, C) = 81 tle7

—3.46 + 4 + 1.58 — 2.81
—0.69 bits
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The fact that the professor is in town makes it less likely that an examination
will be given. Consequently, the mutual information provided by the pre-
sence of the professor on the occurrence of an examination is a negative
quantity. O

Example 3.34 Figure 3.2 shows a simple model of a communication channel,
known as the binary symmetric channel. At the transmission end, either 0 or 1
is transmitted, and at the receiving end either 0 or 1 will be received. Specifi-
cally, when 0 is transmitted the probability that 0 will be received is 1 — ¢,
and the probability that 1 will be received is €. When 1 is transmitted the
probability that 1 will be received is 1 — €, and the probability that 0 will be
received is €. Suppose we have two equally likely messages m, and m, that
will be transmitted over the channel using the representations 000 and 111,
respectively. If 010 was received, we can compute the mutual information
between the event that message m, was transmitted and the event that either
part or the whole of the sequence 010 was received.

1 {1 —¢
- lgatlg 22— 1 4lg(l -
I(m;, 0) lg2+g%(1_€)+%€ +lg(l—¢
1 L1 — e)e
I(m,, 01) = —lg = +1 -
(m O = =g s+ e g i — o
1 {1 — e)%e
I(m,, 010) = —Ig = + 1 - _
(m,, 010) = —lg s+ le T i =g~ L 18— 9

Note that knowing that either 0 or 010 was received tells us exactly the same
amount of information on the transmission of message m;. However,
knowing that the sequence 01 was received tells us nothing about the trans-
mission of message m;. Intuitively, this is what we would expect, since the
transmission of either m; or m, would yield the sequence 01 at the receiving
end with the same probability. O

Transmission end Receiving end

Figure 3.2
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Note that
I(4, B) = —lg p(4) + 1g p(4|B)
= —lg p(A) — 1g p(B) + 1g p(A N B)
lg p(A N B)
Ig p(A)
= —lg p(B) + Ig p(B/A)
= I(B, A)

= —lg p(B) +

We realize that mutual information is a symmetric measure on the information
concerning two events. In other words, what the occurrence of B tells us about
the occurrence of A is equal to what the occurrence of A tells us about the
occurrence of B. Thus, I(A4, B) is a measure of the mutual information from B to A
as well as from A4 to B.
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PROBLEMS

3.1 A menu in a restaurant reads like the following:
Group A: Wonton Soup
Shark’s Fin Soup
Egg Rolls
Rumayki
Group B: Almond Duck
Chicken Chow Mein
Moo Goo Gai Pan
Group C: Sweet and Sour Pork
Pepper Steak
Dragon Beef
Butterfly Shrimp
Shrimp with Lobster Sauce
Egg Foo Young
Group D: Coffee
Tea
Milk

(a) Suppose you select one course from each group without omission or substitution. How many
different “complete four-course dinners ” can you make out of this menu?

(b) Suppose the waiter will not force you to make a selection if you desire to omit a group
completely. (After all, you are going to pay for it.) How many different dinners can you make out of
this menu?

(c) Suppose you select one course from each of groups A4, B, and D and two courses from group
C without omission or substitution. How many different dinners can you devise? Suppose you select
one or two from group C without any other omission or substitution. How many dinners can you
devise?

3.2 (a) In how many ways can two integers be selected from the integers 1, 2, ..., 100 so that their
difference is exactly seven?

(b) Repeat part (a) if the difference is to be seven or less.

3.3 In how many ways can two adjacent squares be selected from an 8 x 8 chessboard?

3.4 A variable name in a programming language must be either a letter or a letter followed by a
decimal digit. How many different variable names are there in this language?
3.5 Five boys and five girls are to be seated in a row. In how many ways can they be seated if:

(a) All boys must be seated in the five leftmost seats?

(b) No two boys can be seated together?

(c) John and Mary must be seated together?
3.6 (a) In how many ways can 10 boys and 5 girls stand in a line so that no two girls are next to each
other? (All boys and girls are distinct.)

(b) Repeat part (a) if they stand around a circle.
3.7 In how many ways can the letters in the English alphabet be arranged so that there are exactly
seven letters between the letters a and b?
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3.8 (a) In how many ways can the letters a, a, a, a, a, b, ¢, d, e be permuted such that no two d’s are
adjacent?

(b) Repeat part (a) if no two of b, ¢, d, e can be adjacent.
3.9 (a) In how many ways can the letters in the word MISSISSIPPI be arranged?

(b) In how many ways can they be arranged if the two P’s must be separated ?
3.10 (a) In how many ways can the letters a, b, ¢, d, e, f be arranged so that the letter b is always to
the immediate left of the letter e?

(b) Repeat part (a) if the letter b is always to the left of the letter e.
3.11 (a) Suppose that repetitions are not permitted. How many four-digit numbers can be formed
from the six digits 1, 2, 3, 5, 7, 8?

(b) How many of the numbers in part (a) are less than 4000?

(c) How many of the numbers in part (a) are even?

(d) How many of the numbers in part (a) are odd?

(¢) How many of the numbers in part (a) are multiples of 5?

(/) How many of the numbers in part (a) contain both the digit 3 and the digit 5?
3.12 There are 15 “true or false” questions in an examination. In how many different ways can a
student do the examination if he or she can also choose not to answer some of the questions?
3.13 A palindrome is a word that reads the same forward or backward. How many seven-letter
palindromes can be made out of the English alphabet?
3.14 (a) How many different automobile license plates made up of two letters followed by four digits
are there?

(b) Repeat part (a) if the two letters must be distinct.
3.15 (a) In how many ways can we make up the pattern

with Os and 1s?

(h) How many of these patterns are not symmetrical with respect to the vertical axis?
3.16 (a) Cards are drawn from a deck of 52 cards with replacements. In how many ways can 10 cards
be drawn so that the 10th card is the first repetition?

(b) Repeat part (a) if the 10th card is a repetition.
3.17 In a row of 20 seats, in how many ways can three blocks of consecutive seats with five seats in
each block be selected ?

3.18 (a) Show that the total number of permutations of p red balls and 0, or 1, or 2, ..., or g white
balls is
! + 1)! +2)! !
p_+(p )+(p )+m+(p+q)
p! p!1! p!2! plq!

(b) Show that the sum in part (a) is

(p+qg+ 1!
(p+1)q!
(c) Show that the total number of permutations of 0, or 1, or 2, ..., or p red balls with 0, or 1, or
2,..., or g white balls is
(p+q+2)!

P+ Dig+1)
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3.19 In a class of 100 students, 40 were boys.

(a) In how many ways can a 10-person committee be formed?

(b) Repeat part (a) if there must be an equal number of boys and girls in the committee.

(c) Repeat part (a) if the committee must consist of either six boys and four girls or four boys
and six girls.
3.20 A student must answer 8 out of 10 questions in an examination.

(a) How many choices does the student have?

(b) How many choices does she have if she must answer the first three questions?

(c) How many choices does she have if she must answer at least four of the first five questions?
3.21 A delegation of four students is to be selected from a total of 12 students to attend a meeting.

(a) In how many ways can the delegation be chosen?

(b) Repeat part (a) if there are two students who refuse to be in the delegation together?

(c) Repeat part (a) if there are two students who will only attend the meeting together?

(d) Repeat part (a) if there are two students who refuse to be in the delegation together and two
other students who will only attend the meeting together?
3.22 (a) From 200 automobiles, 30 are selected to test whether they meet the safety requirements.
Also, 30 (from the same 200 automobiles) are selected to test whether they meet the antipollution
requirements. In how many ways can the selection be made?

(b) In how many ways can the selection be made so that there are exactly five automobiles that
undergo both tests?
3.23 A man has 10 friends. In how many ways can he go to dinner with two or more of them?
3.24 (a) Fifteen basketball players are to be drafted by the three professional teams in Boston,
Chicago, and New York such that each team will draft five players. In how many ways can this be
done?

(b) Fifteen basketball players are to be divided into three teams of five players each. In how
many ways can this be done?
3.25 In how many ways can we distribute 15 different books among Pun, Khim, and Leong so that
Pun and Khim together receive twice as many books as Leong?
3.26 Among all seven-digit decimal numbers, how many of them contain exactly three 9s?
3.27 (a) In how many ways can two numbers be selected from the integers 1, 2, ..., 100 so that their
sum is an even number? An odd number?

(b) Use a combinatorial argument to show that

C(2n, 2) = 2C(n, 2) + n?

3.28 There are 50 students in each of the junior and the senior classes. Each class has 25 male and 25
female students. In how many ways can eight representatives be selected so that there are four
females and three juniors?

3.29 Three integers are selected from the integers 1, 2, ..., 1000. In how many ways can these integers
be selected such their sum is divisible by 4?

3.30 In how many ways can a group of eight people be divided into committees, subject to the
constraint that each person must belong to exactly one committee, and each committee must contain
at least two people. (Note that a division into committees of three, three, and two people is con-
sidered the same as a division into committees of two, three, and three people.)

3.31 From 100 students two groups of 10 students each are selected. In how many ways can the
selection be made so that the tallest student in the first group is shorter than the shortest student in
the second group? (Assume all 100 students are of different heights.)

3.32 How many n-digit decimal numbers have their digits in nondecreasing order? (Note that the
first digit of an n-digit number must not be 0.)

3.33 In how many ways can 22 different books be given to 5 students so that 2 of them will have 5
books and the other 3 will have 4 books?

3.34 In how many ways can 2n people be divided into n pairs?
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3.35 (a) In how many ways can two squares be selected from an 8 x 8 chessboard so that they are
not in the same row or the same column?

(b) In how many ways can four squares, not all in the same row or column, be selected from an
8 x 8 chessboard to form a rectangle?
3.36 Show that the product of k successive integers is divisible by k! (Hint: Consider the number of
ways of selecting k objects from n + k objects.)
3.37 (a) Show that

C2n+2,n+1)=C2n,n+ 1)+ 2C2n,n) + C2n,n— 1)

(b) Give a combinatorial interpretation to the equality in part (a).
3.38 (a) Among 2n objects, n of them are identical. Find the number of ways to select n objects out of

these 2n objects.
(b) Among 3n + 1 objects, n of them are identical. Find the number of ways to select n objects

out of these 3n + 1 objects.
3.39 In how many ways can two integers be selected from 1, 2, ..., n — 1 so that their sum is larger
than n?
3.40 Out of a large number of pennies, nickels, dimes, and quarters, in how many ways can five coins
be selected?
3.41 (a) Show that the number of ways to place r indistinguishable balls in n distinct boxes, n < r,
with no box left empty is C(r — 1, n — 1). (A box can hold arbitrarily many balls.)

(b) In how many ways can a student schedule 15 hours of study in a 5-day period so that she
will study at least an hour each day?

(¢) In how many ways can r indistinguishable balls be placed in n distinct boxes with each box
holding at least g balls?

(d) Repeat part (b) if she must study at least two hours each day.
342 In how many ways can we place r red balls and w white balls in n boxes so that each box
contains at least one ball of each color?
3.43 In how many ways can we distribute 2t marbles among four distinct boxes 4, B, C, and D such
that boxes A4 and B contain at most t marbles while boxes C and D may contain any number of
marbles?
3.44 (a) How many sequences of m Os and n 1s are there?

(b) How many sequences are there in which each 1 is separated by at least two 0s? [ Assume for
this part that m > 2(n — 1).]
3.45 Suppose n different games are to be distributed among n children. In how many ways can this
be done so that exactly one child gets no game?
3.46 We are given a red box, a blue box, and a green box. We are also given 10 red balls, 10 blue
balls, and 10 green balls. Balls of the same color are considered identical. Consider the following
constraints:

1. No box contains a ball that has the same color as the box.
2. No box is empty.

Determine the number of ways in which we can put the 30 balls into boxes so that:

(a) No constraint has to be satisfied; that is, every combination is permitted.

(b) Constraint 1 is satisfied.

(c) Constraint 2 is satisfied.

(d) Constraints 1 and 2 are satisfied.
3.47 (a) r distinct balls are to be placed in n distinct boxes with balls in each box arranged in order.
Show that there are

m+r—N)n+r—=2)---(n+ n

ways to do so.
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(b) In how many ways can the letters a, b, ¢, d, e, f, g, h be arranged so that a is to the left of b
and b is to the left of ¢?
3.48 Find the number of permutations of the letters a, b, ¢, d, e, f, g so that neither the pattern beg
nor the pattern cad appears.
3.49 How many permutations of the 10 digits 0, 1, 2, ..., 9 are there in which the first digit is greater
than 1 and the last digit is less than 8?
3.50 How many permutations of the 26 letters a, b, c, ..., x, y, z are there in which the first letter is
not a, b, or ¢ and the last letter is not w, x, y, or z?
3.51 For the set of letters {a, b, ¢, ..., z}, how many [2-subsets (that is, subsets containing 12
elements) are there that do not contain any of the sets {h, o, n, w, a, i}, {r, o, n, a}, and {l, i, u} as
subsets?
3.52 Ten books were arranged on a shelf in alphabetical order of the names of the authors. In how
many ways can a monkey rearrange the books so that no book is put in its original place?
3.53 Among all n-digit numbers, how many of them contain the digits 2 and 7 but not the digits 0, 1,
8,9?
3.54 If we write all decimal numbers from 1 to 1 million, how many times would we have written the
digit 9?
3.55 Steps 2 and 3 in the procedure for generating all permutations of a set in Sec. 3.5 can be carried
out as follows:

(a) Examine the permutatation a,a, ... a, element by element from right to left. Let a,, be the
rightmost element such that a, < a,, ;.

(b) Examine the permutation element by element from right to left again. Let a, denote the
rightmost element such that a,, < a,.

(c) Interchange a, and a,.

(d) interchange a,,,, and qa,, a,,., and a,_, a,,, ; and a,_, and so on. [Note that after step (c),
the original a,, becomes a,,.]

Convince yourself that these steps indeed will yield the next permutation in the lexicographic order.
3.56 Seven (distinct) car accidents occurred in a week. What is the probability that they all occurred
on the same day?
3.57 Ten (distinct) passengers got into an elevator on the ground floor of a 20-story building. What is
the probability that they will all get off at different floors?
3.58 When the McGraw-Hill Book Company decided to order a reprint of this book, they were told
by the author that there were 50 misprints to be corrected. (Actually, there were many more misprints
than those that the author discovered. However, that is beside the point.) Out of the 422 pages in the
book, what is the probability that these S0 misprints appear on 10 or fewer pages?
3.59 From the numbers 1, 2, ..., 100, a first number is chosen and then a second number is chosen
from the remaining numbers. Assuming all 9900 possibilities are equally likely, what is the probabil-
ity that the sum of the two numbers is divisible by 3?
3.60 One of ten keys opens the door. If we try the keys one after another, what is the probability that
the door is opened on the first attempt? On the second attempt? On the tenth attempt?
3.61 There are 10 adjacent parking spaces in the parking lot. When you arrive in your new Rolls
Royce, there are already seven cars in the lot. What is the probability that you can find two adjacent
unoccupied spaces for your Rolls Royce?
3.62 A number is chosen at random from the 30 numbers {10, 11, ..., 19, 20, 21, ..., 30, 31, ..., 39}.
It is known that numbers with the same first digit have an equal chance of being chosen. Also, a
number with 2 as the first digit is twice as likely to be chosen as one with 1 as the first digit, and a
number with 3 as the first digit is three times as likely to be chosen as one with 1 as the first digit.

(a) Describe the sample space.

(b) What is the probability that a number with 2 as its first digit is chosen?

(c) What is the probability that a number with 2 as its second digit is chosen?
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(d) What is the probability that a number with 2 as its first or second digit or both is chosen?

(e) What is the probability that a number divisible by 3 is chosen?

(f) What is the probability that a number divisible by 5 is chosen?

(9) What is the probability that a number divisible either by 3 or 5 but not by both is chosen?
3.63 An insurance company is interested in the age distribution of married couples when both the
husband’s and the wife’s ages range from 21 to 25. Consider the sample space consisting of 25 sample
points, each of which is represented by an ordered pair of numbers (x, y), where x is the age of the
husband and y is the age of the wife:

S={(x, »I21 £x <2521 <y<25)

The probability associated with the sample point (x, y) is equal to kx/y if x < y, and is equal to ky/x if
y=x

(a) Determine the value of k.

(b) Suppose that a couple from this age group is selected at random, what is the probability that
the husband is 21 years old and the wife is 22 years old? That the husband and wife are the same
age? That the husband is older than the wife? That the husband is 25 years old?

(c) Suppose that a couple from this age group is selected at random. What is the probability
that at least one of them is 22 years or older, or both the husband and the wife are the same age?

(d) Suppose that a couple from this age group is selected at random. Given that the husband is
23 years old, what is the probability that the wife is 24 years old? What is the probability that the
wife is older than the husband?

(e) Suppose that a couple from this age group is selected at random. Given that both the
husband and wife are at least 22 years old, what is the probability that both of them are at least 24
years old? That one or both of them is at least 24 years old?

(f) Suppose that a couple from this age group is selected at random. Given that at least one of
them is 23 years old or younger, what is the probability that both of them are 22 years old or
younger?

3.64 Consider the experiment of tossing a fair coin until two heads or two tails appear in succession.

(a) Describe the sample space.

(b) What is the probability that the experiment ends before the sixth toss?

(c) What is the probability that the experiment ends after an even number of tosses?

(d) Given that the experiment ends with two heads, what is the probability that the experiment
ends before the sixth toss?

(e) Given that the experiment does not end before the third toss, what is the probability that the
experiment does not end after the sixth toss?

3.65 There are 10 pairs of shoes in a closet. If eight shoes are chosen at random, what is the
probability that no complete pair of shoes is chosen? That exactly one complete pair of shoes is
chosen?

3.66 There is a 30 percent chance that it rains on any particular day. What is the probability that
there is at least one rainy day within a 7-day period? Given that there is at least one rainy day, what
is the probability that there are at least two rainy days?

3.67 A company purchased 100,000 transistors—>50,000 from supplier 4, 30,000 from supplier B, and
20,000 from supplier C. It is known that 2 percent of supplier 4’s transistors are defective. 3 percent
of supplier B’s transistors are defective, and 5 percent of supplier C’s transistors are defective.

(a) If a transistor from the 100,000 transistors is selected at random, what is the probability that
it is defective?

(b) Given that a transistor selected at random is defective, what is the probability that it is from
supplier A?

(c) Given that a transistor selected at random is not from supplier A, what is the probability
that it is defective?

3.68 A computer system consists of six subsystems. Each subsystem might fail independently with a
probability of 0.2. The failure of any subsystem will lead to a the failure of the whole computer
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system. Given that the computer system fails, what is the probability that subsystem 1 and only
subsystem 1 fails?
3.69 There is a radar, a computer, and a gyroscope on board an airplane. The probability that the
radar fails is 0.2. If the radar fails, the gyroscope will also fail, and the probability that the computer
fails is 0.3. If the radar functions correctly, then the computer will also function correctly, and the
probability that the gyroscope fails is 0.2.

(a) Describe the sample space.

(b) What is the probability that the computer or the gyroscope functions correctly while the
other does not?

(c) What is the probability that the radar functions correctly if one of the other two systems
fails?
3.70 Consider the problem of selecting a number out of 30 numbers described in Prob. 3.62. Deter-
mine the information in each of the assertions in (a), (b), (c), and (d).

(a) The number 27 was chosen.

(b) A number with 1 as its first digit was chosen.

(¢) A number between 25 and 30 (inclusive) was chosen.

(d) A two-digit number the sum of whose digits is 9 was chosen.

(¢) What is the mutual information between the two events in (a) and (b)? In (a) and (c)? In (a)
and (d)? Compute the mutual information in two different ways.
3.71 Consider the problem on the distribution of ages of married couples in Prob. 3.63. Determine
the information in each of the assertions in (a), (b), and (c).

(a) The husband is older than the wife.

(b) The difference between the husband’s and the wife’s ages is less than or equal to 2.

(¢) The husband is 25 years old or the wife is at least 22 years old or both.

(d) What is the mutual information between the two events in (a) and (b)? In (a) and (¢)? In (b)
and (¢)? Compute the mutual information in two different ways.



CHAPTER

FOUR
RELATIONS AND FUNCTIONS

4.1 INTRODUCTION

In many problems concerning discrete objects, it is often the case that there is
some kind of relationship among the objects. Among a set of computer programs,
we might say that two of the programs are related if they share some common
data and are not related otherwise. Among a group of students, we might say two
students are related if the first letters of their last names are the same. On the
other hand, in a different situation we might want to say that two students are
related if the first letters of their last names are different. Also, consider the set of
integers {1, 2, 3, ..., 15}. We might say that three integers in the set are related if
their sum is divisible by 5. Thus, the integers 2, 3, S are related and integers S, 10,
15 are related, but the integers 1, 2, 4 are not. We study in this chapter relations
among discrete objects.

We introduced in Chap. 2 the notion of an ordered pair of objects. Let A and
B be two sets. The cartesian product of A and B, denoted 4 x B, is the set of all
ordered pairs of the form (a, b) where a € A and b € B. For example,

{a, b} x {a, ¢, d} = {(a, a), (a, ¢), (a, d), (b, a), (b, c), (b, d)}

A binary relation from A to B is a subset of A x B. A binary relation is indeed
only a formalization of the intuitive notion that some of the elements in 4 are
related to some of the elements in B. As a matter of fact, if R is a binary relation
from A to B and if the ordered pair (g, b) is in R, we would say that the element a
is related to the element b. For example, let A = {a, b, ¢, d} be a set of four
students, let B = {CS121, CS221, CS257, CS264, CS273, CS281} be a set of six
courses. The cartesian product 4 x B gives all the possible pairings of students
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and courses. On the other hand, a relation R = {(a, CS121), (b, CS221),
(b, CS264), (c, CS221), (c, CS257), (c, CS273), (d, CS257), (d, CS281)} might
describe the courses the students are taking, and a relation T = {(a, CS121),
(¢, CS257), (¢, CS273)} might describe the courses the students are having diffi-
culty with.

Besides a list of the ordered pairs, a binary relation can also be represented in
tabular form or graphical form. For example, let 4 = {a, b,c,d} and
B ={«, B, v}, and let R = {(a, o), (b, y), (¢, @), (¢, V), (d, B)} be a binary relation
from A to B. R can be represented in tabular form, as shown in Fig. 4.1a, where
the rows of the table correspond to the elements in 4 and the columns of the
table correspond to the elements in B, and a check mark in a cell means the
element in the row containing the cell is related to the element in the column
containing the cell. R can also be represented in graphical form as shown in Fig.
4.1b, where the points in the left-hand column are the elements in A, the points in
the right-hand column are the elements in B, and an arrow from a point in the
left-hand column to a point in the right-hand column indicates that the corre-
sponding element in A is related to the corresponding element in B.

Since binary relations are sets of ordered pairs, the notions of the intersection
of two relations, the union of two relations, the symmetric difference of two
relations, and the difference of two relations follow directly from that of sets. To
be specific, let R, and R, be two binary relations from 4 to B. Then R, n R,,
R, U R,, R{®R,, and R, — R, are also binary relations from A4 to B, which
are known as the intersection, the union, the symmetric difference, and the differ-
ence of R, and R,. For example, let 4 = {a, b, ¢, d} be a set of students and
B = {CS121, CS221, CS257, CS264, CS273, CS273, CS281} be a set of courses.
We might have a binary relation R, from A to B describing the courses the
students are taking, and a binary relation R, from A4 to B describing the courses
the students are interested in, as shown in Fig. 4.2. Then the binary relations
R, N R,, which is {(a, CS121), (b, CS221), (d, CS264), (d, CS281)}, describes the
courses that the students are taking and are also interested in. The binary rela-
tion R, U R,, which is {(a, CS121), (a, CS264), (b, CS221), (b, CS257), (b, CS273),
(c, CS221), (¢, CS273), (c, CS281), (d, CS264), (d, CS273), (d, CS281)}, describes
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the courses the students are either taking or interested in. The binary relation
R, ® R,, which is {(a, CS264), (b, CS257), (b, CS273), (c, CS221), (c, CS273),
(¢, CS281), (d, CS273)}, describes the courses the students are interested in but
not taking or are taking but not interested in. The binary relation R, — R,,
which is {(b, CS257), (¢, CS221), (¢, CS273), (c, CS281)}, describes the courses the
students are taking but not interested in.

As another example, let 4 = {a, b, ¢, d} be a set of students and B = {BT&T,
CompComm, GEE, JBM, Orange} be a set of companies that came to the
university to interview students for jobs. We might have a binary relation R,
from A to B describing the interviews the companies had with the students, and a
binary relation R, from A4 to B describing the job offers the companies made to
the students, as shown in Fig. 4.3. We ask the reader to give the meanings of the
binary relations R, n R,, R; U R,, R, ®R,,and R, — R,.

As binary relations describe the relationship between pairs of objects, we
would like to define ternary relations to describe the relationship among triples of
objects, and quaternary relations to describe the relationship among quadruples
of objects, and so on. Thus, a ternary relation among three sets A, B, and C is
defined as a subset of the cartesian product of the two sets 4 x B and C, denoted
(A x B) x C. Note that (4 x B) x C is the set of all ordered triples of the form
((a, b), c), where (a, b) € A x Band c € C. For example, let 4 = {a, b}, B = {«, f},
and C = {1, 2}. We have

(4 x B) x C={((a, 0, 1), ((a, 2, 2), ((a, B), 1), ((a, B), 2),
(b, @), 1), (b, @), 2), (b, B), 1), (b, P), 2)}
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Also, let 4 be a set of students, B be a set of courses, and C be a set of all possible
grades. Then a ternary relation among A, B, and C can be defined to describe the
grades the students obtained in the courses they took. Similarly, a quarternary
relation among four sets A, B, C, and D is defined as a subset of
(A4 x B) x C) x D. In general, an n-ary relation among the sets 4, 4,, A;, ...,
A, is defined as a subset of ((4; x 4,) x A3) -+ x A,. In other words, an n-ary
relation among the sets A, 4,, A5, ..., A, is a set of ordered n-tuples in which
the first component is an element of A,, the second component is an element of
A,, ..., and the nth component is an element of 4,,.

42 A RELATIONAL MODEL FOR DATA BASES

As an example of relations among discrete objects, we present a brief intro-
duction to a relational model for data bases. Modern large-scale computing
systems are capable of handling large amounts of data, such as the records of
charge account transactions of customers in a department store, the employment
history and personal data of employees in a company, and the records of parts
ordered and received in a factory. So that large amounts of data can be handled
effectively, they must be organized in some form suitable for the more frequent
operations, such as inserting new data, deleting old data, updating existing data,
and searching for items with special attributes. One general way to view the
organization of large varieties of data is with a relational data model. Let A,, A, ,
..., A, be n (not necessarily distinct) sets. An n-ary relation among A,, 4,, ..., 4,
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is known as a tablet on 4, A,, ..., A, in the language of relational data models.
The sets A, A,, ..., A, are called the domains of the table, and n is called the

degree of the table. For example, let SUPPLIER = {s,, s,, 53, 54} be the set of
suppliers of parts, PART = {p,, p,, P3, Pa, Ps, D¢, D7} be the set of parts,
PROJECT = {j, j,, j3, ja, js} be the set of projects, and QUANTITY be the set of
positive integers. We may have a table named SUPPLY on the sets SUPPLIER, PART,
PROJECT, and QUANTITY describing the names of suppliers who supply parts to the
various projects and the quantities they supply. Thus,

SUPPLY = {(517 D2 jS’ 5)’ (sl’ Ps3» jS’ 17)’ (52’ D3, j3’ 9)’ (32’ D1, jS’ 5)’
(Sa» P1> J1> 4)}

is an example of a table. We shall also represent a table in tabular form, as shown
in Fig. 4.4,

As another example, consider a table ASSEMBLE on PART, PART, and QUANTITY,
where PART = {p,, p,, ..., p;} Is the set of parts and QUANTITY is the set of
positive integers. An ordered triple (p;, p;, ¢) in the table ASSEMBLE means that
part p; is a subcomponent of part p;; moreover, it takes ¢ units of part p; to
assemble each unit of part p;. Therefore, we might have the table shown in Fig.
4.5,

A domain of a table is called a primary key} if its value in an ordered n-tuple

t The term relation is also used. Here, we choose to use a more intuitive term.
1 Since, in general, ordered n-tuples are added to and deleted from a table from time to time,
being a primary key could be a time-varying property of a domain.

ASSEMBLE

PART PART QUANTITY

12 Ps 9
p2 Ps 7
ps Ps 2
Pa Ps 12
Ps Pe 3
Pa Py 1
Ps ps 1 Figure 4.5
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EMPLOYEES

EMPLOYEE NO. NAME DEPARTMENT HOURLY WAGE
20835 Bernstein, E. M. 2 5.00

11273 Jones, D. J. 1 7.00

10004 Smith, C. W. 1 7.35

21524 Vogeli, W. J. 2 8.00

17734 Wong, J. W. S. 1 5.00

30219 Yamamoto, S. 3 6.50
Figure 4.6

uniquely identifies the ordered n-tuple in the table. In the table EMPLOYEES in Fig.
4.6, EMPLOYEE NO. is a primary key; so is NAME. On the other hand, DEPARTMENT
is not a primary key and neither is HOURLY WAGE. If a table does not have a
domain that can serve as a primary key, we might wish to use a combination of
domains to identify the ordered n-tuples in the table. We define a composite
primary key as the cartesian product of two or more domains such that its valuet
in an ordered n-tuple uniquely identifies the ordered n-tuple in the table. For
example, in the table SUPPLY in Fig. 4.4, SUPPLIER X PART is a composite primary
key.

Given a collection of tables, we might wish to manipulate the tables in
various ways. As an illustration, we describe two important operations on
tables—projection and join. We frequently want to abstract subtables from a
table. The operation projection enables us to do so. Let R be a table of degree n.
A projection of R is an m-ary relation, m < n, obtained from R by deleting n — m
of the components in each ordered n-tuple in R. We use the notation m; ;, ...; (R),
1<i, <i, < <i,<n,todenote a projection of R, that is, a table of degree m
obtained from R such that for each ordered n-tuple in R there is a corresponding
ordered m-tuple in m;,;, ...; (R) with the kth component of the ordered m-tuple
being the i,th component of the ordered n-tuple. For example, for the table
SUPPLY in Fig. 4.4, the projection ©; 3(SUPPLY)is shown in Fig. 4.7.

Note that, as illustrated in this example, there might be fewer ordered m-
tuples in a projection of a table than there are ordered n-tuples in the table,
because several distinct ordered n-tuples in the table might yield the same

t By the values of a composite primary key, we mean the ordered tuples in the cartesian product.

71, 3(SUPPLY)

SUPPLIER PROJECT

$1 Js
Sz J3
Sz Js

5e Iy Figure 4.7
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SUPPLY COLOR

SUPPLIER PART PROJECT PART PROJECT COLOR
Sy Py J1 P J1 ¢y

Sz Py /1 123 J2 C

Sy 123 J2 P2 J2 C3

(a)

T2(SUPPLY * COLOR)

SUPPLIER PART PROJECT COLOR

Sy Py J1 ¢y

S2 Py J1 ¢

Sz P2 Ja €2

S P J2 C3
(b)

Figure 4.8

ordered m-tuple in the projection.

Tables can also be combined to yield bigger tables. The operation join com-
bines two tables into one. Let R be a table of degree n and S be a table of degree
m. For p less than n and m, we can construct a join of R and S, that is, a table
denoted (R * S) such that

Tp(R * S)= {(al, Ay, oiny a"_p, bl’ bz, ey bp’ Cis5Cos vnny CM‘p)I
(ay,ay,...,G,-,,by,b,,...,b,) €R,
(by,byy...iby,cyCay iy Cpu-p) €S}

As an example, for the tables suppLY and coLOR of Fig. 4.84, we have the join
7,(SUPPLY * COLOR) shown in Fig. 4.8b.

A great deal more can be said about the relational data model, especially
concerning other operations on tables, its implementation on computer systems,
and so on; many of the details can be found in Codd [1] and Date [3].

4.3 PROPERTIES OF BINARY RELATIONS

A binary relation from a set 4 to A4 is said to be a binary relation on A. For
example, let 4 be a set of positive integers. We may define a binary relation R on
A such that (a, b) is in R if and only if a — b = 10. Thus, (12, 1) is in R, but (12, 3)
is not; neither is (1, 12). As another example, let B = {CS121, CS221, CS257,
CS264, (CS273, CS281}. A binary relation on B = {(CS121, CS221),
(CS121, CS257), (CS257, CS281)} might describe the prerequisite structure of
these courses in that an ordered pair in the binary relation means the first course
in the pair is a prerequisite of the second course in the pair. For the rest of this
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a b c d a b c d
a \/ a
b J J b J v
¢ J ¢
d v d J
(a) (b)
Figure 4.9

chapter, we shall study binary relations on a set because this is the case that we
shall encounter most often.

Let R be a binary relation on A. R is said to be a reflexive relation if (a, a) is
in R for every a in A. In other words, in a reflexive relation every element in A4 is
related to itself. For example, let A be a set of courses and R be a binary relation
on A so that for two courses a and b in A4, (a, b) is in R if and only if their final
examinations are scheduled in thc same time period. Clearly, for any course a,
(a, a) is in R. Thus, R is a reflexive relation. As another example, let 4 be a set of
positive integers, and let us define a binary relation R on A such that (a, b) is in R
if and only if a divides b. Since an integer always divides itself, R is a reflexive
relation. On the other hand, let us define a binary relation T on a set of integers
A such that (a, b) is in T if and only if a > b. Clearly, T is not a reflexive relation.
As another example, let 4 be a set of students and R be a binary relation on A
such that (a, b) is in R if a nominates b as a candidate for class president. R is a
reflexive relation if everyone nominates himself or herself. On the other hand, R is
not a reflexive relation if one or more of the students did not. When a binary
relation on a set is represented in tabular form, it is very simple to determine
whether the binary relation is a reflexive relation. To be specific, a binary relation
on a set is reflexive if and only if all the cells on the main diagonal of the table
contain check marks. For example, the binary relation in Fig. 4.9a is reflexive
while that in Fig. 4.9b is not.

Let R be a binary relation on A. R is said to be a symmetric relation if (a, b) in
R implies that (b, a) is also in R. For example, let 4 be a set of students and let R
be a binary relation on A such that (a, b) is in R if and only if a is in a class that b
is in. If a is in a class that b is in, then, clearly, b is also in a class that a is in.
Thus, the relation R is a symmetric relation. Let 4 be a set of positive integers
and T be a binary relation on A such that (g, b) is in T if and only if a = b. Since,
for instance, (10, 9) is in T but (9, 10) is not in T, T is not a symmetric relation.
As another example, let 4 ={a, b, c}. Let U={}, V={a a), (b b),
W = {(a, b), (b, a)}, and X = A x A be four binary relations on 4. We note that
all four of these are symmetric relations. When a binary relation on a set is
represented in tabular form, we can determine whether it is symmetric by observ-
ing whether the check marks are in cells that are symmetrical with respect to the
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a_ b ¢ d a b ¢ d
a v a Vv
bV v b| v
c v v ¢
al v IV d J
(a) (b)
Figure 4.10

main diagonal. For example, the binary relation in Fig. 4.10a is symmetric while
that in Fig. 4.10b is not.

Let R be a binary relation on 4. R is said to be an antisymmetric relation if
(a, b) in R implies that (b, a) is not in R unless a = b. In other words, if both (a, b)
and (b, a) are in R, then it must be the case that a = b. For example, let 4 be a set
of tests to be performed on a patient in the hospital and let R be a binary relation
on A such that if (a, b) is in R, then test a must be performed before test b.
Clearly, if test a must be performed before test b, then test b must not be
performed before test a for two distinct tests a and b. Thus, R is an antisymmetric
relation. As another example, let 4 be a set of positive integers and R be a binary
relation on A4 such that (a, b) is in R if and only if a = b. We note that R is an
antisymmetric relation. Let 4 = {a, b, c¢}. Let S = {(a, a), (b, b)} and N = {(q, b),
(a, ¢), (c, @)} be binary relations on A. Note that S is both symmetric and anti-
symmetric, yet N is neither symmetric nor antisymmetric.

Let R be a binary relation on A. R is said to be a transitive relation if (a, c) is
in R whenever both (a, b) and (b, ¢) are in R. For example, let 4 = {a, b, ¢} and
X = {(a, a), (a, b), (a, ¢), (b, c)}. We note that X is a transitive relation. We also
note that Y = {(a, b)} is a transitive relation, yet Z = {(a, b), (b, ¢)} is not.t As
another example, let 4 be a set of people, and let R be a binary relation on A4
such that (a, b) is in R if and only if a is an ancestor of b. Clearly, R is a transitive
relation. On the other hand, if we let T be a binary relation on A4 such that (a, b)
is in T if and only if a is the father of b, then T is not a transitive relation.

Let R be a binary relation on A. The transitive extension of R, denoted R, is
a binary relation on A4 such that R, contains R, and moreover, if (a, b) and (b, c)
are in R, then (a, ¢) is in R,. For example, let 4 = {a, b, ¢, d} and R be the binary
relation shown in Fig. 4.11a. The transitive extension of R, R,, is shown in Fig.
4.11b, where the ordered pairs in R, but not in R are marked with heavy check
marks. Note that if R is a transitive relation, R is equal to R,. Let R, denote the
transitive extension of R, and, in general, let R;,, denote the transitive extension

t At this point, a reader probably becomes aware of the problem of checking whether a given
binary relation is transitive or not. This clearly can be done by an exhaustive search, but looking for
efficient procedures for checking transitivity is still a topic of current research.
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a b ( d a b ¢ d a b ¢ d
v a VARV, a IV
J b NANEN b N RVAN BV
V2 I BVAR RS R IV V7 BN RS R BV BV BV
d d
R R, R*
(a) (h) (¢)
Figure 4.11

of R;. We define the transitive closure of R, denoted R*, to be the set union of R,
R,, R,, .... For example, the transitive closure of the binary relation R in Fig.
4.11a is shown in Fig. 4.11c. As another example, let 4 be a set of cities and R be
a binary relation on 4 so that the ordered pair (a, b) is in R if there is a
communication link from city a to city b for the transmission of messages. Thus,
the transitive extension of R, R,, describes how messages can be transmitted from
one city to another, either on a direct communication link or through one inter-
mediate city. Similarly, the transitive extension of R, R,, describes how messages
can be transmitted from one city to another, either on a direct communication
link or through at most three intermediate cities.t Finally, the transitive closure
of R, R*, describes how messages can be transmitted from one city to another,
either through a direct communication link or through as many intermediate
cities as we wish.

As another example, let 4 be a set of males and R be a binary relation on A
so that the ordered pair (a, b) is in R if a is the father of b. Note that, in general, R
is not a transitive relation since if a is the father of b and b is the father of ¢, then
a is definitely not the father of ¢. On the other hand, the transitive closure of R,
R*, is a transitive relation that describes the ancestor-descendant relationship
among the people in 4. We note that for any binary relation R, R* is always a
transitive relation.

4.4 EQUIVALENCE RELATIONS AND PARTITIONS

A binary relation might have one or more of the following properties: reflexivity,
symmetry, antisymmetry, and transitivity. For example, the binary relation in
Fig. 4.12a is a reflexive and transitive relation, and the binary relation in Fig.
4.12b is a reflexive and symmetric relation. We shall study in this and the next
sections two important classes of binary relations, namely, equivalence relations
and partial ordering relations.

+ See Prob. 4.23.
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a b ¢ d a b ¢ d
Jlv] T ]y
b i v bl V|V
( v Aol
d v V d v
(a) (b)
Figure 4.12

A binary relation on a set is said to be an equivalence relation if it is reflexive,
symmetric, and transitive. For example, the binary relation on the set {a, b, ¢, d, e,
f} shown in Fig. 4.13 is an equivalence relation. Let A be a set of students and R
be a binary relation of A4 such that (a, b) is in R if and only if a lives in the same
dormitory as b. Since everybody lives in the same dormitory as himself or herself,
R is a reflexive relation. Note that if a lives in the same dormitory as b, then b
lives in the same dormitory as a. Thus, R is a symmetric relation. Note that if a
lives in the same dormitory as b and b lives in the same dormitory as c, then a
lives in the same dormitory as c¢. Thus, R is a transitive relation. Consequently, R
is an equivalence relation. Also, let 4 be a set of strings of Os and 1s the lengths of
which are at least three. Let R be a binary relation on A such that for two strings
a and b, (a, b) is in R if and only if the last three digits in a are the same as the
last three digits in b. Again, we leave it to the reader to check that R is an
equivalence relation. Intuitively, in an equivalence relation two objects are related
if they share some common properties or satisfy some common requirements, and
are thus “equivalent ” with respect to these properties or requirements.

We define now the notion of a partition of a set. A partition of a set A4 is a set
of nonempty subsets of 4 denoted {A,, 4,, ..., 4,} such that the union of 4,’s is
equal to A and the intersection of 4; and A4; is empty for any distinct 4; and A;.
In other words, a partition of a set is a division of the elements in the set into
disjoint subsets. These subsets are also called blocks of the partition. For example,
let A ={a, b, c,de, f,g}, then {{a}, {b, ¢, d}, {e, [}, {g}} is a partition of 4. As

/ VIV Figure 4.13
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another example, we note that a deck of playing cards is partitioned into the four
suits. It is also partitioned into the 13 ranks. We also introduce the notation {a,
bed, ef, g} for a partition where we place an overbar above the elements that are
in the same block. We see now a connection between an equivalence relation on
a set A and a partition of the set A. From an equivalence relation on 4, we can
define a partition of A4 so that every two elements in a block are related and any
two elements in different blocks are not.t This partition is said to be the partition
induced by the equivalence relation, and the blocks in the partition are called the
equivalence classes. Conversely, from a partition of a set 4 we can define an
equivalence relation on A4 so that every two elements in the same block of the
partition are related, and any two elements in different blocks are not related.
For example, let A be a set of people and R be a binary relation on A such that
(a, b) is in R if and only if @ and b have the same family name. We note that R is
an equivalence relation which induces a partition of A where the equivalence
classes are families.§ As another example, let 4 be the set of all natural numbers.
Let n be a fixed integer. Let R be a binary relation on A so that (a, b) is in R if the
remainders of a divided by n and b divided by n are the same. R is an equivalence
relation which divides A4 into n equivalence classes. These equivalence classes are
those numbers that are divisible by n; those numbers that leave a remainder of 1
when divided by n; those numbers that leave a remainder of 2 when divided by n;
...; and those numbers that leave a remainder of n — 1 when divided by n. Two
numbers a and b that are in the same equivalence class are said to be equal
modulo n, and the notation a = b (mod n) is frequently used.

Let 7, and 7, be two partitions of a set 4. Let R, and R, be the correspond-
ing equivalence relations. We say that =, is a refinement of n,, denoted n;, < m,,
if R, < R,. In other words, if n, is a refinement of n,, then any two elements
that are in the same block of 7, must also be in the same block of n,. We define
the product of n, and n,, denoted =, - m,, to be the partition corresponding to
the equivalence relation R; n R,. (We leave it to the reader to show that the
intersection of two equivalence relations is always an equivalence relation.) In
other words, the product of n, and =, is a partition of 4 such that two elements a
and b are in the same block of , - 7, if @ and b are in the same block of n;, and
also in the same block of n,. Thus, n, - 7, is a refinement of n;, and also a
refinement of n,. We define the sum of n;, and =,, denoted n, + m,, to be the
partition corresponding to the equivalence relation (R; U R,)*. (We leave it to
the reader to show that the union of two equivalence relations is always a
reflexive and symmetric relation.) In other words, the sum of n, and n, is a
partition of 4 such that two elements a and b are in the same block of ©; + =, if
there exist elements ¢y, ¢,, 3, ..., ¢, such that a and ¢, are in the same block of
m, or m,, ¢, and c, are in the same block of n, or 7,, ¢, and c; are in the same

+ See Prob. 4.24, part (a).

1 See Prob. 4.24, part (b).
§ We assume that no two families have the same family name.
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block of &, or #,, ..., and ¢, and b are in the same block of n; or n,. That is, two
elements a and b are in the same block of n;, + =, if they are chain-connected, by
which we mean there exists a sequence of elements a, ¢y, ¢,, ..., ¢;, b such that
each pair of successive elements in the sequence is in the same block of 7, or 7, .
Thus, both 7, and r, are refinements of ©;, + 7,.

For example, let 4 = {a, b, ¢, d, e, f, g, h, i, j, k}. Let

n, = {abcd, ef_g, E,j_k} n, = {abch, di, efjk, ;}

be two partitions of A. We then have

and
ny + m, = {abcdhi, efgjk}

An interesting physical interpretation can be given to the product and sum of
partitions. For the set 4 and the partitions n, and =n, given in the foregoing,
suppose that A4 is a set of people, n, is a partition of them into age groups, and =,
is a partition of them into height groups. Suppose we wish to identify a certain
person in A. If we are told what age group she is in, then we can identify her up
to the blocks of ;. In other words, we shall be able to identify her as one of a, b,
¢, d, as one of e, f, g, as one of h, i, or as one of j, k, depending on the age group
she is in. Similarly, if we are told what height group she is in, we can identify her
up to the blocks of n,. If we are told the age group and the height group she is
in, then we can identify her up to the blocks of n, - n,. In other words, we shall
be able to identify her as one of a, b, ¢, as d, as one of e, f, as g, as h, as i, or as
one of j, k. If we are told either the age group or the height group she is in, but
not both, we can identify her up to the blocks of n, + n,. In other words,
whether we are provided with the information on the age group or with the
information on the height group the person to be identified is in, we never have
any ambiguity on the identity of the person beyond the blocks of n; + n,. That
is, we are assured that we can distinguish someone in the a, b, ¢, d, h, i group from
someone in the e, f, g, j, k group, no matter whether we are given the age group
information or the height group information. Indeed, a partition on a set can be
viewed either as possessing some information on the identification of one of the
objects in the set (two objects in different blocks can always be distinguished) or
as possessing some ambiguity on the identification of one of the objects in the set
(two objects in the same block can never be distinguished). It follows that the
product of two partitions n, - ©, represents the total information we have on the
identification of one of the objects when we have the information from both =,
and 7,, and the sum of two partitions n, + n, represent the mostt ambiguity we
might have when we are only sure that either the information from 7, or that
from m, will be available to us.

+ Note the word most. In many cases, the ambiguity will be less than that in n, + 7,.
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4.5 PARTIAL ORDERING RELATIONS AND LATTICES

A binary relation is said to be a partial ordering relation if it is reflexive, anti-
symmetric, and transitive. For example, the binary relation on the set
{a, b, ¢, d, e} shown in Fig. 4.14a is a partial ordering relation. As another
example, let A be a set of positive integers, and let R be a binary relation on A4
such that (a, b) is in R if a divides b. Since any integer divides itself, R is a
reflexive relation. Since if a divides b means b does not divide a unless a = b, R is
an antisymmetric relation. Since if a divides b and b divides ¢, then a divides ¢, R
is a transitive relation. Consequently, R is a partial ordering relation. Consider
also the example of a set of books, A4, each of which possesses a certain number of
attributes. Let R be a binary relation on A4 such that (a, b) is in R if and only if
every attribute of book a is also an attribute of book b. Note that R is a partial
ordering relation. As another example, let A be a set of food items of different
prices. Let R be a binary relation on A such that (a, b) is in R if a is not inferior
to b in terms of both nutritional value and price. Again, R is a partial ordering
relation. Intuitively, in a partial ordering relation two objects are related if one of
them is smaller (larger) than, or inferior (superior) to, the other object according
to some properties or criteria. Indeed, the word ordering implies that the objects
in the set are ordered according to these properties or criteria. However, it is also
possible that two given objects in the set are not related in the partial ordering
relation. In that case, we cannot compare these two objects and identify the small
or inferior one. That is the reason the term partial ordering is used.

It was pointed out in Sec. 4.1 that a binary relation from a set 4 to a set B
can be represented graphically as illustrated in Fig. 4.1b. For a binary relation R
on a set 4, we can have a slightly simpler graphical representation. Instead of
having two columns of points as in Fig. 4.1b, we represent the elements in A by
points and use arrows to represent the ordered pairs in R. For example, the
binary relation on the set {a, b, ¢, d} in Fig. 4.15a is represented graphically in
Fig. 4.15h. When the binary relation is a partial ordering relation, the graphical
representation can be further simplified. Since the relation is understood to be
reflexive, we can omit arrows from points back to themselves. Since the relation is
understood to be transitive, we can omit arrows between points that are con-

a b ¢ d e e e
a JIVIVI]Y
b VIV v ¢ ¢
d d
¢ v v
d VARV, b b
e v
a a

(a) (b) (¢)
Figure 4.14
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nected by sequences of arrows. For example, such a simplified representation for
the partial ordering relation in Fig. 4.14a is shown in Fig. 4.14b. In many cases,
when the graphical representation is so oriented that all arrowheads point in one
direction (upward, downward, left to right, or right to left), we can even omit the
arrowheads as the example in Fig. 4.14c shows. Such a graphical representation
of a partial ordering relation in which all arrowheads are understood to be
pointing upward is also known as the Hasse diagram of the relation.

Set A, together with a partial ordering relation R on A, is called a partially
ordered set and is denoted by (A, R). In the literature, a partially ordered set is
also abbreviated as a poset. There is also an alternative notation for specifying a
partial ordering relation: For each ordered pair (g, b) in R, we write a < b instead
of (a, b) € R, where < is a generic symbol corresponding to the set of ordered
pairs R and is commonly read “less than or equal to.” (We frequently say a is less
than or equal to b to mean a < b, and say a is less than b to mean a < b and
a # b. We also say b is larger than or equal to a and write b > a to mean a < b.)
Indeed, a partially ordered set is usually denoted (4, <).

Let (4, <) be a partially ordered set. A subset of A4 is called a chain if every
two elements in the subset are related. Note that, because of antisymmetry and
transitivity, in any chain with a finite number of elements {a,, a,, ..., a,} there is
an element a;, that is less than every other element in the, chain, there is an
element a;, that is less than every other element except a;,, there is an element a;,
that is less than every other element except g;, and g;,, and so on. We shall use
the notation ¢;, < a;, < a;, <+ < a; as an abbreviation for the list of ordered

iy = %ip
pairs a; < a;,, ;; < iy, ooy G S Ay, Gy S Ay, Ay S Agyy onny G, <G, ... We
frequently refer to the number of elements in a chain as the length of the chain. A
subset of A is called an antichain if no two distinct elements in the subset are
related. For example, for the partially ordered set in Fig. 4.14a, {a, b, c, ¢},
{a, b, ¢}, {a, d, e}, and {a} are chains, and {b, d}, {c, d}, {a} are antichains. Con-
sider a partially ordered set (4, <), where A4 is the set of all employees in a
company, and for a and b in 4, a < b if and only if b is a or is a superior of a. In
this case, a chain is a subset of employees in which there, indeed, exists a chain of
command. On the other hand, an antichain is a subset of employees in which no

one has command over another. A partially ordered set (4, <) is called a totally
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(b)

Figure 4.16

ordered set if A is a chain. In this case, the binary relation < is called a total
ordering relation.

Let (A, <) be a partially ordered set. An element a in A4 is called a maximal
element if for no b in A, a# b, a <b. An element a in A is called a minimal
element if for no b in A, a # b, b < a. For example, in the partially ordered set of
Fig. 4.16q, j and k are maximal elements, a, b, e are minimal elements. An element
a is said to cover another element b if b <a and for no other element c,
b < ¢ < a. In the partially ordered set of Fig. 4.16a, f covers b, f also covers c,
but f does not cover a.

Let a and b be two elements in a partially ordered set (4, <). An element c is
said to be an upper bound of a and b if a < ¢ and b < ¢. For example, in the
partially ordered set of Fig. 4.16a, h is an upper bound of f and g; so are i, j, and
k. An element c is said to be a least upper bound of a and b if ¢ is an upper bound
of a and b, and if there is no other upper bound d of a and b such that d < c. For
example, in the partially ordered set of Fig. 4.16a, h is a least upper bound of f
and g; so is i. Similarly, an element c is said to be a lower bound of a and b if
¢ < aand ¢ < b, and an element c is said to be a greatest lower bound of a and b if
¢ is a lower bound of a and b, and if there is no other lower bound d of a and b
such that ¢ < d. In the partially ordered set of Fig. 4.16a, elements a, b, ¢, d, e, f,
and g are all lower bounds of h and i, while f and g are greatest lower bounds of
h and i. As another example, let 4 be the set of all positive integers and R be a
binary relation on A such that (a, b) is in R if a divides b. We can readily check
that R is a partial ordering relation. For two integers a and b, a common multiple
of a and b is an upper bound of a and b, and the least common multiple of a and
b is a least upper bound (and the only one) of a and b. Similarly, a common
divisor of a and b is a lower bound of a and b, and the greatest common divisor
of a and b is a greatest lower bound (and the only one) of a and b.

A partially ordered set is said to be a lattice if every two elements in the set
have a unique least upper bound and a unique greatest lower bound. The par-
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tially ordered set in Fig. 4.16a is not a lattice, whereas the one in Fig. 4.16b is. We
shall study the many properties of lattices in Chap. 12.

Let (A, R;) and (B, R,) be two partially ordered sets. We define a binary
relation R; over the set 4 x B such that for a; and a, in A4, and b, and b, in B
((ay, by), (a5, b,)) is in Ry if and only if (ay, a,) is in R, and (b,, b,) is in R,. We
ask the reader to show that R, is a partial ordering relation. Consequently,
(A x B, Rj;) is a partially ordered set which is usually referred to as the cartesian
product of the two partially ordered sets (4, R,) and (B, R,). Figure 4.17b shows
the cartesian product of the two partially ordered sets in Fig. 4.17a. Let A denote
the set of all positive divisors of an integer n. Let R be a binary relation on A
such that (a, b) is in R if a divides b. Expressing n as a product of powers of
primes p}'p3? - - - p{, we note that a positive divisor of n can then be expressed as
pips -~ pP, where 0 < B, < a;, for i =1, 2, ..., t. Indeed, the integers in 4 can
all be represented by ordered t-tuples of the form (8,, §,, ..., B,), where 0 < B, <
o, i=1, 2, ..., t. Furthermore, let the ordered t-tuples corresponding to the
integers a and b be (B, f,,..., B,) and (B}, B>, ..., B;). That a divides b means
B Pi,i=1,2,...,t. We now ask the reader to check that the partially ordered
set (A4, R) can be expressed as a cartesian product (((4; x A,) X A3) x *-*) x A,
where, for i =1, 2, ..., t, (4;, <) is a totally ordered set such that 4; = {0, 1, 2,

i =

oopand0<1<2< - <o

4.6 CHAINS AND ANTICHAINS

As an illustration of the concepts of chains and antichains in partially ordered
sets, let us consider a simple example:

Example 4.1 Let A = {a,, a,, ..., a,} be the set of all courses required for
graduation. Let R be a reflexive binary relation on A such that for a; # a;,
(a;, aj) is in R if and only if course g; is a prerequisite of course a;. We note
that R is antisymmetric and transitive. Consequently, R is a partial ordering
relation.t Suppose that the length of the longest chain in the partially

t In the literature an antisymmetric and transitive relation is referred to as a precedence relation.
Precedence relations share many of the properties of partial ordering relations. However, when a
physical situation leads to the definition of a precedence relation, it is often expedient to include the
reflexivity property so that the terminologies and results in connection with partial ordering relations
can be applied. The prerequisite structure of courses leads naturally to the definition of a precedence
relation. However, by adding the reflexivity property, we make R a partial ordering relation.
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ordered set A is c. It means that there are ¢ courses that must be taken one
after another. Thus, under no circumstances will a student be able to finish
the required courses in less than ¢ semesters. Suppose that the size of the
largest antichain in the partially ordered set A4 is d. It means a student will be
able to take at most d required courses in any semester. O

As another illustration, we present a theorem that shows a close relationship
between chains and antichains.}

Theorem 4.1 Let (P, <) be a partially ordered set. Suppose the length of the
longest chains in P is n. Then the elements in P can be partitioned into n
disjoint antichains.

ProoF We shall prove the theorem by induction on n.

Basis of induction. For n = 1, no two elements in P are related. Clearly,
they constitute an antichain.

Induction step. We assume that the theorem holds when the length of the
longest chains in a partially ordered set is n — 1. Let P be a partially ordered
set with the length of its longest chains being n. Let M denote the set of
maximal elements in P. Clearly, M is a nonempty antichain. Consider now
the partially ordered set (P — M, <). Since there is no chain of length n in
P — M, the length of the longest chains is at most n — 1. On the other hand,
if the length of the longest chains in P — M is less than n — 1, M must
contain two or more elements that are members of the same chain, which is
certainly an impossibility. Consequently, we conclude that the length of the
longest chain in P — M is n — 1, and, according to the induction hypothesis,
P — M can be partitioned into n — 1 disjoint antichains. Thus, P can be
partitioned into n disjoint antichains. O

For example, for the partially ordered set P in Fig. 4.184, since the length of
the longest chain in P is 4 the elements in P can be partitioned into four disjoint
antichains. Figure 4.18b and ¢ shows two such partitions. Applying Theorem 4.1
to Example 4.1 we can be certain that if the length of the longest chain in A4 is c,
then indeed a student will be able to complete all requirements in ¢ semesters. A
direct consequence of Theorem 4.1 can be stated as:

Corollary 4.1.1 Let (P, <) be a partially ordered set consisting of mn + 1
elements. Either there is an antichain consisting of m + 1 elements or there is
a chain of length n + 1 in P.

ProoF Suppose the length of the longest chains in P is n. According to
Theorem 4.1, P can be partitioned into n disjoint antichains. If each of these
antichains consists of m of fewer elements, the total number of elements in P
is at most nm, which is a contradiction to the assumption of the corollary. [J

+ Theorem 4.1 is a dual of what is known as Dilworth’s theorem, which states that if the size of the
largest antichains in P is n, then the elements in P can be partitioned into n disjoint chains. For a
proof of Dilworth’s theorem, see Mirsky [6].
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Example 4.2 Show that among ab + 1 white mice either there is a sequence
of a + 1 mice, each a descendant of the next, or there is a group of b + 1
mice no one of which is a descendant of another. Let us order the mice
according to the descendant relationship. Clearly, such an ordering relation
is a partial ordering relation. If there is an antichain of size b + 1 or larger in
this partially ordered set, there is a group of b + 1 or more mice, no one of
which is a descendant of another. On the other hand, if there is a chain of
length a + 1 or larger, there is a sequence of a + 1 or more mice, each a
descendant of the next. O

Example 4.3 A point (x, y) in the first quadrant of the xy plane defines a
rectangle with the points (0, 0), (x, 0), (0, y), (x, y) as its vertices. (See Fig.
4.19.) We want to show that for the rectangles defined by any five distinct
points in the first quadrant either there are three rectangles R; , R;,, R;, such
that R;, and R;, are inside of R;,, and R;, is inside of R;,, or there are three
rectangles such that no one is inside of another. Let P = {(x,, y,), (x5, y2),
(x3, ¥3), (x4, ya), (x5, ys)} denote the set of five points in the first quadrant.
We define a partial ordering relation < on P such that (x;, y;) < (x;, y))
if and only if x; < x; and y; £ y;. According to Corollary 4.1.1, either there is

a chain of length 3 in P or there is an antichain of size 3 in P. Clearly, a chain
of length 3 corresponds to a set of three rectangles R;,, R;,, R;, such that R;,

©, y) x.»

(0, 0) (x, 0) Figure 4.19
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and R;, are inside of R;;, and R;, is inside of R;,. On the other hand, an
antichain of size 3 corresponds to a set of three rectangles such that no one is

inside of another. O

47 A JOB-SCHEDULING PROBLEM

Consider the problem of scheduling the execution of a set of tasks on a multipro-
cessor computing system that has a set of identical processors. (The problem can
also be phrased as that of making up a schedule for a certain number of workers
to complete a given set of tasks.) Let P,, P,, ..., P, denote the n identical
processors in a multiprocessor computing system. Let I ={T}, T, ..., T,}
denote a set of tasks to be executed on the computing system. We assume that
the execution of a task occupies one and only one processor. Moreover, since the
processors are identical, a task can be executed on any one of the processors. Let
u(T;) denote the execution time of task T;, that is, the amount of time it takes to
execute T; on a processor. There is also a partial ordering relation < specified
over J such that for T; # T;, T; < T; if and only if the execution of task T} cannot
begin until the execution of task T; has been completed. (7; is said to be a
predecessor of T, and T; is said to be a successor of T;.) A partially ordered set of
tasks can be described graphically as illustrated in Fig. 4.20a, where the execution
time of each task is written next to the name of the task. An obvious interpreta-
tion can be given to our model of a set of tasks. Consider the tasks Ty, T, ..., T,
to be subprograms of a larger program. Then T; < T; might mean that sub-
program T; uses some of the data generated by subprogram T;, so that the
execution of T; must await the completion of T;. For example, if a computer
system is used on a space mission, task T; might be a subprogram that determines
the course of the spacecraft and task T; might be a subprogram that estimates the
total fuel consumption for midcourse adjustment. Clearly, we should complete T;
before executing T;.%

By scheduling a set of tasks on a multiprocessor computing system, we mean
to specify for each task T; both the time interval within which it will be executed
and the processor P, on which execution will take place. (Without loss of gener-
ality, we assume that execution of the set begins at time ¢t = 0.) An explicit way to
describe a schedule is a timing diagram. For example, the timing diagram of a
schedule for execution of the set of tasks in Fig. 4.20a on a three-processor
computing system is shown in Fig. 4.20b, where ¢,, ¢,, ¢5, ¢, denote periods
within which a processor is left idle. For a given schedule, an idle period of a
processor is defined to be a time interval within which the processor is not
executing a task. We use ¢, ¢,, ... to denote idle periods of the processors, and
wey), w(¢,), ... to denote the lengths of the idle periods. Notice that in a given

t Outside of the context of computing, we may also have interpretations such as, “One cannot
put on one’s shoes before putting on one’s socks,” or “One should not mop the floor before dusting
the furniture,” or “ The machine cannot be assembled until all its subparts have been built.”
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schedule, a processor might be left idle either because there is no executable task
at that time or because it is an intentional choice. Clearly, it is never necessary
nor beneficial in a given schedule to leave all processors idle at the same time. On
the other hand, as we shall see later, it might be beneficial to leave some of the
processors idle even though there are tasks that are executable at that time.

The total elapsed time of a schedule is the total time it takes to complete the
execution of all tasks according to the schedule. Clearly, it is desirable to obtain a
schedule that has the minimum total elapsed time. Unfortunately, there is no
known procedure (short of exhaustive trial and error) for constructing schedules
with minimum total elapsed time. Consequently, an alternative way to approach
the problem is to look for schedules that are good but not necessarily the best
possible ones. As a matter of fact, there is a very simple and intuitive way to
schedule a given set of tasks, namely, never leave a processor intentionally idle.
That is, a processor is left idle for a period of time only if no task is executable
within that period. Conversely, whenever a processor becomes available at any
time, we shall execute on this processor any one of the tasks that are executable
at that time. For example, the schedule in Fig. 4.20b for the set of tasks in Fig,
4.20a was obtained this way. At the beginning, since only T; and T, are execut-
able at that time, they are executed on processors P, and P,, respectively. The
completion of T, and T, lead to the execution of T;. After the execution of T; is
completed, Ty, Ts, Ty, T, all become executable. An arbitrary choice of executing
T,, Ts, Ts¢ on Py, P,, P5, respectively, yields the schedule in Fig. 4.20b. We
hasten to point out that such a simple way to schedule tasks does not always give
us a schedule with minimum total elapsed time. As a matter of fact, Fig. 4.21b
shows a schedule for the set of tasks in Fig. 4.21a in which between ¢ = 9 and
t = 10, processor P, is left idle although T is executable at t = 9. The reader can
convince himself or herself that the schedule in Fig. 4.21b is better than any
schedule in which processors are not left idle intentionally.

We want to determine how good or how bad such a simple scheduling
procedure is. As it turns out, the result is rather surprising:

t A task is said to be executable at a certain instant of time if the execution of its predecessors has
been completed at that time.
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Theorem 4.2 For a given set of tasks, let w denote the total elapsed time
when the tasks are executed according to a schedule that contains no inten-
tional idle periods, and let w, denote the minimum possible total elapsed
time. Then,

© _,_ 1

Wy n
where n is the number of processors in the computing system. Moreover, the
bound is best possible.

Proor To simplify the presentation, we shall prove the result for n = 2. The
proof for the general case is analogous. Consider the schedule that contains
no intentional idle periods, as illustrated in Fig. 4.22. We observe first that
the termination of an idle period in one processor coincides with the com-
pletion of the execution of a task in the other processor. (Otherwise, the idle
period would not be terminated.) Let ¢, be an idle period for a processor. A
task T; is said to overlap ¢; if the execution of T; in the other processor
overlaps ¢;. For example, in Fig. 422, T,,, T,,, T;; overlap ¢,. Let T;;, T;,,
T, ..., T; be the tasks that overlap ¢;. We claim that

t

Ty<T, <T3< - <Ty

If this was not the case, the tasks T, T;,, ..., T; would not have to be
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place of some portions of the idle period ¢; in P,. Similarly, if ¢; is another
idle period, and T}y, T;;, Tj3, ..., T;, are the tasks that overlap ¢;, then by
repeating the argument, we have

Ti<Tp<T<-<T,

= = Ijm

It is clear that every task executed after the completion of T, must be a
successor of T;, (or else it would be executed in ¢;). Consequently, there is a
subset of tasks % such that:

1. € is a chain.
2. Y e MT) 2 Y gic 0 (),

where @ is the set of all idle periods in the schedule. We note that

[ 2 M)+ X u(¢)]

TjeT dic®

éi[ N CPEDY H(T)] (4.1)
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T, eT
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Y. W)
Tke¥

Thus, (4.1) becomes
» £ Wy + 30,
or

w 3
— <z

Wy ~ 2

That this bound is the best possible can be demonstrated by the exam-
ple in Fig. 4.23, where Fig. 4.23b shows two schedules for the set of tasks in

Fig. 4.23a.
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Figure 4.23
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It is interesting to observe that, according to the result we have just proved,
the schedule obtained by following the simple rule of not leaving a processor
intentionally idle is never worse than a best possible schedule by more than 50
percent in a two-processor computing system, and by more than 100 percent in
an n-processor computing system. Such a result indeed supports very strongly the
idea of employing simple procedures to obtain good, but not necessarily the best
possible, results in many optimization problems.

48 FUNCTIONS AND THE PIGEONHOLE PRINCIPLE

A binary relation R from A4 to B is said to be a function if for every element a in
A, there is a unique element b in B so that (a, b) is in R. For a function R from 4
to B, instead of writing (a, b) € R, we also use the notation R(a) = b, where b is
called the image of a. The set A is called the domain of the function R, and the set
B is called the range of the function R. The notion of a function is but a
formalization of the notion of associating or assigning an element in the range to
each of the elements in the domain. For example, let A be a set of houses and B
be a set of colors. Then a function from A4 to B is an assignment of colors for
painting the houses. A function can often be represented in graphical form.
Figure 4.24a shows a function R from A ={a, b, ¢, d, e} to B={a, B, 7, d}.
Following the convention of representing a binary relation in tabular form that
was introduced earlier, we can represent the function in Fig. 4.24q as that in Fig.
4.24b. However, a more convenient tabular form for representing functions is that
shown in Fig. 4.24c, where the left column contains all the elements in the
domain and the right column contains their corresponding images.

A function from A to B is said to be an onto function if every element of B is
the image of one or more elements of A. Figure 4.25a shows an example of an
onto function. A function from A4 to B is said to be a one-to-one function if no
two elements of 4 have the same image. Figure 4.25b shows an example of a
one-to-one function. A function from A to B is said to be a one-to-one onto

a By ¢ R
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Figure 4.24
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function if it is both an onto and a one-to-one function.t Figure 4.25¢ shows a
one-to-one onto function. Let A be a set of workers and B,, B,, and B; be sets of
jobs. An onto function from A to B, is an assignment of the workers to the jobs
so that every job has at least one worker assigned to it; a one-to-one function
from A to B, is an assignment such that no two workers will have the same job;
and a one-to-one onto function from A to B; is an assignment such that every
job has a worker assigned to it, and no two workers are assigned to the same job.

In the literature, an onto function is also called a surjection, a one-to-one
function is also called an injection, and a one-to-one onto function is also called a
bijection.

A well-known proof technique in mathematics is the so-called pigeonhole
principle, also known as the shoe box argument or Dirichlet drawer principle. In an
informal way the pigeonhole principle says that if there are “many ” pigeons and
“a few” pigeonholes, then there must be some pigeonhole occupied by two or
more pigeons. Formally, let D and R be finite sets. If [D| > |R|, then for any
function f from D to R, there exist d,, d, € D such that f(d,) = f(d,). Some
trivial applications of the pigeonhole principle are: Among 13 people, there are at
least 2 of them who were born in the same month. Here the 13 people are the
pigeons, and the 12 months are the pigeonholes. Also, if 11 shoes are selected
from 10 pairs of shoes there must be a pair of matched shoes among the selection.
Here the 11 shoes are the pigeons and the 10 pairs are the pigeonholes. The
pigeonhole principle can be stated in a slightly more general form: For any
function f from D to R, there exist i elements d,, d,, ..., d; in D, i =[|D|/|R[],
such that f(d,) = f(d,) = -+ = f(d,).} (See Prob. 4.34))

In the following examples, we ask the reader to observe how the pigeonhole
principle is applied, since we shall not make an explicit statement every time we
use it.

t Recall that we introduced the notion of a one-to-one correspondence between the elements in
two sets. Formally, we say that there is a one-to-one correspondence between the elements of two sets
if there exists a one-to-one onto function from one set to the other.

1 We use [x] to denote the smallest integer not less than x.
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Example 4.4 A chess player wants to prepare for a championship match by
playing some practice games in 77 days. She wants to play at least one game
a day but no more than 132 games altogether. We show now that no matter
how she schedules the games there is a period of consecutive days within
which she plays exactly 21 games. Let a; denote the total number of games
she plays up through the ith day. Clearly, the sequence a,, a,, ..., a;; is a
monotonically increasing sequence, with a, =1 and a,, < 132. Let us
compute the sequence a, + 21, a, + 21, ..., a;; + 21, which again is a mono-
tonically increasing sequence with a,;, + 21 < 153. Since the values of the
154 numbers a,, a,, ..., a7, a; + 21, ..., a;; + 21 range from 1 to 153, two
of them must be the same. Moreover, because both the sequence a,, a,, ...,
a;, and the sequence a; + 21, a, + 21, ..., a;; + 21 are monotonically
increasing, we have a; = a; + 21 for some g; and q;. O

Example 4.5 We want to show that in a sequence of n? + 1 distinct integers,
there is either an increasing subsequence of length n + 1 or a decreasing
subsequence of length n + 1. Let ay, a,, ..., a,.,, denote the sequence of
integers. Let us label the integer g, with an ordered pair (x,, y,), where x; is
the length of a longest increasing subsequence starting at g, and y, is the
length of a longest decreasing subsequence starting at a,. Suppose there is no
increasing subsequence or decreasing subsequence of length n+ 1 in the
sequence da,, d,, ..., d,2+,. Lhat is, the values of x; and y, lie between 1 and n
fork =1,2,...,n* + 1. With only n? distinct ordered pairs as possible labels
for the n® + 1 integers, there must exist a; and g; in the sequence that are
labeled with the same ordered pair. However, this is impossible because if
a; < a;, we must have x; > x;; and if a; > a;, we must have y; > y;. Conse-
quently, we conclude that there is either an increasing subsequence or a
decreasing subsequence of length n + 1 in the sequence a,, a,, ..., a,2+.T O

Example 4.6 We want to show that among six persons, either there are three
persons who are mutual friends or there are three persons who are complete
strangers to each other. Let A be a person in the group. According to the
pigeonhole principle, either there are three (or more) persons who are friends
of A or there are three (or more) persons who are strangers to A. Let us
consider the former case only, since the latter case can be resolved by a
similar argument. Let B, C, D denote the friends of 4. If any two of B, C, D
know each other, then these two, together with A, form a friendly threesome.
On the other hand, if no two of B, C, D know each other, then they are three
persons who are complete strangers to each other. O

Example 4.7 A rooming house has 90 rooms and 100 guests. Keys are to be
issued to the guests so that any 90 guests can have access to the 90 rooms in

+ See Prob. 4.41 for a slightly different argument. See also Prob. 4.42.
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the sense that each guest will have a key to an unoccupied room. (In other
words, we can assign the 90 rooms to any 90 guests so that every guest has a
key to the room he is assigned.) We want to use a scheme that will minimize
the total number of keys. Although the following scheme seems to be waste-
ful, it turns out to be a minimal scheme. Ninety of the guests will be given
one key each so that together they will have access to the 90 rooms. Each of
the remaining 10 guests will be given 90 keys, one key to each of the 90
rooms. Clearly such a scheme, which uses a total of 990 keys, works. To show
that this is a minimal scheme, we observe that, if 989 or fewer keys were
issued, there is a room that has at most 10 outstanding keys. Clearly, the
scheme fails when none of the holders of the keys to this room are among the
90 guests. |

Example 4.8 The circumference of the two concentric disks are divided into
200 sections each, as shown in Fig. 4.26. For the outer disk, 100 of the
sections are painted red and 100 of the sections are painted blue. For the
inner disk the sections are painted red or blue in an arbitrary manner. Show
that it is possible to align the two disks so that 100 or more of the sections on
the inner disk have their colors matched with the corresponding sections on
the outer disk. Let us hold the outer disk fixed and rotate the inner disk
through the 200 possible alignments. For each alignment, let us count the
number of matches. We note that the sum of the counts for the 200 possible
alignments is 20,000, because each of the 200 sections on the inner disk will
match its corresponding section on the outer disk in exactly 100 of the
alignments. Therefore, there must be an alignment in which there are 100 or
more matches. O

Figure 4.26
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PROBLEMS

4.1 Let A denote the set of shirts and B denote the set of slacks a man owns. What possible
interpretation can be given to the cartesian product 4 x B? To a binary relation from A4 to B?

4.2 Let A = {1, 2}. Construct the set 2(A4) x A.
4.3 (a) Giventhat A = C and B < D,showthat A x B C x D.

(b) Given that A x B < C x D, does it necessarily follow that A = C and B < D?

4.4 (a) Let A be an arbitrary set. Is the set 4 x ¢ well defined?

(b) Given that A x B = ¢, what can one say about the sets A and B?
(c) Is it possible that 4 = 4 x A for some set A?

4.5 Let A, B, C, D be arbitrary sets.

(a) Show that
(ANB)x(CAD)=(AxC)n (B x D)
(b) Confirm or disprove the following identities:
(AuB) x(CuD)=(AxC)u (BxD)
(A—B)x(C—D)=(Ax C)— (B x D)
(A@B) x (C®D)=(4 x C)®(B x D)

4.6 Let A, B, C be arbitrary sets.

(a) Show that
(ANnB)xC=(AxC)n(BxC)
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(b) Confirm or disprove the following identities:
(AuBxC=(AxC)u(BxC)
(A-—B)xC=(AxC)—(BxCQ)
(A®@B) xC=(Ax O)@(B x C)

4.7 Let A={6:00,6:30,7:00,...,9:30, 10:00} denote the set of nine half-hour periods in the
evening. Let B = {3, 12, 15, 17} denote the set of the four local television channels. Let R, and R, be
two binary relations from 4 to B. What possible interpretations can be given to the binary relations
R,R,,R,UR,,RinR,,Ri®R,,and R, — R,?
4.8 Let I be the set of all integers.

(a) Is there a natural way to interpret the ordered pairs in I x I as geometric points in the
plane?

(b) Let R, be a binary relation on I x I such that the ordered pair (of ordered pairs) ((a, b), (c,
d))isin R, if and only if a — ¢ = b — d. What is a geometric interpretation of the binary relation R;?

(c) Let R, be a binary relation on I x I such that ((a, b), (¢, d)) is in R, if and only if
J(a—c)* + (b — d)*> £ 10. What is a geometric interpretation of R, ? of R, U R, ? of R, n R, ? of
R, —R,?0f Ry®R,?
4.9 Let A be a set of workers and B be a set of jobs. Let R, be a binary relation from A4 to B such
that (a, b) is in R, if worker a is assigned to job b. (We assume that a worker might be assigned to
more than one job and more than one worker might be assigned to the same job.) Let R, be a binary
relation on A4 such that (a, a,) is in R, if a, and a, can get along with each other if they were
assigned to the same job. State a condition in terms of R,, R, and (possibly) binary relations derived
from R, and R, such that an assignment of the workers to the jobs according to R, will not put
workers that cannot get along with one another on the same job.
4.10 Let A be a set of books.

(a) Let R, be a binary relation on A such that (a, b) is in R, if book a costs more and contains
fewer pages than book b. In general, is R, reflexive? Symmetric? Antisymmetric? Transitive?

(b) Let R, be a binary relation on A4 such that (a, b) is in R, if book a costs more or contains
fewer pages than book b. In general, is R, reflexive? Symmetric? Antisymmetric? Transitive?
4.11 (a) Let R be a binary relation on the set of all positive integers such that

R = {(a, by|a — b is an odd positive integer}

Is R reflexive? Symmetric? Antisymmetric? Transitive? An equivalence relation? A partial ordering
relation?

(b) Repeat part (a) if R = {(a, b)|a = b?}
4.12 Let P be the set of all people. Let R be a binary relation on P such that (a, b) isin R if a is a
brother of b. (Disregard half-brothers and fraternity brothers.) Is R reflexive? Symmetric? Anti-
symmetric? Transitive? An equivalence relation? A partial ordering relation?
4.13 Let R be a binary relation on the set of all strings of Os and 1s such that R = {(a, b)|a and b are
strings that have the same number of Os}. Is R reflexive? Symmetric? Antisymmetric? Transitive? An
equivalence relation? A partial ordering relation?
4.14 Use the fact that “better than™ is a transitive binary relation to prove the claim “A ham
sandwich is better than eternal happiness.”

Hint: Nothing is better than eternal happiness.
4.15 Let A be a set with 10 distinct elements.

(a) How many different binary relations on A are there?

(b) How many of them are reflexive?

(c) How many of them are symmetric?

(d) How many of them are reflexive and symmetric?

(¢) How many of them are total ordering relations?
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4.16 Let R be a symmetric and transitive relation on a set A. Show that if for every a in A there exists
b in A such that (g, b) is in R, then R is an equivalence relation.

4.17 Let R be a transitive and reflexive relation on A. Let T be a relation on A4 such that (a, b)isin T
if and only if both (a, b) and (b, a) are in R. Show that T is an equivalence relation.

4.18 Let R be a binary relation. Let S = {(a, b)|(a, ¢) € R and (c, b) € R for some c}. Show that if R is
an equivalence relation, then S is also an equivalence relation.

4.19 Let R be a reflexive relation on a set 4. Show that R is an equivalence relation if and only if
(a, b) and (a, c) are in R implies that (b, ¢) is in R.

4.20 A binary relation on a set that is reflexive and symmetric is called a compatible relation.

(a) Let A be a set of people and R be a binary relation on A4 such that (a, b) is in R if a is a
friend of b. Show that R is a compatible relation.

(b) Let A be a set of English words and R be a binary relation on A4 such that two words in 4
are related if they have one or more letters in common. Show that R is a compatible relation.

(c) Give more examples of compatible relations.

(d) Let R, and R, be two compatible relations on A. Is R, n R, a compatible relation? Is
R, U R, a compatible relation?

(e) Let A be a set. A cover of A is a set of nonempty subsets of 4,{A4,, 4,, ..., A}, such that the
union of the A;’s is equal to A. Suggest a way to define a compatible relation on A from a cover of A.
Give an interpretation of the notion of a cover in terms of the example in part (a).

(f) Suggest a way to define a cover of 4 from a compatible relation on A. Does your suggested
way define uniquely a cover of A?

4.21 (a) Show that the transitive closure of a symmetric relation is symmetric.

(b) Is the transitive closure of an antisymmetric relation always antisymmetric?

(c) Show that the transitive closure of a compatible relation (see Prob. 4.20) is an equivalence
relation.

4.22 Let R be a binary relation from A to B. The converse of R, denoted R™!, is a binary relation
from B to A such that

R™' = {(b, a)l(a, b) € R}
(a) Let R, and R, be binary relations from 4 to B. Is it true that (R, U R,)™' =R ' U R;'?

(b) Let R be a binary relation on A. If R is reflexive, is R™' necessarily reflexive? If R is
symmetric, is R ! necessarily symmetric? If R is transitive, is R ™! necessarily transitive?

4.23 Let R be a binary relation on 4. Let R\, R,, ..., R;, ... be the successive transitive extensions of
R as defined in Sec. 4.3. Prove by induction that if (a, b) is in R;, there exist n elements in A,
n<2'—1,x,X,,..., X, such that (a, x), (x, X,),..., (X,_1, X,), (x,,b) are all in R.

4.24 (a) Let R be an equivalence relation on a set 4. Let {4, 4,, ..., A} be a set of subsets of A
such that 4; & A; for i # j and such that a and b are contained in one of the subsets if and only if the
ordered pair (a, b) is in R. Show that {4, 4,,..., A}is a partition of 4.

(b) Let {A4,, A,, ..., A,} be a partition of a set 4. We define a binary relation R on A such that
an ordered pair (a, b) is in R if and only if a and b are in the same block of the partition. Show that R
is an equivalence relation.
4.25 Suppose S and T are two sets and f'is a function from S to T. Let R, be an equivalence relation
on T. Let R, be a binary relation on S such that (x, y) € R, if and only if (f(x), f(y)) € R,. Show that
R, is also an equivalence relation.
4.26 Let A be a set and f be a function from 4 to A. A partition n of A4 is said to have the substitution
property with respect to f if for any two elements a and b that are together in one block of n the two
elements f(a) and f(b) are also together in one block of . Let 4 = {1, 2, 3, 4, 5, 6}. Let f be a function
from A to 4 such that f(1) = 3,1(2) = 3,/(3) = 2, f(4) = 5, f(5) = 4,/(6) =

(@) Does m, = {123, 456} have the substitution property with respect tof" How about 7, = {16,

25,34} n, = {12,34,56}?
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(b) Let A be the set of integers and n be a partition of A into even and odd integers. Let
f(a) = a + 1 for every a in A. Does © have the substitution property with respect to f? Let

if a is even

NI

g(a) =

——  ifaisodd
3 ais o

Does © have the substitution property with respect to g?

(c) Let m, and n, be two partitions that have the substitution property with respect to f. Show
that both n, - n, and n, + =, also have the substitution property with respect to f.
4.27 Let (A, <) be a partially ordered set. Let <, be a binary relation on A such that for a and b in
A,a<gbifandonlyifb < a.

(a) Show that < is a partial ordering relation.

(b) Show that if (4, <) is a lattice, then (4, <g)is also a lattice.

4.28 For a given set A4, consider the relation
R ={(x, y)| x € P(A), y € P(A), and x < y}

(a) Show that R is a partial ordering relation.

(b) What is the length of the longest chain in the partially ordered set (#(A), R)?
4.29 Is the cartesian product of two lattices always a lattice? Prove your claim.
4.30 Let P be an arbitrary partially ordered set, and L be a chain of two elements. Let Q denote the
cartesian product P x L. Let A be an antichain in Q. Let B be a largest possible subset of P such that
B does not contain a chain of length exceeding 2. Show that |4| < | B|.
4.31 The procedure of scheduling a set of tasks according to the rule of never leaving a processor idle
intentionally discussed in Sec. 4.7 did not specifiy how ties can be broken when several executable
tasks compete for a free processor. One way to break ties is to assign distinct priorities to the tasks,
and schedule a task that has the highest priority among all executable tasks at any time instant on a
processor that is free at that time instant. For example, the set of tasks shown in Fig. 4P.1 is to be
executed on a computing system with three processors. Let us assign priorities in decreasing order to
thetasks T\, T,, T3, T, T5, T, , T, Ty, Ty

(a) Construct the corresponding schedule.

(b) Suppose we remove the arrows between T, and Ty and between T, and Ty in Fig. 4P.1.
Construct the corresponding schedule.

(c) Suppose we reduce the execution time of each task by 1. Construct the corresponding
schedule.

(d) Suppose we execute the set of tasks on a computing system with four processors. Construct
the corresponding schedule.

T/3e ®7y/9
7,2 Ts/4
T/2e Ty/4
T4/2 ®7,/4

Tg/4  Figure 4P.1
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(This problem illustrates some of the anomalies when tasks are scheduled according to the rule
of never leaving a processor intentionally idle.)

4.32 Let f be a function from A to B and g be a function from B to C. We can define a function h
from A to C such that for every a in A, h(a) = g(f(a)). h is called the composition of f and g and is
denoted g - f.
(a) For the functions f'and g in Fig. 4P.2, determine g « f.
(b) For the functions f, g, and h in Fig. 4P.2, determine h < (g - f)and (h - g) f.
(c) Show that for any functions f, g,and h,h < (g - f)=(h-g) < f.
(d) State a necessary and sufficient condition on fand g so that:
1. g < fis an onto function;
2. g - fis a one-to-one function;
3. g - fis one-to-one onto function.
(e) Construct an example to show that for two functions f and g from A4 to A, in general,

feg#g-f

a e——>ebh bye—m e, ) e———>0ed,
a; ° b, bz\ * Ce———>ed,
a, by by e———>0 (3 Cy;e—————> 8,
a, ob, m/

/ g h
Figure 4P.2

4.33 Letf, g, h be functions from N to N, where N is the set of natural numbers so that

fm=n+1
g(n) = 2n

) = 0 nis even
V1 nis odd

Determine fo f, fog,g<f,gohhog,(fog)oh.
4.34 Let fbe a function from D to R. Suppose that |D| > |R].
(a) Let i be the quotient and r be the remainder when |D| is divided by | R|. Show that

|D| i+ 1 ifr#0
[lRl—‘_{i ifr=0
(b) Show that there exist i elements d,, d,,..., d;in D such that f(d,) = f(d,) = ‘- = f(d).
4.35 Prove that among 100,000 people there are two who were born at exactly the same time (hour,
minute, and second).
4.36 (a) Out of a deck of 52 cards, how many cards must be chosen so that three spades will always
be included in the selection.
(b) Repeat part (a) if three spades and three hearts will always be included in the selection.
(c) Repeat part (a) if two cards from each of any two suits will always be included in the
selection.
4.37 (a) Out of 15 A’s, 20 B’s, and 25 C’s, how many letters must be chosen so that 12 identical
letters will always be included in the selection?
(b) Repeat part (a) if there are 15 A4’s, 20 B’s, 25 C’s, 10 D’s, and 8 E’s.
(c) Repeat part (b) if the D’s are considered “wild cards.” (That is, i D’s together with 12 — i of
any one of the other four letters are also considered as 12 “identical letters.”)
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4.38 How many numbers must be chosen from the integers 10, 11, 12, 13, ..., 97, 98, 99 so that at
least a multiple of 3 is included in the selection? So that two numbers with the same first digit are
included in the selection? So that two numbers with at least one digit in common (for example, 12
and 52, 12 and 25) are included in the selection?
4.39 There are 35,000 students at the university. Each of them takes four (distinct) courses. The
university offers 999 different courses. When a student who has taken a course in discrete mathe-
matics learned that the largest classroom holds only 135 students, she realized that there is a
problem. What is the problem?
4.40 To play the game Lotto, one buys a ticket and selects 6 out of the 44 numbers 1, 2, 3, ..., 44.
Subsequently, 6 of the 44 numbers are drawn as the winning numbers, and the grand prize is awarded
to the selection that matches the six winning numbers. Suppose a consolation prize is also awarded to
a selection that does not match any one of the six winning numbers. In order to be certain of
receiving a consolation prize, what is a minimum number of tickets one can buy? How should he
choose the numbers?
4.41 In this problem, we prove the result in Example 4.5 using a slightly different argument. Let a,
a,,...,a,., be asequence of n*> + 1 distinct integers. Suppose there is no increasing subsequence of
length n + 1 in the sequence. Let us label the integer a, with a label x,, where x, is the length of a
longest increasing subsequence starting at a,, | £ k < n? + 1.

(a) What is the significance of a chain in the partially ordered set? Of an antichain?

(b) Show that these integers form a decreasing subsequence.
4.42 In this problem we show how we can apply Corollary 4.1.1 to prove the result in Example 4.5.
Let a,, a,, ..., a, ., be a sequence of n* + 1 distinct integers. We define a partial ordering relation
< over the n? + 1 ordered pairs (a;, i) such that (a;, i) < (a,,j) if and only if a, < a,and i <.

ta) What is the significance of a chain in the partially ordered set? of an antichain?

(b) Apply Corollary 4.1.1 to prove the result in Example 4.5.
4.43 Show that one of any m consecutive integers is divisible by m.
4.44 Show that the decimal expansion of a rational number must, after some point, become periodic.
4.45 A man hiked for 10 hours and covered a total distance of 45 miles. It is known that he hiked 6
miles in the first hour and only 3 miles in the last hour. Show that he must have hiked at least 9 miles
within a certain period of two consecutive hours.
4.46 The circumference of a “roulette wheel” is divided into 36 sectors to which the numbers I, 2,
..., 36 are assigned in some arbitrary manner. Show that there are three consecutive sectors such that
the sum of their assigned numbers is at least 56.
4.47 Let x|, x,, ..., X, be n arbitrary integers. Show that x, + x,. | + x,,, + -+ X, is divisible by n
forsomeiand k,i>1,k=0.
4.48 From the integers 1-200, 101 of them are chosen arbitrarily. Show that, among the chosen
numbers, there exist two such that one divides another.
4.49 Show that for an arbitrary integer N, there exists a multiple of N that contains only the digits 0
and 7. (For example, for N = 3, we have 259 x 3 = 777, for N = 4, we have 1925 x 4 = 7700; for
N =5, we have 14 x 5 = 70;for N = 6, we have 1295 x 6 = 7770.)

Hint: Consider the remainders when the following integers are divided by N: 7, 77, 777, 7777,
LG T7T - T

N

4.50 (a) Show that among n + 1 arbitrarily chosen integers, there are two whose difference is divisi-
ble by n.

(b) Show that among n + 2 arbitrarily chosen integers, either there are two whose difference is
divisible by 2n or there are two whose sum is divisible by 2n.

4.51 Consider a sequence of N positive integers containing precisely n distinct integers. If N = 2",
show that there is a consecutive block of integers in the sequence whose product is a perfect square.
(For example, in the sequence 3,7, 5,3,7,3,5,7;7-5-3-7-3-5is a perfect square.)

4.52 Show that among n + 1 positive integers less than or equal to 2n there are two of them that are
relatively prime.
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453 Let ay, a,, ..., a, and b, b,, ..., b, be 2n distinct numbers such that a; < b;,, i=1,2,..., n.
Suppose that a,, a,, ..., a, are rearranged as a), a,, ..., a, such that ¢} > a5, > -+ >a, and b,,
b,, ..., b, are rearranged as b\, b}, ..., b, such that b > b, > --- >b,. Show that a; < b}, i =1,
2,...,n.

4.54 The following procedure can be used to select the larger n of 2n distinct numbers:

1. Arrange n of the 2n numbers in ascending order. Denote these numbers a,, a,, ..., a, such that
a, <a,<a; < -+ <a,.

2. Arrange the remaining n numbers in descending order. Denote these numbers b, b,, ..., b, such
thatb, > b, > by > - >b,.

3. Compare a; and b, and select the larger one of the two fori=1,2,...,n.

For example, given eight numbers 4, 2,7, 6, 5, 3, 1, 8:

1. Arrange 4,2, 7, 6 in ascending order:2 <4 <6 < 7.
2. Arrange §, 3, 1, 8 in descending order: 8 > 5> 3 > 1.

3. Compare 2 and 8; select 8. Compare 4 and 5; select 5. Compare 6 and 3; select 6. Compare 7 and
1; select 7.

Prove the procedure is correct.
Hint: Show that exactly one of a;, and b;, is among the larger n of the 2n numbers.
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FIVE
GRAPHS AND PLANAR GRAPHS

5.1 INTRODUCTION

As was pointed out in Chap. 4, there are many real-life problems that can be
abstracted as problems concerning sets of discrete objects and binary relations on
them. For example, consider a series of public-opinion polls conducted to deter-
mine the popularity of the presidential candidates. In each poll, voters’ opinions
were sought on two of the candidates, and a favorite was determined. The results
of the polls will be interpreted as follows: Candidate a is considered to be
running ahead of candidate b if one of the following conditions is true:

1. Candidate a was ahead of candidate b in a poll conducted between them.

2. Candidate a was ahead of candidate c in a poll, and candidate ¢ was ahead of
candidate b in another poll.

3. Candidate a was ahead of candidate ¢, and candidate ¢ was ahead of candidate
d, and candidate d was ahead of candidate b in three separate polls, and so on.

Given two candidates, we might want to know whether one of them is running
ahead of the other.t Let S = {a, b, ¢, ...} be the set of candidates and R be a
binary relation on S such that (a, b) is in R if a poll between a and b was
conducted and a was chosen the favorite candidate. We recall that a binary
relation on a set can be represented in tabular form, as in Fig. 5.1a, or in

t Note that, according to our interpretation of the results of the polls, it is possible that candidate
a is running ahead of candidate b, and, at the same time, candidate b is also running ahead of
candidate a. (See how politics works!)

137
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a v/
b v b ‘
( v v
d| v V4
e
(a) ‘ (b) ¢
Figure 5.1

graphical form, as in Fig. 5.1b. Suppose that the binary relation in Fig. 5.1a and
Fig. 5.1b represents the results of the polls conducted. We observe that candidate
a is more popular than candidate e because of the ordered pairs (a, b), (b, d), (d, €)
in R. One probably would agree that the graphical representation of the binary
relation R in Fig. 5.1b is quite useful in comparing the popularity of two candi-
dates, since there must be “a sequence of arrows” leading from the point corre-
sponding to the more popular candidate to that corresponding to the less
popular one.

As another example, consider a number of cities connected by highways.
Given a map of the highways, we might want to determine whether there is a
highway route between two cities on the map. Also, consider all the board
positionst in a chess game. We might want to know whether a given board
position can be reached from some other board position through a sequence of
legal moves. It is clear that both of these examples are again concerned with
discrete objects and binary relations on them. In the example of the highway
map, let S = {a, b, c, ...} be the set of cities and R be a binary relation on S such
that (a, b) is in R if there is a highway from city a to city b. In the chess game
example, let S = {a, b, ¢, ...} be the set of all board positions and R be a binary
relation on S such that (a, b) is in R if board position a can be transformed into
board position b in one legal move. Furthermore, in both of these cases as in the
example on the popularity of the presidential candidates, we want to know
whether, for given a and b in S, there exist ¢, d, e, ..., h in S such that {(a, ¢),
(c,d),d, e),...,(hb)} =R

Indeed, in many problems dealing with discrete objects and binary relations,
a graphical representation of the objects and the binary relations on them is a
very convenient form of representation. This leads us naturally to a study of the
theory of graphs.

t To be precise, a board position means the position of all pieces together with a specification of
whose turn it is (that is, either black or white).
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5.2 BASIC TERMINOLOGY

A directed graph G is defined abstractly as an ordered pair (V, E), where V is a set
and E is a binary relation on V. As was pointed out before, a directed graph can
be represented geometrically as a set of marked points V' with a set of arrows E
between pairs of points.t For example, Fig. 5.2 shows a directed graph. The
elements in V are called the vertices, and the ordered pairs in E are called the
edges of the directed graph. An edge is said to be incident with the vertices it
joins. For example, the edge (a, b) is incident with the vertices a and b. Some-
times, when we wish to be more specific, we say that the edge (a, b) is incident
from a and is incident into b. The vertex a is called the initial vertex, and the
vertex b is called the terminal vertex of the edge (a, b). An edge that is incident
from and into the same vertex, like (c, ¢) in Fig. 5.2, is called a loop. Two vertices
are said to be adjacent if they are joined by an edge. Moreover, corresponding to
an edge (a, b), the vertex a is said to be adjacent to the vertex b, and the vertex b
is said to be adjacent from the vertex a. A vertex is said to be an isolated vertex if
there is no edge incident with it.

An undirected graph G is defined abstractly as an ordered pair (V, E), where
V is a set and E is a set of multisets of two elements from V. For example,
G =({a, b, c, d}, {{a, b}, {a, d}, {b, c}, {b, d}, {c, c}}) is an undirected graph. An
undirected graph can be represented geometrically as a set of marked points V
with a set of lines E between the points. The undirected graph G above is shown
in Fig. 5.3. As another example, let V = {a, b, ¢, d, e} be a set of computer
programs. Figure 5.4 shows an undirected graph in which there is an edge
between two vertices if the corresponding programs share some common data.
From now on, when it is clear from the context, we shall use the term graph to
mean either a directed graph, or an undirected graph, or both.

Let V = {a, b, ¢, d} be the four players in a round-robin tennis tournament.

+ In fact, we could choose to define a directed graph to be a set of marked points V' with a set of
arrows between the points so that there is at most one arrow from one point to another point.

ag ab

Figure 5.2 Figure 5.3
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a

d ¢ Figure 54

Let E = {(a, b), (a, d), (b, d), (c, a), (¢, b), (d, ¢)} be a binary relation on V' so that
(x, y) in E means that x beats y in the match between them. The graph
G = (V, E) is shown in Fig. 5.5a. Let V' = {1, 2, 3, 4} be the four chapters in a
book. Let E' = {(1, 2), (2, 3), (3, 1), (3, 4), (4, 1), (4, 2)} be a binary relation on V’
such that (1, 2) in E’ means that the material in chapter 1 refers to that in chapter
2, and so on. The graph G’ = (V’, E') is shown in Fig. 5.5b. A careful reader might

(b) (¢)
Figure 5.5
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have recognized that the graph in Fig. 5.5b “resembles” the graph in Fig. 5.5a.
Indeed, such a “resemblance ” becomes even more evident if we redraw the graph
in Fig. 5.5b to that shown in Fig. 5.5¢. Comparing the graphs in Fig. 5.54 and
Fig. 5.5¢, we realize that both the tennis tournament problem and the problem of
cross reference among chapters can be represented abstractly by the same graph.
Consequently, many of the results concerning the tennis players can be rephrased
immediately as results concerning the chapters of the book. For example, accord-
ing to Fig. 5.5a, player b bests player d who, in turn, beats player ¢, and according
to Fig. 5.5¢, chapter 1 refers to chapter 2 which, in turn, refers to chapter 3. The
concept of resemblance of two graphs can be made precise: Two graphs are said
to be isomorphic if there is a one-to-one correspondence between their vertices
and between their edges such that incidences are preserved. In other words, there
is an edge between two vertices in one graph if and only if there is a correspond-
ing edge between the corresponding vertices in the other graph. For example, Fig.
5.6a shows a pair of isomorphic undirected graphs, and Fig. 5.6b shows a pair of
isomorphic directed graphs. In these two figures, corresponding vertices in the
two isomorphic graphs are labeled with the same letter, primed and unprimed.
The reader can convince himself that the graphs are isomorphic by checking the
incidence relations.

Let G = (V, E) be a graph. A graph G’ = (V', E’) is said to be a subgraph of G
if E" is a subset of E and V' is a subset of V such that the edges in E’ are incident
only with the vertices in V'. For example, Fig. 5.7b shows a subgraph of the

a b
d e I b
(a)
a d
¢ ’ @
K r=4
¢ f

(b)
Figure 5.6
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(a) (b) (¢)
Figure 5.7

graph in Fig. 5.7a. A subgraph of G is said to be a spanning subgraph if it contains
all the vertices of G. The complement of a subgraph G’ = (V', E') with respect to
the graph G is another subgraph G” = (V”, E”) such that E” is equal to E — E’
and V" contains only the vertices with which the edges in E” are incident.t For
example, Fig. 5.7¢ shows the complement of the subgraph in Fig. 5.7b. The
undirected complete graph of n vertices, denoted K,, is a graph with n vertices in
which there is an edge between each pair of distinct vertices. The complement of a
graph G of n vertices is defined to be its complement with respect to K, and is
denoted G. For example, let G be a graph of n vertices. Let the n vertices in G
represent n people, and let the set of edges in G represent a compatible relation-
ship such that an edge between two vertices means that the two corresponding
persons can work cooperatively as a team. Clearly, the set of edges in G will
represent the incompatibility relationship among the n people. We also define a
directed complete graph of n vertices to be a graph with n vertices in which there
is exactly one arrow between each pair of distinct vertices.

5.3 MULTIGRAPHS AND WEIGHTED GRAPHS

The definition of a graph can be extended in several ways. Let G = (V, E), where
V is a set and E is a multiset of ordered pairs from V x V. G is called a directed
multigraph. Geometrically, a directed multigraph can be represented as a set of
marked points V' with a set of arrows E between the points where there is no
restriction on the number of arrows from one point to another point. (Indeed, the
multiplicity of an ordered pair of vertices in the multiset E is the number of
arrows between the corresponding marked points.) For example, Fig. 5.8 shows a
multigraph. Also, consider a graphical representation of a highway map in which
an edge between two cities corresponds to a lane in a highway between the cities.
Since there are often multilane highways between pairs of cities, this represent-
ation yields a multigraph. The notion of an undirected multigraph can be defined

t According to our definition, some isolated vertices in G that are not included in G’ will not be
included in G” either. However, one can always modify the definition if it is desirable to include such
isolated vertices in G”.
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d ¢ Figure 5.8

in a similar manner. From now on, when it is clear from the context, we shall use
the term graph to mean either “graph” or “multigraph” or both. On the other
hand, when it is necessary to emphasize that we are referring to a graph (instead
of to a multigraph), we shall use the term linear graph.

In modeling a physical situation as an abstract graph, there are many
occasions in which we wish to attach additional information to the vertices
and/or the edges of the graph. For example, in a graph that represents the
highway connection among cities, we might wish to assign a number to each edge
to indicate the distance between the two cities connected by the edge. We might
also wish to assign a number to each vertex to indicate the population of the city.
In a graph that represents the outcomes of the matches in a tennis tournament
we might wish to label each edge with the score and the date of the match
between the players connected by the edge. In a formal and general way we
define a weighted graph as either an ordered quadruple (V, E, f, g), or an ordered
triple (V, E, f), or an ordered triple (V, E, g), where V is the set of vertices, E is
the set of edges, f is a function whose domain is V, and g is a function whose
domain is E. The function f is an assignment of weights to the vertices, and the
function g is an assignment of weights to the edges. The weights can be numbers,
symbols, or whatever quantities that we wish to assign to the vertices and edges.

We present some examples:

Example 5.1 Let us consider the problem of modeling the behavior of a
vending machine that sells candy bars for 15¢ apiece. For simplicity, we
assume that the machine accepts only nickels and dimes and will not return
any change when more than 15¢ is deposited. The weighted graph in Fig. 5.9
is a description of the behavior of the machine where the vertices corresponds
to the amounts that have already been deposited for the current sale, namely,
0, 5, 10, and 15¢ or more. At any moment, a customer can do one of three
things: deposit a nickel, deposit a dime, and press a button for a candy bar of
her choice. Correspondingly, in the graph in Fig. 5.9, there are three outgoing
edges from each vertex labeled 5, 10, and P. An edge with weight 5 updates
the total amount deposited in the machine when the customer puts in a
nickel, and an edge with weight 10 updates the total amount deposited in the
machine when the customer puts in a dime. Clearly, when we are at vertices
a, b, and ¢, nothing will happen when we press a button to select a candy
bar; the machine will release a candy bar only when vertex d is reached. [
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a: 0¢ deposited

b: 5¢ deposited
¢: 10¢ deposited

d: 15¢ or more deposited
Figure 5.9

Example 5.2 We consider the problem of recognizing sentences consisting of
an article, followed by at most three adjectives, followed by a noun, and then
followed by a verb, as shown in the following.

The train stops.
A little girl laughs.
The large fluffy white clouds appear.

When we examine a sentence word by word, we can determine whether it is
in this special form by following the weighted graph in Fig. 5.10, starting at
vertex a. If vertex g is reached, the sentence is in the special form. To simplify
the drawing of the graph, we use dotted arrows to indicate the discovery of
words that are out of the normal order. In that case we reach vertex h, which

signifies the detection of an “illegal ” sentence. O
Article Adjcctive Adjective  Adjective Noun Verb
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Examples 5.1 and 5.2 illustrate a general model that is useful in describing
many different physical problems ranging from automatic machines and elec-
tronic hardware for digital computers to grammatical structure of languages.
Such a model is known as a finite-state model, referring to the fact that there is a
finite number of vertices in the graphs that describe the problems. We shall study
the subject further in Chap. 7.

54 PATHS AND CIRCUITS

In a directed graph, a path is a sequence of edges (e;,, e;,, ..., e;)T such that the
terminal vertex of e;; coincides with the initial vertex of ¢;, , for1 <j <k — 1. A
path is said to be simple if it does not include the same edge twice. A path is said
to be elementary if it does not meet the same vertex twice.} In Fig. 5.11, (e,, e,,
ey, e,) is a path; (e,, e,, e5, e5, g, €3, ,) is a path, but not a simple one; (e,, e,,
es, €s, €9, €10, €11, €4) 1S a simple path, but not an elementary one. In the
example on the popularity of the presidential candidates in Sec. 5.1, that candi-
date a is more popular than candidate b means the existence of a path from
vertex a to vertex b in the graph representing the results of the polls. In the
example of the highway map in Sec. 5.1, a path from one vertex to another vertex
in the graph representing the highway connections is exactly a highway route
between the corresponding cities.

A circuit is a path (e, , e;,, ..., ¢;) in which the terminal vertex of ¢, coincides
with the initial vertex of e; . A circuit is said to be simple if it does not include the
same edge twice. A circuit is said to be elementary if it does not meet the same
vertex twice. In Fig. 5.11, (e, e,, e3, €5, €9, €19, €12, €6, €-) is @ simple circuit,
but not an elementary one; (e, e, , €3, €5, €¢, €-) is an elementary circuit.

+ To simplify the notation, we identify the edges of a graph by letter names such as e,, e,, ..., as
shown in Fig. 5.11.
1 In other words, no two edges in the sequence have the same terminal vertex.

Figure 5.11
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On many occasions, we shall also represent a path or a circuit by the
sequence of vertices the path or the circuit meets when it is traced. For example,
the path (e,, e,, €5, ¢,) in the graph in Fig. 5.11 can also be represented as (v,, v,
vs, U4, D7), and the circuit (es, eq, €9, €;;) can be represented as (v,, s, Vg, Vs,
)

The notions of paths and circuits in an undirected graph can be defined in a
similar way. We shall leave the details to the reader.

As was illustrated in several of the examples in Secs. 5.1 and 5.3, there are
many problems in which we want to determine whether there is a path from one
vertex to another. We present now a result that is useful in answering the ques-
tion of existence of such paths. In the next section, we shall see a general pro-
cedure for finding such paths.

Theorem 5.1 In a (directed or undirected) graph with n vertices, if there is a
path from vertex v, to vertex v,, then there is a path of no more than n — 1
edges from vertex v, to vertex v,.

PROOF Suppose there is a path from v, to v,. Let (vy, ..., v;, ..., v,) be the
sequence of vertices that the path meets when it is traced from v, and v,. If
there are | edges in the path, there are [ + 1 vertices in the sequence. For /
larger than n — 1, there must be a vertex v, that appears more than once in
the sequence, that is, (v, ..., U;, ..., Vg, -.., Uy, ..., U3). Deleting the edges in
the path that leads v, back to v,, we have a path from v, to v, that has fewer
edges than the original one. This argument can be repeated until we have a
path that has n — 1 or fewer edges. - gd

An undirected graph is said to be connected if there is a path between every
two vertices, and is said to be disconnected otherwise. A directed graph is said to
be connected if the undirected graph derived from it by ignoring the directions of
the edges is connected and is said to be disconnected otherwise. It follows that a
disconnected graph consists of two or more components each of which is a
connected graph. A directed graph is said to be strongly connected if for every two
vertices a and b in the graph there is a path from a to b as well as a path from b
to a. For example, Fig. 5.12a shows a connected graph which, however, is not
strongly connected, while Fig. 5.12b shows a disconnected graph.

*

(a) (b)
Figure 5.12
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5.5 SHORTEST PATHS IN WEIGHTED GRAPHS

Let G = (V, E, w) be a weighted graph, where w is a function from E to the set of
positive real numbers. Consider V as a set of cities and E as a set of highways
connecting these cities. The weight of an edge {i, j}, w(i, j), is usually referred to
as the length of the edge {i, j}, which has an obvious interpretation as the dis-
tance between cities i and j, although other interpretations such as the yearly cost
t maintain the highway, or the number of accidents on the highway each month
are also possible and meaningful. The length of a path in G is defined to be the
sum of the lengths of the edges in the path. One problem of significant interest is
to determine a shortest path from one vertex to another vertex in V. There are
several well-known procedures for solving this problem. We present here one
discovered by E. W. Dijkstra [6]. Our presentation is in terms of undirected
graphs, although the procedure works also for directed graphs.

Suppose we are to determine a shortest path from vertex a to vertex z in G.
In our procedure, a shortest path from a to some other vertex is determined, then
a shortest path from a to still another vertex is determined, and so on. Even-
tually, our procedure terminates when a shortest path from a to z is determined.

Our procedure is based on the following observations: Let T be a subset of
vertices in V with a ¢ T. Let P denote the subset of vertices V' — T. A shortest
path from a to one of the vertices in T can be determined as follows: For each
vertex ¢ in T let I(t) denote the length of a shortest path among all paths from a
to t that do not include any other vertex in T.} [Notice that I(t) is not necessarily
the shortest distance from a to ¢ since there might be a shorter path from a to ¢
that includes other vertices in T]. We call l(t) the index of t with respect to P.
Among all the vertices in T, let ¢; be a vertex that has the smallest index. We
claim that the shortest distance between a and ¢, is indeed equal to I(t,). To prove
our claim, let us assume that there is a path from a to ¢; whose length is less than
I(t,). In this case such a path must include one or more of the vertices in T — {¢,}.
Let t, be the first vertex in T — {t,} we encounter when we trace this path from a
to t,. It follows that I(t,) is less than l(z,), which is a contradiction. Consequently,
if, when computing [(t), we recorded the sequence of vertices in the path that
yielded I(t) for each ¢ in T, we would also have determined a shortest path from a
to t,. For example, for the graph in Fig. 5.13a, let T = {c, d, e, z}. We ask the
reader to check that I(c) = 3, I(d) = 8, l(e) = 6, l(z) = co. It follows that the short-

est distance from a to c is 3. )
We must also, however, find an efficient way to compute /(t) for each ¢ in T.

Again, let T be a subset of V and let P = V — T. Suppose that for every vertex p
in P, there is a shortest path from a to p that includes only the vertices in P. We
assume that for each vertex ¢t in T we have already computed its index with

+ Strictly speaking, we should use the notation w({i, j}). However, the notation w(i, j) is simpler
and unambiguous.
1 We set [(t) to oo if no such path exists.
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respect to P, I(t). Let x be a vertex in T. Let P' be P U {x} and T' be T — {x}.
Let I'(t) denote the index of a vertex ¢ in T’ with respect to P’. We claim that

I'(t) = min [I(t), I(x) + w(x, )]T (5.1)

To show this, we observe that there are two possible ways to obtain a shortest
path from a to ¢ that does not include any vertex in T'. The first way is to have a
path that includes neither a vertex in T’ nor the vertex x. In that case, the index
of t with respect to P’ is [(t). The second way is to have a path consisting of a path
from a to x that includes no vertex in T, followed by the edge {x, t}. In that case,
the index of ¢t with respect to P’ is I(x) + w(x, t). We should point out that we
need not consider the possibility of having a path that goes from a to x, then to
some p, in P, and then to t. Because if this is the case, while there is a shortest
path from a to p, that includes x, there is also one that does not include x which

1 We set w(x, t) to infinity if there is no edge joining x and ¢ in the graph.
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can replace it. Consequently, this is reduced to the first possibility considered
above. For example, for the graph in Fig. 5.13a, let P = {a, b} and
T = {c, d, e, z}. Suppose we have already computed l(c) = 3, I(d) = 8, l(e) = 6,
Iz) = co. Let P' = {a, b, ¢}, T' = {d, e, z}. We have

I'(d)=min (8,3 + o0) =8
I'ley=min (6,3 + 1) =4
I'(z) = min (00, 3 + ) = ®©

These observations lead to the following procedure for computing the short-
est distance from a to any vertex in G:

1. Initially, let P={a} and T =V — {a}. For every vertex t in T, let
I(t) = w(a, 1).

2. Select the vertex in T that has the smallest index with respect to P. Let x
denote this vertex.

3. If x is the vertex we wish to reach from g, stop. If not, let P'= P U {x} and
T' =T — {x}. For every vertex ¢ in T’, compute its index with respect to P’
according to (5.1).

4. Repeat steps 2 and 3 using P"as Pand T" as T.

We ask the reader to incorporate into this procedure the necessary computa-
tion for keeping track of the path from a to x, whose length is equal to I(x) for
each x in T. In that case, we shall be able to determine a shortest path from a to
x as well as the shortest distance.

For example, for the weighted graph in Fig. 5.13a, the successive steps for
determining a shortest path between a and z are shown in Fig. 5.13b through Fig.
S.13f, where the vertices in P are encircled. Note that the vertices in T are labeled
with their indices. Moreover, a vertex whose index is not infinity is also labeled
with the sequence of vertices corresponding to a path from a to that vertex whose
length is equal to the index of the vertex. We urge the reader’s effort to under-
stand fully how these labels of sequences of vertices corresponding to the paths
from a are constructed and modified. Thus, the minimum distance between a and
z is 9, and moreover, the shortest path is (q, b, ¢, ¢, d, 2).

5.6 EULERIAN PATHS AND CIRCUITS

L. Euler became the father of the theory of graphs when he proved in 1736 that it
was not possible to cross each of the seven bridges on the river Pregel in Konigs-
berg, Germany, once and only once in a walking tour. A map of the Konigsberg
bridges is shown in Fig. 5.14a, and it can be represented as the graph shown in
Fig. 5.14b, where the edges represent the bridges and the vertices represent the
islands and the two banks of the river. It is clear that the problem of crossing
each of the Konigsberg bridges once and only once is equivalent to finding a path
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Figure 5.14

(b)

in the graph in Fig. 5.14b that traverses each of the edges once and only once. As
it turns out, instead of using a brute-force trial-and-error approach, which is
probably what the people at Konigsberg did, Euler discovered a very simple
criterion for determining whether there is a path in a graph that traverses each of
the edges once and only once. We define an eulerian path in a graph to be a path
that traverses each edge in the graph once and only once. Similarly, we define an
eulerian circuit in a graph to be a circuit that traverses each edge in the graph
once and only once. We restrict our discussion to undirected graphs for the time
being. As will be seen later, extension to directed graphs is rather straightforward.

To establish a necessary and sufficient condition for the existence of eulerian
paths or circuits in an arbitrary graph, we introduce the notion of the degree of a
vertex. The degree of a vertex is the number of edges incident with it. (Nate that a
loop will contribute a count of 2.) We observe first that in any graph there is an
even number of vertices of odd degree. Since each edge contributes a count of 1
to the degree of each of the two vertices with which it is incident, the sum of the
degrees of the vertices is equal to twice the number of edges in a graph. It follows
that there must be an even number of vertices of odd degree.

The existence of eulerian paths or eulerian circuits in a graph is related to the
degrees of the vertices. We show now a result due to Euler:

Theorem 5.2 An undirected graph possesses an eulerian path if and only if it
is connected and has either zero or two vertices of odd degree.t

PrOOF Suppose that the graph possesses an eulerian path. That the graph
must be connected is obvious. When the eulerian path is traced, we observe
that every time the path meets a vertex, it goes through two edges which are
incident with the vertex and have not been traced before. Thus, except for the
two vertices at the two ends of the path, the degree of any vertex in the graph
must be even. If the two vertices at the two ends of the eulerian path are

+ We rule out the uninteresting case of graphs containing isolated vertices.
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distinct, they are the only two vertices with odd degree. If they coincide, all
vertices have even degree, and the eulerian path becomes an eulerian circuit.
Thus, the necessity of the stated condition is proved.

To prove the sufficiency of the stated condition, we construct an eulerian
path by starting at one of the two vertices that are of odd degreef and going
through the edges of the graph in such a way that no edge will be traced
more than once. For a vertex of even degree, whenever the path “enters” the
vertex through an edge, it can always “leave” the vertex through another
edge that has not been traced before. Therefore, when the construction even-
tually comes to an end, we must have reached the other vertex of odd degree.
If all the edges in the graph were traced this way, clearly, we would have an
eulerian path. If not all of the edges in the graph were traced, we shall
remove those edges that have been traced and obtain a subgraph formed by
the remaining edges. The degrees of the vertices of this subgraph are all even.
Moreover, this subgraph must touch the path that we have traced at one or
more vertices since the original graph is connected. Starting from one of
these vertices, we can again construct a path that passes through the edges.
Because the degrees of the vertices are all even, this path must return even-
tually to the vertex at which it starts. We can combine this path with the
path we have constructed to obtain one which starts and ends at the two
vertices of odd degree. If necessary, the argument is repeated until we obtain
a path that traverses all the edges in the graph. O

Corollary 5.2.1 An undirected graph possesses an eulerian circuit if and only
if it is connected and its vertices are all of even degree.

We conclude from Theorem 5.2 and Corollary 5.2.1 that the graph in Fig.
5.15a has an eulerian path but not an eulerian circuit, because the graph is

+ We start at an arbitrary vertex if there is no vertex of odd degree.
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Figure 5.15
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Figure 5.16

connected and there are exactly two vertices, d and e, of odd degree. Also, the
graph in Fig. 5.15b has an eulerian circuit because the graph is connected and all
the vertices are of even degree.

We show now some illustrative examples.

Example 5.3 We often encounter the puzzle of determining the possibility of
drawing a given figure in a continuous trace with no part of the figure being
repeated. For example, the figure in Fig. 5.16a can be traced as shown in Fig.
5.16b. Imagine that the figure in Fig. 5.16a is a graph as shown in Fig. 5.16¢c.
Then the problem of tracing the figure in Fig. 5.16a is that of determining the
existence of an Euler path in the graph in Fig. 5.16¢. Since the graph in Fig.
5.16¢ has only two vertices of odd degree, it has an eulerian path. Similarly,
the two figures in Fig. 5.16d can also be drawn in a continuous trace with no
portion of the figures being repeated. O

Example 5.4 We want to know whether it is possible to arrange the 28
different dominoest in a circle so that the adjacent halves of every two
adjacent dominoes in the arrangement are the same. We construct a graph
with seven vertices corresponding to blank, 1, 2, 3, 4, 5, and 6. There is an
edge between every pair of vertices corresponding to a domino with its two

t See Example 3.17.
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halves being the two vertices the edge is incident with. It follows that an
eulerian circuit in this graph will correspond to a circular arrangement, as
specified in the foregoing. Since the degree of every vertex in this graph is 8,
an eulerian circuit indeed exists. O

Our results can be extended immediately to directed graphs. In a directed
graph, the incoming degree of a vertex is the number of edges that are incident
into it, and the outgoing degree of a vertex is the number of edges that are
incident from it. Similar to the results on undirected graphs, we have the follow-

ing:

Theorem 5.3 A directed graph possesses an eulerian circuit if and only if it is
connected and the incoming degree of every vertex is equal to its outgoing
degree. A directed graph possesses an eulerian path if and only if it is con-
nected and the incoming degree of every vertex is equal to its outgoing
degree with the possible exception of two vertices. For these two vertices, the
incoming degree of one is one larger than its outgoing degree, and the
incoming degree of the other is one less than its outgoing degree.

Example 5.5 An interesting example is from an analog-to-digital conversion
problem. The surface of a rotating drum is divided into 16 sectors and is
shown in Fig. 5.17a. The positional information of the drum is to be rep-
resented by the digital binary signals, a, b, ¢, and d, as shown in Fig. 5.17b,
where conducting (lined area) and nonconducting (white area) materials are
used to make up the sectors. Depending on the position of the drum, the
terminals a, b, ¢, and d will either be connected to ground or be insulated
from it. For example, when the position of the drum is that shown in Fig.
5.17b, terminals a, ¢, and d are connected to ground, whereas terminal b is
not. In order that the 16 different positions of the drum will be distinctly
represented by the binary signals at the terminals, the sectors must be con-
structed in such a way that no two conducting and nonconducting patterns
of four consecutive sectors are the same. The problem is to determine
whether such an arrangement of conducting and nonconducting sectors

(a) (b

Figure 5.17
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ey = 0011 ey, = 1100

es = 1111 Figure 5.18

exists and, if so, to determine what that arrangement is. Letting the binary
digit O denote a conducting sector and the binary digit 1 denote a noncon-
ducting sector, we can rephrase the problem as follows: Arrange 16 binary
digits in a circular array such that the 16 sequences of 4 consecutive digits are
all distinct.

The answer to the question of the possibility of such an arrangement is
affirmative, and it is actually quite obvious once the right point of view has
been taken. We shall construct a directed graph with eight vertices, which are
labeled with the eight distinct 3-digit binary numbers {000, 001, ..., 111}.
From a vertex labeled a,a,a3, there is an edge to the vertex labeled o,a30
and an edge to the vertex labeled a,a51. The graph so constructed is shown
in Fig. 5.18. Moreover, we shall label each edge of the graph with a 4-digit
binary number. In particular, the edge from the vertex a,a,0; to the vertex
o,a30 is labeled a,0,050, and the edge from the vertex a,a,0; to the vertex
o051 is labeled a;a,051. Since the vertices are labeled with the eight distinct
3-digit binary numbers, the edges will be labeled with the 16 distinct 4-digit
binary numbers. In a path of the graph, the labels for any two consecutive
edges must be of the form oa,a,050, and a,a50,a5; namely, the three trailing
digits of the label of the first edge are identical to the three leading digits of
the label of the second edge. Since the 16 edges in the graph are labeled with
distinct binary numbers, it follows that corresponding to an eulerian circuit
of the graph, there is a circular arrangement of 16 binary digits in which all
sequences of 4 consecutive digits are distinct. For instance, corresponding to
the eulerian circuit (eq, e, €5, €s, €10, €4, €9, €3, €6, €13, €11, €7, €15, €14,
€., eg), the sequence of 16 binary digits is 0000101001101111. (The circular
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arrangement is obtained by closing the two ends of the sequence.) According
to our result in the foregoing, the existence of an eulerian circuit in the graph
is obvious, because every one of the vertices has an incoming degree equal to
2 and an outgoing degree equal to 2. Moreover, we can find an eulerian
circuit in the graph by following the construction procedure suggested in the
proof of Theorem 5.2.

Using a similar argument, we can show that it is possible to arrange 2"
binary digits in a circular array such that the 2" sequences of n consecutive
digits in the arrangement are all distinct. To show this, we construct a
directed graph with 2"~ ! vertices which are labeled with the 2"~! (n — 1)-
digit binary numbers. From the vertex a,o,05 - a,_,, there is an edge to
the vertex a,a3 -+ a,_,0 which is labeled aja,03 -~ «,_,0, and an edge to
the vertex a,o; -+ a,_,1 which is labeled oja053 --- a,_,1. Clearly, this
graph has an eulerian circuit which corresponds to a circular arrangement of
the 2" binary digits. O

5.7 HAMILTONIAN PATHS AND CIRCUITS

A problem similar to the determination of an eulerian path or an eulerian circuit
is to determine a path or a circuit that passes through each vertex in a graph
once and only once. We define a hamiltonian path (circuit) to be a path (circuit)
that passes through each of the vertices in a graph exactly once. (Sir William
Hamilton invented the game “all around the world ” in which the player is asked
to determine a route along the dodecahedron that will pass through each angular
point once and only once.)

As an example, consider the problem of seating a group of people at a round
table. If we let the vertices of an undirected graph denote the people and the
edges represent the relation that two people are friends, a hamiltonian circuit
corresponds to a way of seating them so that everyone has a friend on each side.

Although the problem of determining the existence of hamiltonian paths or
circuits has the same flavor as that of determining the existence of eulerian paths
or circuits, no simple necessary and sufficient condition is known. To show that a
given graph has a hamiltonian path or circuit, we can resort to an explicit
construction of such a path or circuit. For example, in the graph in Fig. 5.19 the
heavy edges constitute a hamiltonian circuit.

Figure 5.19
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We show now some general results on the existence of hamiltonian paths or
circuits. Our first result is a rather general condition that is sufficient to guarantee
the existence of a hamiltonian path in an undirected graph:

Theorem 5.4 Let G be a linear graph of n vertices. If the sum of the degrees
for each pair of vertices in G is n — 1 or larger, then there exists a hamilto-
nian path in G.}

Proor We show first that G is a connected graph. Suppose G has two or
more disconnected components. Let v, be a vertex in one component that
has n, vertices and v, be a vertex in another component that has n, vertices.
Since the degree of v, is at most n, — 1 and the degree of v, is at most
n, — 1, the sum of their degrees is at most n, + n, — 2, which is less than
n — 1, and we have a contradiction.

We show now how a hamiltonian path can be constructed in a step-by-
step manner, starting with a path containing a single edge. Let there be a
path of p — 1 edges, p < n, in G which meets the sequence of vertices (v;, v,,
..., vp). If either v, or v, is adjacent to a vertex that is not in the path, we can
immediately extend the path to include this vertex and obtain a path of p
edges. Otherwise, both v, and v, are adjacent only to the vertices that are in
the path. We want to show that in that case there is a circuit containing
exactly the vertices vy, v,, ..., v,. If v, is adjacent to v,, then the circuit (v,
vy, ..., U,, vy) will suffice, so let us assume that v, is adjacent only to v;,, v;,,

.+, Uy, Where 2<i; < p— L} If v, is adjacent to one of v, _,
v, —1» S&Y U;_ 1, then, as shown in Fig. 5.20, the circuit (vy, v, v3, ..., vj_4, V),
Up-1s --+» Uj, Uy) contains exactly the vertices vy, v,, ..., v,. If v, is not
adjacent to any one of v;, _y, v;,_y, ..., v;,—y, then v, is adjacent to at most
p — k — 1 vertices. Consequently, the sum of the degrees of v, and v, is at
most n — 2, which is a contradiction.

Now that we have a circuit containing all the vertices vy, v, ..., v,, let
us pick a vertex v, that is not in the circuit. Because G is connected, there is a
vertex v, that is not in the circuit with an edge between v, and v, for some v,

viz—l’ ey

t As a matter of fact, i, = 2.
1 See Prob. 5.33 for a generalization of this result.

Figure 5.20
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(a)

Figure 5.21

in {v,v,,...,v,}, as shown in Fig. 5.21a. We now have the path (v, , v, U+ 1,

s Uiy Uy Upgy veny Uy Vg, Ugy ey v - 1), which contains p edges, as shown
in Fig. 5.21b.

We can repeat the foregoing construction until we obtain a path with
n — 1 edges. O

It is easy to see that the condition in Theorem 5.4 is a sufficient but not a
necessary condition for the existence of a hamiltonian path in a graph. Let G be
an n-gon, n > 5. It is clear that G has a hamiltonian path although the sum of the
degrees of any two vertices is 4.

Example 5.6 Consider the problem of scheduling seven examinations in
seven days so that two examinations given by the same instructor are not
scheduled on consecutive days. If no instructor gives more than four exami-
nations, show that it is always possible to schedule the examinations. Let G
be a graph with seven vertices corresponding to the seven examinations.
There is an edge between any two vertices which correspond to two exami-
nations given by different instructors. Since the degree of each vertex is at
least 3, the sum of the degrees of any two vertices is at least 6. Consequently,
G always contains a hamiltonian path, which corresponds to a suitable
schedule for the seven examinations. O

Another interesting result is:

Theorem 5.5 There is always a hamiltonian path in a directed complete
graph.
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PrOOF Let there be a path with p — 1 edges in a directed complete graph
which meets the sequence of vertices (vy, v,, ..., v,). Let v, be a vertex that is
not included in this path. If there is an edge (v,, v,) in the graph, we can
augment the original path by adding the edge (v, v,) to the path so that the
vertex v, will be included in the augmented path. If, on the other hand, there
is no edge from v, to v,, then there must be an edge (v, v,) in the graph.
Suppose that (v,, v,) is also an edge in the graph. We can replace the edge
(vy, v,) in the original path with the two edges (v, v,) and (v,, v,) so that the
vertex v, will be included in the augmented path. On the other hand, if there
is no edge from v, to v,, then there must be an edge (v,, v,) in the path and
we can repeat the argument. Eventually, if we find that it is not possible to
include the vertex v, in any augmented path by replacing an edge (v, v, 4,)
in the original path with two edges (v, v,) and (v, v, ) With1 Sk <p — 1,
then we conclude that there must be an edge (v,, v,) in the graph. We can,
therefore, augment the original path by adding to it the edge (v,, v,) so that
the vertex v, will be included in the augmented path. We can repeat the
argument until all vertices in the graph are included in a path. |

Example 5.7 As an illustration of the application of the result in Theorem
5.5, let us consider the problem of ranking players in a round-robin tennis
tournament such that player a will be ranked higher than player b if a beats
b, or a beats a player who beats b, or a beats a player who beats another
player who beats b, and so on. Since the outcomes of the matches can be
represented as a directed complete graph, the existence of a hamiltonian path
in the graph means that it is always possible to rank the players linearly.
(Note that such a ranking is not necessarily unique.) O

Example 5.8 As another illustrative example, we consider the problem of
printing and then binding n books. There is one printing machine and one
binding machine. Let p; and b; denote the printing time and binding time of
book i, respectively. If it is known for any two books i and j that either
b; = p; or b; = p;, show that it is possible to specify an order in which the
books are printed (and then bound) so that the binding machine will be kept
busy until all books are bound, once the first book is printed. (Thus, the total
time it takes for completing the whole task is p, + Y /-, b; for some k.) Let us
construct a directed graph of n vertices corresponding to the n books. There
is an edge from vertex i to vertex j if and only if b; = p;. We note that this is
a directed complete graph, and a hamiltonian path in the directed complete
graph will be an ordering of the books satisfying the condition stated above.

O

There is no general method of solution to the problem of proving the non-
existence of a hamiltonian path or circuit in a graph. We present here, however,
an illustrative example:
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Figure 5.22

Example 5.9 We want to show that the graph in Fig. 5.22a has no hamilto-
nian path. We label the vertex a by A and label all the vertices that are
adjacent to it by B. Continuing, we label all the vertices that are adjacent to a
B vertex by 4 and label all the vertices that are adjacent to an A vertex by B,
until all vertices are labeled. The labeled graph is shown in Fig. 5.22b. If there
is a hamiltonian path in the graph, then it must pass through the A vertices
and the B vertices alternately. However, since there are nine 4 vertices and
seven B vertices, the existence of a hamiltonian path is impossible. O

*5.8 THE TRAVELING SALESPERSON PROBLEM

We discuss in this section a natural extension of the problem of finding a hamil-
tonian circuit in a graph. The traveling salesperson problem has long been of great
interest. Let G = (V, E, w) be a complete graph of n vertices, where w is a func-
tion from E to the set of positive real numbers such that for any three vertices i, j,
kinV

w(i, j) + w(j, k) = w(i, k)t

We shall refer to w(i, j) as the length of edge {i,j}. The traveling salesperson
problem asks for a hamiltonian circuit of minimum length, where, again, the
length of a circuit is defined as the sum of the lengths of the edges in the circuit.

A physical interpretation of the abstract formulation is rather obvious: Con-
sider the graph G as a map of n cities where w(i, j) is the distance between cities i
and j. A salesperson wants to have a tour of the n cities which starts and ends at
the same city and includes visiting each of the remaining n — 1 cities once and
only once. Moreover, an itinerary that has a minimum total distance is desired.

+ This condition, known as the triangle inequality, is needed to prove the result in (5.2). On the
other hand, one might be able to argue that the triangular inequality is satisfied in most real-life cases
anyway.
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The traveling salesperson problem turns out to be a difficult one in that we know
of no “efficient ”t procedure for solving the problem. Recalling our discussion in
Sec. 4.7 on the job-scheduling problem, one might wish to look for simple pro-
cedures that will give good results to the traveling salesperson problem. To
illustrate such a possibility, we present a procedure, known as the nearest-
neighbor method, which gives reasonably good results for the traveling sales-
person problem:

1. Start with an arbitrarily chosen vertex, and find the vertex that is closest to the
starting vertex to form an initial path of one edge. We shall augment this path
in a vertex-by-vertex manner as described in step 2.

2. Let x denote the latest vertex that was added to the path. Among all vertices
that are not in the path, pick the one that is closest to x, and add to the path
the edge connecting x and this vertex. Repeat this step until all vertices in G
are included in the path.

3. Form a circuit by adding the edge connecting the starting vertex and the last
vertex added.

For example, for the graph shown in Fig. 5.23a, if we start from vertex a, a
vertex-by-vertex construction of a hamiltonian circuit according to the nearest-
neighbor method is shown in Fig. 5.23b, through Fig. 5.23e. Note that the total
distance of this circuit is 40 whereas the total distance of a minimum hamiltonian
circuit is 37, as shown in Fig. 5.23f.

We shall prove the following result:

Theorem 5.6 For a graph with n vertices, let d be the total distance of a
hamiltonian circuit obtained according to the nearest-neighbor method and
d, be the total distance of a minimum hamiltonian circuit. Then,

d
— < 4llgnl + 4 (5:2)
0

ProOOF Before proceeding with the proof, let us illustrate the general idea of
the proof by considering a specific case. Let D denote the hamiltonian circuit
obtained according to the nearest-neighbor method. Let [, denote the length

t As the reader would immediately respond, it entirely depends on what we mean by an “efficient
procedure.” The efficiency of computation procedures is an important subject in theory of computa-
tion, which we shall study in Chap. 8. At this moment, let us just say that there is no known
procedure that can solve the traveling salesperson problem with more than several hundred cities
with the use of a large-scale digital computer for a reasonable amount of time.

1 Recall that we adopted the notation g n for log, n. We use [x] to denote the smallest integer
larger than or equal to x.
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of the longest edge in D, I, be the length of the next longest edge in D, and, in
general, [; be the length of the ith longest edge in D. Thus,
I

d=

M=

1

For the sake of illustration, let us assume n = 14. Suppose we can prove that

do 2 21,

do 2 21,

doz 23 +1y) (53)
do = 25 + lg + 15 + Ig)

do = 2o+ Lo+ 1y + 1+ L3+ 1L4)

then we shall have
14

Sdo22 Y I, =2d

i=1
or
d _5
<2 =4l 141 +
0

So that we can have a set of inequalities similar to that in (5.3) for
general n, we shall prove

dy = 21, (54)
2k n
doz2 ) lsks [—J (5:5)
i=k+1 2
and
doz2 Y | (5.6)

i=[n/2]+1

Note that if n is even, (5.6) is included in (5.5).

First of all, (5.4) follows from the triangle inequality. Suppose the longest
edge in D is incident with vertices x and y. Then the triangle inequality
implies that the length of any path between x and y is larger than or equal to
l,. Since any hamiltonian circuit of G can be broken up as two paths between
x and y, (5.4) follows immediately.

Let a; denote the vertex to which the ith longest edge in D was added in
our construction according to the nearest-neighbor method. (For example,
according to this convention, the vertices in the graph in Fig. 5.23a are so
named in Fig. 5.24a.) For a fixed k, 1 £ k £ |n/2), let H be the complete
subgraph of G containing the vertices a;, | < i < 2k. Let T denote the hamil-
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Figure 5.24

tonian circuit in H that visits the vertices in H in the same circular order as a
minimum hamiltonian circuit visits the vertices in G.t Let ¢t denote the length
of T. (In the illustrative example in Fig. 5.23, consider the case k = 2. The
subgraph H is that shown in Fig. 5.24b. In the minimum hamiltonian circuit
in Fig. 5.23f, the vertices are visited in the circular order a,, a,, as, a5, a,, SO
the circuit T is that shown in Fig. 5.24c, and t = 36.) Because of the triangle
inequality, we have

dy =t (5.7

Let {a;, a;} be an edge in T. If in our construction according to the
nearest-neighbor method, vertex a; was added before a;, we have w(a;, a;) 2
l;. If a; was added before a;, we have w(a;, a;) 2 [;, which is the same as
w(a;, a;) Z I;. Thus, we have

w(a;, a;) = min (I;, [)) (5.8)
Summing (5.8) for all the edges in T, we obtain
t= Y min(,1) (5.9)
(ai,aj)eT

Note that the smallest possible value of min (I;, [;) in the sum in (5.9) is [,
the next smallest possible value is l,,_,, and so on. Furthermore, for any

t All vertices in G but not in H are ignored in the circular order.
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1 i< 2k, I, can appear in the sum at most two times. Since there are 2k
edges in T, the sum in (5.9) is larger than or equal to two times the sum of
the lengths of the k shortest edges. Consequently, we have

tz Y min (1) 2 2k + by + 0+ k)

(ai,aj)e T
2k
=2 Y (5.10)
i=k+1

Combining (5.7) and (5.10), we obtain (5.5).

Inequality (5.6) can be proved in a similar manner:t Let D, denote a
minimum hamiltonian circuit. Using the same argument as that of deriving
(5.9), we obtain

dyz Y min(l, 1)

(ai, aj) € Do
Using the same argument as that for deriving (5.10), we obtain

do 2 Z min (I, [) 2 20, + L,y + - + L1410 + L2y

(ai, aj) € Do

22l + Loy + -+ e )

i=[n/21+1
Now, for k = 1, 2%, 22, ..., 2"e"~2 (5 5) yields [lg n] — 1 inequalities:
do 221,
do 2 2(l3 + 1y)
do 2 2ls + g + 15 + L)
do 2 Alypgm-241 + Lapgm-242 + -+ + Lapgm-1)§

Summing these inequalities, we obtain

20gnl—1
(Mg nl—1d, 2 2( Y l,-> (5.11)
i=2
Since
{g] 41241 forn> 1
(5.6) yields
dy=2 Z l; (5.12)
i=2Mgnl—1+41

t We only need to consider this case when n is odd.
1 Note that 28"~ ! js the largest power of 2 that is smaller than n.
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Adding (5.4), (5.11), and (5.12), we obtain
(Mg n] + dy 2 2 Z":l l;=2d
or

d
T SHlgnl+3 O
0

*5.9 FACTORS OF A GRAPH

The notion of a hamiltonian circuit of a graph can be extended to that of a
2-factor of a graph. We first present, however, a more general definition: A
k-factor of a graph is defined to be a spanning subgraph of the graph with the
degree of each of its vertices being k. For example, for the graph in Fig. 5.25q,
Fig. 5.25b shows a 1-factor and Fig. 5.25¢ shows a 2-factor of the graph. Note
that a graph might have many different k-factors, or it might not have any
k-factor at all for some k. For example, Fig. 5.26a and b shows two graphs that
have no 1-factor and Fig. 5.26¢ shows a graph that has no 2-factor.

Although we can show that the graph in Fig. 5.26a has no 1-factor and the
graph in Fig. 5.26¢ has no 2-factor by exhaustion, it probably is not obvious that
the graph in Fig. 5.26b does not have a 1-factor. We show now an interesting

o\ 7

(c)
Figure 5.25

(a) (b) (¢)

Figure 5.26
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[

Figure 5.27

proof of this result. (For an alternative proof, see Prob. 5.40.) Suppose we are
given a chessboard with its two diagonally opposite corners truncated, as shown
in Fig. 5.27. Suppose we have some dominoes, each of which covers exactly two
of the squares in the chessboard. We want to know whether it is possible to cover
the truncated chessboard with 31 dominoes. We note that this is exactly the
problem of determining whether there is a 1-factor in the graph in Fig. 5.26b. We
recall that the squares of a standard chessboard are alternately colored black and
white. Since the two truncated squares are both white, as shown in Fig. 5.27,
there are 30 white squares and 32 black squares in the truncated chessboard.
Because a domino always covers a black square and a white square no matter
how it is placed, the impossibility of covering the chessboard follows imme-
diately.

Consider the problem of scheduling meetings for a number of committees.
There are two conference rooms, and it is possible to schedule two meetings
concurrently. However, because of overlapping memberships of the committees,
certain pairs of meetings cannot be scheduled in the same time slot. Let
G = (V, E) be a graph, where V is the set of meetings and an edge {a, b} in E
means that the two meetings a and b can be scheduled in the same time slot. As
the reader will note, a 1-factor of G will be an acceptable pairing.

As was mentioned earlier, the notion of a 2-factor is a generalization of that
of a hamiltonian circuit, since, according to Euler’s theorem, a 2-factor is a set of
vertex-disjoint circuits the union of which contains all the vertices of the graph.
As an illustrative example, let us present the solution of a puzzle commonly
known as “instant insanity.” We are given four cubes, each of their faces being
colored with one of the four colors blue, green, red, and yellow, as shown in Fig.
5.28a, where the cubes are numbered 1, 2, 3, 4, and the colors of the faces are
abbreviated as b, g, r, y. We are asked to stack the four cubes in a column so that
the four colors will show in each of the four sides of the column, as illustrated in
Fig. 5.28b. Indeed, the name of this puzzle derives from the possibility of a player
becoming insane when trying to sort out the large number of different ways to
stack the cubes. We first note that the four cubes can be represented by the graph
in Fig. 5294, where the four vertices correspond to the four colors. Correspond-
ing to each cube there are three edges in the graph specifying the colors of the
three pairs of opposite faces. One should note at this point that, as far as this
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problem is concerned, the only information we need on each cube is the colors of
the three pairs of opposite faces. Indeed, a lesson to learn from this example is the
importance of seeing the essentials and not being confused by irrelevant informa-
tion when trying to solve a problem. If we look at a solution of this problem, we
note that the colors of the cubes on two opposite sides of the column can be
described by a 2-factor of the graph in Fig. 5.29a such that the 2-factor contains
four edges, which are labeled 1, 2, 3, 4, respectively. Figure 5.29b shows a 2-factor
that satisfies these conditions. Once such an observation is made, the puzzle can
be rephrased as that of looking for two edge-disjoint 2-factors of the graph so
that the four edges in each 2-factor are labeled distinctly with 1, 2, 3, 4. The
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g 4
1
b 3
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Figure 5.29

2-factors in Fig. 5.29b and ¢ correspond to the solution in Fig. 5:28b. After
extracting the two 2-factors from the graph in Fig. 5.29a, a pleasant surprise is to
discover that the edges remaining as shown in Fig. 5.29d also form a 2-factor
whose edges are labeled distinctly with 1, 2, 3, 4. What this means is that our
solution may contain a bonus feature, namely, the cubes can be oriented with the
four “bottoms” colored distinctly and the four “tops”™ colored distinctly at the

same time.

*5.10 PLANAR GRAPHS

We study now a class of graphs called planar graphs. Not only is this class of
graphs encountered very frequently, it also has many extremely interesting

2 4
b I °y
(b)
L fee> 1
3 2
b 4 ._\
(d)

properties, some of which we shall discuss here.

A graph is said to be planar if it can be drawn on a plane in such a way that
no edges cross one another, except, of course, at common vertices. Figure 5.30a
shows a planar graph. Notice that the graph in Fig. 5.30b is also planar because
it can be redrawn as that shown in Fig. 5.30c. Figure 5.30d shows a nonplanar
graph. As a matter of fact, the graph in Fig. 5.30d corresponds to the well-known
problem of determining whether it is possible to connect three houses a, b, and ¢
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Figure 5.30

to three utilities d, e, and f in such a way that no two connecting pipelines cross
one another. Experience shows that this cannot be done. In other words, the
graph representing the pipeline connections is indeed a nonplanar graph. (The
reader may feel a little bit uncomfortable when we say that a graph is nonplanar
simply because, after a certain number of attempts, we find that we cannot draw
the graph on a plane so that there will be no crossing edges. This issue will be
settled rigorously later.)

Suppose we draw a planar graph on the plane and take a sharp knife to cut
along the edges; then the plane will be divided into pieces that are called the
regions of the graph. To be more formal, a region of a planar graph is defined to
be an area of the plane that is bounded by edges and is not further divided into
subareas. For example, the graph in Fig. 5.31a has five regions, as shown in Fig.
5.31b. Notice that cutting along the edge a does not further divide region 1, and
cutting along the edges b, ¢, and d does not further divide region 5. A region is
said to be finite if its area is finite, and is said to be infinite if its area is infinite.
Clearly, a planar graph has exactly one infinite region.

We have the following result:

Theorem 5.7 For any connected planar graph,
v—e+r=2 (5.13)

where v, e, and r are the number of vertices, edges, and regions of the graph,
respectively.
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(a)

(b)

Figure 5.31

ProOF The proof proceeds by induction on the number of edges. As the basis
of induction, we observe that for the two graphs with a single edge shown in
Fig. 5.32, (5.13) is satisfied. As the induction step, we assume that (5.13) is
satisfied in all graphs with n — 1 edges. Let G be a connected graph with n
edges. If G has a vertex of degree 1, the removal of this vertex together with
the edge incident with it will yield a connected graph G, as illustrated in Fig.

Figure 5.32
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(a) (b) Figure 5.33

5.33a. Since (5.13) is satisfied in G/, it is also satisfied in G, because putting the
removed edge and vertex back into G will increase the count of vertices by 1
and the count of edges by 1, but will not change the count of regions. If G has
no vertex of degree 1, the removal of any edge in the boundary of a finite
regiont will yield a connected graph G’, as illustrated in Fig. 5.33b. Since
(5.13) is satisfied in G, it is also satisfied in G, because putting the removed
edge back into G’ will increase the count of edges by one and the count of
regions by one, but will not change the count of vertices.} O

Equation (5.13) is known as Euler’s formula for planar graphs. It is truly
remarkable that, with no exception, all connected planar graphs must satisfy such
a simple formula. Let us consider now some applications of Euler’s formula. First
we want to show that in any connected linear planar graph that has no loops and
has two or more edges,

es3v—6
Let us count the edges in the boundary of a region and then compute the total
count for all the regions.§ Because the graph is linear, each region is bounded by
three or more edges. Therefore, the total count is larger than or equal to 3r. On

the other hand, since an edge is in the boundaries of at most two regions, the
total count is less than or equal to 2e. Thus,

2e > 3r

or

2e
3

v

r

+ It is not difficult to see that, if G has no finite region, G must contain a vertex of degree 1.
1 (5.13) is not satisfied by disconnected planar graphs. Why is our proof not valid for discon-

nected planar graphs?
§ Edges such as a, b, ¢, d in Fig. 5.31a are considered to be not in the boundary of any region.
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Figure 5.34 Figure 535

According to Euler’s formula, we have
2e
V—e+?§2 (5.14)

or
Jv—6=e (5.15)

We show now that the graph in Fig. 5.34 is not a planar graph. Since for this
graph v = 5 and e = 10, the inequality in (5.15) is not satisfied.

We shall show that the graph in Fig. 5.35 is not a planar graph either. If the
graph were planar, every region would be bounded by four or more edges. Thus,
the inequality in (5.14) can be tightened as

e
— -2
v e+2_

or
2v—42e (5.16)

For the graph in Fig. 5.35, v = 6 and e = 9. Consequently, (5.16) is contradicted.

Although Euler’s formula can sometimes be applied to assert that a given
graph is nonplanar, the argument in such applications of the formula can become
involved and tricky for graphs containing even a moderate number of vertices
and edges. Moreover, except by actually mapping a graph on the plane, we have
seen no way of asserting that a given graph is planar. We shall state a theorem
due to Kuratowski that enables us to determine unequivocally the planarity of a
graph.

The planarity of a graph is clearly not affected if an edge is divided into two
edges by the insertion of a new vertex of degree 2, as illustrated in Fig. 5.36a, or if
two edges that are incident with a vertex of degree 2 are combined as a single
edge by the removal of that vertex, as illustrated in Fig. 5.36b. This suggests the
following definition: Two graphs G, and G, are said to be isomorphic to within
vertices of degree 2 if they are isomorphic or if they can be transformed into
isomorphic graphs by repeated insertions and/or removals of vertices of degree 2,
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(a) (b) ()

Figure 5.36

as illustrated in Fig. 5.36a and b. For example, the two graphs in Fig. 5.36¢ are
isomorphic to within vertices of degree 2.

Theorem 5.8 (Kuratowski) A graph is planar if and only if it does not contain
any subgraph that is isomorphic to within vertices of degree 2 to either the
graph in Fig. 5.34 or Fig. 5.35.

The graphs in Figs. 5.34 and 5.35 are also called Kuratowski graphs. We note
that Kuratowski’s theorem is indeed a very strong characterization result in the
sense that, although there are numerous nonplanar graphs, they all must contain
a subgraph that is isomorphic to within vertices of degree 2 to one of the Kura-
towski graphs. The proof of this theorem is lengthy although it is elementary. We
shall not include the proof here, which can be found in Berge [3] or Liu [12].
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PROBLEMS

5.1 A man is supposed to bring a dog, a sheep, and a bag of cabbage across a river on a rowboat.
The boat is very small, and he can carry only one of these items on the boat at a time. Furthermore,
he cannot leave the dog alone with the sheep nor the sheep alone with the cabbage. In order to
determine how he should proceed, we shall describe the possible steps he can take by an undirected
graph. Let the vertices of a graph represent all the allowable configurations. For example, the man,
the dog, the sheep, and the cabbage are all on one side of the river is the initial configuration; the
man, the dog, the sheep, and the cabbage are all on the other side of the river is the final configu-
ration. The man, the dog, and the sheep are on one side of the river while the cabbage is on the other
side of the river is one allowable intermediate configuration. Let there be an edge between two
vertices if the man can make a trip across the river so that the configuration corresponding to one of
the vertices can be transformed into that corresponding to the other vertex, and conversely. Con-
struct the graph and determine all possible ways for the man to transport the items across the river.

5.2 (a) Three married couples on a journey come to a river where they find a boat which cannot
carry more than two persons at a time. The crossing of the river is complicated by the fact that the
husbands are all very jealous and will not permit their wives to be left without them in a company
where there are other men present. Construct a graph to show how the transfer can be made.

(b) Prove that the puzzle in part (a) cannot be solved if there are four couples.

(c) Prove that the puzzle in part (a) can be solved if there are four couples and the boat holds
three persons.

5.3 An electronic circuit is built to recognize sequences of Os and Is. In particular it shall accept
sequences of the form 010*10, where 0* means any number (including none) of 0s. For example, 0110,
01010, and 010000010 are all acceptable sequences. Construct a directed graph in which every vertex
has two outgoing edges labeled 0 and 1, and in which there are two vertices v; (the initial vertex) and
vy (the final vertex) such that every path from v; to v, is a sequence of the form 010*10. (For each
sequence the circuit will start at v; and trace the edges according to the Os and s in the sequence. The
circuit will accept the sequence if the path terminates at v, .)

5.4 Repeat Prob. 5.3 for sequences of the form 01*(10)*10*, where (10)* means any number (including
none) of 10 patterns, using each of the following modifications:

(a) For each vertex there is no restriction on the number of outgoing edges labeled 0 or 1. The
sequence of labels on every path from v; to v, is a sequence of the form described above. Further-
more, for every sequence of the form described above there is a corresponding path from v;tov,.

(b) There may be several final vertices, v,,, v,,, .... The sequence of labels on every path from
v; to some final v, is a sequence of the form described above. Furthermore, for every sequence of the
form described above there is a corresponding path from v, to some final vertex v, .
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Estimated length
Meeting Starting time Meeting of meeting
Ist 8:00 a.m. Ist 90 min.
2nd 9:00 a.m. 2nd 60 min.
3rd 11:00 a.m. 3rd 120 min.
4th 2:00 p.m. 4th 120 min.
Sth 3:30 p.m. Sth 90 min.
6th 4:00 p.m. 6th 30 min.
(a) (b)
Figure 5P.1

5.5 The head of the department of computer science wanted to call six committee meetings on a
certain day. After sending out notices on the starting times of the meetings, as shown in Fig. SP.1q,
his secretary, Mrs. Mason, discovered that the agendas of these meetings had been revised. She
subsequently made a new estimation on the lengths of these meetings, as shown in Fig. 5P.1b. Since
these meetings must be held in the order they were originally scheduled, changes in the starting times
of some of these meetings became necessary. Hoping to make as few changes as possible, Mrs. Mason
constructed the following undirected graph: Let v, v,, ..., v be six vertices representing the six
meetings. Let there be an edge between v; and v, for i <j if the sum of the lengths of the ith, the
(i + 1)st, the (i + 2)nd, ..., and the (j — 1)st meetings is less than or equal to the difference between
the originally chosen starting times of the jth and the ith meeting.

(a) What is the physical significance of an edge between v; and v;? Of a complete subgraph
containing v; , v,,, ..., v, ? Of a largest possible complete subgraph?

(b) Suppose in rescheduling the meetings, Mrs. Mason wanted to make sure that the first
meeting cannot begin prior to 8 :00 a.m., and the last meeting cannot run beyond 5:00 p.m. How
can she make use of a computer program that determines a largest possible complete subgraph in a
given graph? Determine a new set of starting times for the meetings with as few changes from the
original ones as possible.

5.6 Let G = (V, E) be an undirected graph with k components and |V |=n, | E| = m. Prove that
mz2n—k.

5.7 n cities are connected by a network of k highways. (A highway is defined to be a road between
two cities that does not go through any intermediate cities.) Show that if k > 4n — 1)(n — 2), then one
can always travel between any two cities through connecting highways.

5.8 An ordered n-tuple (d,, d,, ..., d,) of nonnegative integers is said to be graphical if there exists a
linear graph with no self-loops that has n vertices with the degrees of the vertices being d,, d,,..., d,.

(a) Show that (4, 3, 2, 2, 1) is graphical.

(b) Show that (3, 3, 3, 1) is not graphical.

(c) Without loss of generality, suppose d, =2 d, 2d;>---=d,. Show that (d,, d,, ..., d,) is
graphical ifand only if (d, — 1,d3 — 1,...,d, — 1, d; ., — 1,d,, +,,..., d,)is graphical.

(d) Use the result in part (c) to determine whether (5, 5, 3, 3, 2, 2, 2) is graphical.

5.9 (a) Show that the sum of the in-degrees over all vertices is equal to the sum of the out-degrees
over all vertices in any directed graph.

(b) Show that the sum of the squares of the in-degrees over all vertices is equal to the sum of the
squares of the out-degrees over all vertices in any directed complete graph.

5.10 A graph is said to be self-complementary if it is isomorphic to its complement.

(a) Show a self-complementary graph with four vertices.

(b) Show a self-complementary graph with five vertices.

(c) Is there a self-complementary graph with three vertices? Six vertices?

(d) Show that a self-complementary graph must have either 4k or 4k + 1 vertices.
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5.11 A set of vertices in an undirected graph is said to be a dominating set if every vertex not in the
set is adjacent to one or more vertices in the set. A minimal dominating set is a dominating set such
that no proper subset of it is also a dominating set.

(a) For the graph in Fig. 5P.2 find two minimal dominating sets of different sizes.

(b) Let the vertices of a graph represent cities and the edges represent communication links
between cities. Give a physical interpretation of the notion of a dominating set in this case.

(c) Let the 64 squares of a chessboard be represented by 64 vertices. Let there be an edge
between two vertices if their corresponding squares are in the same row, same column, or same
(backward or forward) diagonal. It is known that five queens can be placed on the chessboard so that
they will dominate all 64 squares. Moreover, five is the minimum number of queens that is needed.
Restate this statement in graph theoretic terms.

Figure 5P.2

5.12 A set of vertices in an undirected graph is said to be an independent set if no two vertices in it are
adjacent. A maximal independent set is an independent set which will no longer be one when any
vertex is added to the set.

(a) For the graph in Fig. 5P.2 find two maximal independent sets of different sizes.

(b) How can the problem of placing eight queens on a chessboard so that no one captures
another be stated in graph theoretic terms?

5.13 (a) The edges of a K are to be painted either red or blue. Show that for any arbitrary way of
painting the edges there is either a red K;(a K, with all its edges painted red) or a blue K.

(b) Use the result in part (a) to show that among a group of six people there are either three
who are mutual friends or three who are strangers to each other.

(c) The edges of K, are painted either red or blue in some arbitrary way. Show that if there are
six or more red edges incident with one vertex, then there is either a red K, or a blue K. Show that
if there are four or more blue edges incident with one vertex, then there is either a red K, or a blue
K.

(d) Show that for any arbitrary way of painting the edges of K either red or blue there is either
ared K, or a blue K;.

5.14 By properly coloring a graph we mean to paint the vertices of the graph with one or more
distinct colors in such a way that no two adjacent vertices are painted with the same color.

(a) What is the minimum number of colors that is needed to properly color the graph in Fig,
5P.3a? The graph in Fig. 5P.3b? The graph in Fig. 5P.3¢?

(b) Let G be a linear graph with no self-loops. Let the vertices of G represent examinations to be
given during the final examination period. Let the edges of G represent constraints such that an edge
between two vertices means the corresponding examinations cannot be scheduled in the same time
slot. What interpretation can be given to a way of properly coloring G? to the minimum number of
colors needed to properly color G?
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(a) (b)

()

Figure 5P.3

5.15 (a) Let G = (V, E) be a linear directed graph where V represents a set of people and E rep-
resents a parent-child relationship such that an edge (a, b) in E means a is a parent of b. G is called a
genetic graph. We note that G has the following properties:

1. The incoming degree of every vertex is at most 2.

2. There is no circuit in G.

3. The vertices of G can be colored with two colors so that for any two edges (a, ¢) and (b, ¢) in
E, a and b are colored with different colors.

What genetic interpretation can we give to these conditions?

(b) Let G = (V, E) be an undirected graph such that there is an edge {a, b} in E if and only if
there are two edges (a, ¢) and (b, ¢) in E for some c¢. Show that condition (3) can be satisfied if and
only if G can be properly colored with two colors. (See Prob. 5.14 for the definition of proper
coloring.)

(c) Show that an undirected graph can be properly colored with two colors if and only if it
contains no circuit of odd length.

(d) We define an alternating circuit in a directed graph as a sequence of edges (v,, v,) (v3, v,)
(v3, v4) (vs, Vg) “** (V-1 V) (vy, ) such that reversing the direction of alternating edges in the
sequence will yield a (directed) circuit. Show that condition (3) can be satisfied if and only if the length
of every alternating circuit in G is divisible by 4.

5.16 The distance between two vertices in an undirected graph is defined to be the minimum number
of edges in a path between them. The diameter of an undirected graph is defined to be the maximum
of the distances between all pairs of vertices.

(a) What is the diameter of the graph in Fig. 5P.4?
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Figure 5P.4

(b) Let the vertices of a graph represent computers and the edges represent data communication
links between computers. In this case, what is the physical significance of the diameter of the graph?

(c) Let d denote the diameter of a graph with n vertices. Let § denote the maximum of the
degrees of the vertices. Show that

1464+38—-1D)4+660—1)2+---4+85—-1)4"'=n

[Thus, if we want to design a computer communication network with the constraints: (1) a computer
can communicate with any other computer without going through more than d — 1 intermediate
computers; (2) a computer can communicate directly with at most 6 computers, then we cannot have
a network containing “too many ” computers.]

b 5 ¢
3 | ! 5 3
5 2 8
a - h
¢ f
bl l 4
6 - 1
d 2 g

Figure 5P.5

5.17 The graph in Fig. SP.5 shows the communication channels and the communication time delays
in the channels among eight communication centers. The centers are represented by vertices, the
channels are represented by edges, and the communication time delay (in minutes) in each channel is
represented by the weight of the edge. Suppose that at 3 : 00 p.m. communication center a broadcasts
through all its channels the news that someone has found a way to build a better mousetrap. Other
communication centers will then broadcast this news through all their channels as soon as they
receive it. For the communication centers b, ¢, d, e, f, g, and h, determine the earliest time each
receives the news.

5.18 Apply the algorithm presented in Sec. 5.5 to determine a shortest path between a and z in the
graph in Fig. 5P.6, where the numbers associated with the edges are the distances between vertices.
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Figure 5P.6

5.19 Apply the algorithm presented in Sec. 5.5 to determine a shortest path between a and z in the
graph in Fig. 5P.7, where the numbers associated with the edges are the distances between vertices.

b 3 4

Figure 5P.7

5.20 Apply the algorithm presented in Sec. 5.5 to determine a shortest path between a and z in the
graph in Fig. 5P.8, where the numbers associated with the edges are the distances between vertices.

Figure 5P.8

5.21 Apply the algorithm presented in Sec. 5.5 to determine a shortest path between a and z in the
graph in Fig. 5P.9, where the numbers associated with the edges are the distances between vertices.

4 3
2 | 2 2 N 2 I
4 5
2 |
2 3 1 2 ) -
2 - 3
4 3
2 I
5
2 N | 3 1
3 4 Figure 5P.9
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5.22 Apply the algorithm presented in Sec. 5.5 to determine a shortest path between a and z in the
graph in Fig. 5P.10, where the numbers associated with the edges are the distances between vertices.

a 3 3 4
4 2 2 1
3 8 1
S 2 5 6
5 1 7
10 7 6 7
2 9 S

- Figure 5P.10

5.23 Let G be a connected graph with no self-loops where the edges represent the streets in a city. A
police officer want to make a round trip to patrol each side of each street exactly once. Furthermore,
the officer wants to patrol the two sides of a street in opposite directions. Show that such a trip can
always be designed.

5.24 Among the many rooms in an old mansion, there is a ghost in each room that has an even
number of doors. If the mansion has only one entrance, prove that a person entering from outside
can always reach a room in which there is no ghost.

5.25 (a) The edges in the graph in Fig. 5P.11 can be partitioned into two (edge-disjoint) paths. Show
one such partition.

Figure 5P.11

(b) Let G be a connected graph with k vertices of odd degree (k > 0). Show that the edges in G
can be partitioned into k/2 (edge-disjoint) paths.

(c) Let G be a graph with k vertices of odd degree (k > 0). What is a minimum number of edges
that can be added to G so that the resultant graph will have an eulerian circuit? Show how this can
be done for the graph in Fig. 5P.11. State how this can be done in general.

(d) In part (c), suppose we are only allowed to add edges that are parallel to existing edges in G.
What is a minimum number of edges that can be added so that the resultant graph will have an
eulerian circuit? Can this always be done? State a necessary and sufficient condition under which this

can be done.
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5.26 Is it possible to move a knight on an 8 x 8 chessboard so that it completes every possible move
exactly once? A move between two squares of the chessboard is completed when it is made in either
direction.
5.27 Find a circular arrangement of nine a’s, nine b’s, and nine c’s such that each of the 27 words of
length 3 from the alphabet {a, b, ¢} appears exactly once.
5.28 (a) Show a graph that has both an eulerian circuit and a hamiltonian circuit.

(b) Show a graph that has an eulerian circuit but has no hamiltonian circuit.

(c) Show a graph that has no eulerian circuit but has a hamiltonian circuit.

(d) Show a graph that has neither an eulerian circuit nor a hamiltonian circuit.
5.29 (a) Does K |, have an eulerian circuit? A hamiltonian circuit?

(b) Repeat part (a) for K, .
5.30 A complete bipartite graph K,, , is a graph with V = V, U V, being the set of vertices such that
there are no edges joining any two vertices in ¥, or any two vertices in V,, but there is an edge
joining every vertex in V, with every vertex in V,.

(a) Is there a hamiltonian circuitin K, 4?7In K, 5?In K4 ¢?

(b) Is there a hamiltonian pathin K, ,?In K, s?In K, ¢?

(c) State a necessary and sufficient condition on the existence of a hamiltonian circuit in K, .

(d) State a necessary and sufficient condition on the existence of a hamiltonian pathin K, .
5.31 Show that the graph in Fig. 5P.12 has no hamiltonian circuit.

Figure 5P.12

5.32 Show that any hamiltonian circuit in the graph shown in Fig. SP.13 that contains the edge x
must also contain the edge y.

¥ Figure 5P.13

533 Let G be an undirected linear graph with n vertices, n = 3. Let the vertices of G represent n
people and the edges of G represent a friendship relationship among them such that two vertices are
connected by an edge if and only if the corresponding persons are friends.
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(a) What interpretation can be given to the degree of a vertex?

(b) What interpretation can be given to the fact that G is a connected graph?

(c) What interpretation can be given to a subgraph of G that is a complete graph with m
vertices?

(d) What interpretation can be given to a 1-factor of G?

(e) Suppose that between any two prople they know all the remaining n — 2 people. Show that
the n people can be stood in line so that everyone stands next to two of his friends, except the two
persons at the two ends of the line, each of them stands next to only one of his friends.

Hint: Apply Theorem 5.4.

(f) Extend Theorem 5.4 to show that if the sum of the degrees for each pair of vertices of a
linear graph with n vertices is n or larger, then there exists a hamiltonian circuit in G.

(9) Use the result in part (f) to show that the condition in part (e) guarantees that the n people
can be stood around a circle so that everyone stands next to two of his friends for n = 4.

5.34 Let G be a complete directed graph. A nonempty subset of the vertices of G is said to be an
outclassed group if any edge joining a vertex in the subset and a vertex not in the subset is always
directed from the latter to the former. Show that G has a directed circuit containing all the vertices if
there is no outclassed group of vertices.

5.35 Eleven students plan to have dinner together for several days. They will be seated at a round
table, and the plan calls for each student to have different neighbors at every dinner. For how many
days can this be done?

5.36 An n-cube is an undirected graph with 2" vertices which are labeled with the 2" n-digit binary
numbers. There is an edge between two vertices if their binary labels differ exactly at one digit. Show
that an n-cube has a hamiltonian circuit for any n = 1. (A sequential arrangement of the 2" n-digit
binary numbers such that every two adjacent numbers differ in exactly one digit is known as a Gray
code.)

5.37 An undirected graph is said to be orientable if direction can be assigned to each of the edges of
the graph so that the resultant directed graph is strongly connected.

(a) Show that the graph in Fig. 5P.14 is orientable.

(b) Show that any graph with an eulerian circuit is orientable.

(c) Show that any graph with a hamiltonian circuit is orientable.

(d) Show that a connected undirected graph is orientable if and only if each edge of the graph is
contained in at least one circuit.

Figure 5P.14

5.38 (a) Use the nearest-neighbor method to determine a hamiltonian circuit for the graph in Fig.
5P.15, starting at vertex a.

(b) Repeat part (a), except starting at vertex d instead.

(c) Determine a minimum hamiltonian circuit for the graph in Fig, 5P.15.
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d e Figure 5P.15

5.39 We present in this problem a procedure that produces a good, but not necessarily best possible,
result for the traveling salesperson problem discussed in Sec. 5.8. Again, let G =(V, E, w) be a
complete graph of n vertices, where w is a function from E to the set of positive real numbers
satisfying the triangle inequality. Let T be a minimum spanning tree of G. (See Sec. 6.7 for the
definition of a minimum spanning tree.)

(a) Let V' denote the subset of vertices that have odd degrees in the subgraph T. We claim that
there must be an even number of vertices in V'. Why?

(b) Let G’ be the complete subgraph of G that contains all the vertices in V'. Let M denote a
I-factor of G’ that has minimum weight. (The weight of a 1-factor is defined to be the sum of the
weights of the edges in the I-factor.) Let T U M denote the graph obtained by superimposing the
graph T and M. (If an edge appears in both T and M, it will appear twice in T U M.) Show that
T U M has an eulerian circuit.

(c) Show that the weight of T is less than that of a minimum hamiltonian circuit.

(d) Show that the weight of M is less than or equal to half of that of a minimum hamiltonian
circuit.

(e) Show how we can obtain a hamiltonian circuit of G from the eulerian circuit of T U M by
avoiding to visit vertices that have already been visited such that the weight of the former is less than
or equal to that of the latter. Consequently, we conclude that the weight of the hamiltonian circuit
obtained is less than 1.5 times that of a minimum hamiltonian circuit.

For example, for the weighted graph in Fig. 5P.16a, the weights of all edges are 1 except the

weight of edge {f, g} which is 2. Figure 5P.16b shows a minimum spanning tree T. Figure 5P.16¢
shows a 1-factor of the complete subgraph G’ which contains the vertices {a, b, ¢, e, f, g}. Figure
SP.16d shows an eulerian circuit of T U M, and Fig. 5P.16e shows a hamiltonian circuit obtained
from the eulerian circuit in Fig. 5P.16d, where the eulerian circuit is traced according to the vertex
sequence (a, b, ¢, d, e, f, d, a, g, a).
5.40 We show in this problem an alternative proof of the result on the impossibility of covering a
truncated chessboard with dominoes presented in Sec. 5.9. Let us identify each square of the chess-
board by a term x'y), 0 <i < 7and 0 £j £ 7, where i is the x coordinate of the square and j is the y
coordinate of the square. Thus the sum of the 64 terms corresponding to the 64 squares in a
chessboard is

T+x+x>+-+xN1+y+y*+-+y)
and the sum of the 62 terms corresponding to the 62 squares in the truncated chessboard is
T+x+x2++xNW+y+y*+-+y)—1-x7y’ (5P.1)

Suppose that the truncated chessboard can be covered by 31 dominoes. We note that a domino
placed horizontally covers two squares whose corresponding terms are x’y/ and x'*')/. Consequently,
the sum of the terms corresponding to all squares covered by horizontally placed dominoes is of the
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form (1 + x)f(x, y). Similarly, the sum of the terms corresponding to all squares covered by vertically
placed dominoes is of the form (1 + y)g(x, y). Thus the sum of the 62 terms corresponding to the 62
squares in the truncated chessboard is

(1 +x)f(x, y) + (1 + y)g(x, y) (5P.2)

Show that (5P.1) cannot possibly be equal to (5SP.2).

Hint: Consider the values of (5P.1) and (SP.2) for x = —land y = —1.
5.41 Show that regardless of where one white and one black square are deleted from a standard
8 x 8 chessboard, the defective chessboard can always be covered exactly with thirty-one 2 x 1
dominoes.
5.42 A 6 x 6 chessboard can be tiled by eighteen 2 x 1 dominoes, as illustrated in Fig. 5P.17. A tiling
is said to be fault-free if any vertical ruling (there are 5 of them) and any horizontal ruling (there are 5
of them) has at least one domino that goes across the ruling. (The tiling in figure 5P.17 is not
fault-free because the horizontal ruling marked with an arrow is not crossed by a domino.) Prove
that there is no fault-free tiling of a 6 x 6 chessboard.

Hint: If a ruling (vertical or horizontal) is crossed by dominoes, it is crossed by at least how
many?

—— ——
] [
T |
1 |
1 1
——
1 |
I |
| |
|| I
Figure 5P.17

5.43 A graph G = (V, E) is called a bipartite graph if the set of vertices ¥ can be partitioned into two
nonempty subsets X and Y such that there is no edge in E joining two vertices in X or two vertices
inY.

(a) Let G = (V, E) be a bipartite graph. Let X represent a set of workmen and Y represent a set
of jobs. Let an edge {v,, v,} in E denote the fact that workman v, is qualified to perform job v,. What
interpretation can be given to a 1-factor of G?

(b) Let X represent a set of committees and Y represent a set of senators. Let an edge {v, , v,} in
E denote the fact that senator v, is a member of committee v, . What interpretation can be given to a
1-factor of G?

(c) Let X represent a set of boys and Y represent a set of girls. Let an edge {v,, v,} in E denote
the fact that boy v, knows girl v,. What interpretation can be given to a 1-factor of G? a hamiltonian
circuit in G?

5.44 (a) Show that a linear planar graph has a vertex of degree 5 or less.

(b) Show that a linear planar graph with less than 30 edges has a vertex of degree 4 or less.

5.45 Show that in a connected planar linear graph with 6 vertices and 12 edges, each of the regions is
bounded by 3 edges.
5.46 Let G be a graph with 11 or more vertices. Show that either G or G is nonplanar.
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5.47 The thickness of a graph G is defined to be the minimum number of (edge-disjoint) planar
subgraphs into which G can be decomposed. We shall denote the thickness of G by 6(G).

(a) What is the thickness of a planar graph?

(b) What is 0(K5)? 0(Kg)?

(c) Show that for any linear graph with no self-loops G

e
ol
n+17
o[22

Hint: Show that [p/q] = |(p + q — 1)/q] for any positive integers p and q.

(d) Show that




CHAPTER

SIX
TREES AND CUT-SETS

6.1 TREES

We study in this chapter a class of graphs called trees. Consider a group of
boxers contending for the title of heavyweight champion of the world. Suppose
that each boxer has one chance to challenge the reigning champion, and the loser
of any match will be eliminated from contention. Let G = (V, E) be an undirected
graph where the vertices in V represent the boxers and the edges in E represent
the matches. That is, for x and y in V, {x, y} is in E if there was a match between
x and y. For example, let V = {a, b, ¢, d, e, f, g, h, i}. Suppose a was the reigning
champion at the beginning. In the subsequent challenge matches, a beat b, ¢, and
d, and then lost the title to e; e beat f and g, and then lost the title to h; and
finally, h lost the title to i. The graph in Fig. 6.1a shows all the matches that took
place. As another example, consider four gossipy couples {a, 4, b, B, ¢, C, d, D},
where a, b, ¢, d are the husbands and A, B, C, D are, respectively, their wives.
Suppose a calls his wife to tell her some gossip, she then calls the other wives to
spread the gossip, and each of them, in turn, calls her husband about it. The
graph in Fig. 6.1b shows how the gossip was spread where the edges represent the
telephone calls. The graphs in these examples share some common properties,
which we shall identify and study.

We define a tree to be a connected (undirected) graph that contains no simple
circuit. For example, the graphs in Fig. 6.1a and b are trees. A collection of
disjoint trees is called, quite appropriately, a forest. A vertex of degree 1 in a tree
is called a leaf or a terminal node, and a vertex of degree larger than 1 is called a
branch node or an internal node. For example, the vertices b, ¢, d, f, g, and i in

187
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Figure 6.1

Fig. 6.1a are leaves and the vertices a, e, and h are branch nodes. We note first
some properties of trees:

1. There is a unique path between every two vertices in a tree.t
2. The number of vertices is one more than the number of edges in a tree.
3. A tree with two or more vertices has at least two leaves.

Property 1 follows almost directly from the definition of a tree. Because a
tree is a connected graph, there is at least one path between every two vertices.
However, if there were two or more paths between a pair of vertices, there would
be a circuit in the tree. We have thus proved property 1. For the examples in Fig.
6.1a and b we can check this property immediately.

We shall prove property 2 by induction on the number of vertices in the tree.
As the basis of induction, we see that a tree with one vertex contains no edge, and
a tree with two vertices contains one edge. Let there be a tree T with v vertices
and e edges.} Let {a, b} be an edge in T. Suppose we remove the edge {a, b} from
T. We claim that the remaining edges form a forest of two trees. Let ¢ be a vertex
such that the path between a and ¢ in T does not include the edge {a, b}. Then
the path between b and ¢ in T must include the edge {a, b} because, otherwise,
there is a circuit in T. Thus, after the removal of the edge {a, b}, there is a path
between a and ¢ but no path between b and c. Similarly, let d be a vertex such
that the path between a and d in T includes the edge {a, b}. Then the path
between b and d does not include the edge {a, b}. Thus, after the removal of the
edge {a, b}, there is a path between b and d but no path between a and d.
Consequently, the removal of the edge {a, b} divides T into two disjoint trees T’
and T”, where T’ contains a and all the vertices whose paths to a in T do not
contain the edge {a, b} and T” contains b and all the vertices whose paths to b in
T do not contain the edge {a, b}. Since both T’ and T” have at most v — 1
vertices, it follows from the induction hypothesis that

e€=v—1
e!/ = vIV —_ 1
t Throughout this chapter, we shall use the term path to mean elementary path unless specified

otherwise.
1 We shall use v to denote the number of vertices and e the number of edges in a graph.
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where e’ and e” are the numbers of edges and v’ and v” are the numbers of vertices
in T"and T". Thus,

e€+e' =vV+v -2

Since
e=¢ +e +1
v=vV +V
we have
e=v—1

We note that the tree in Fig. 6.1a has nine vertices and eight edges, the tree in
Fig. 6.1b has eight vertices and seven edges.

Property 3 follows from property 2. We recall that the sum of the degrees of
the vertices in any graph is equal to 2e, which is also equal to 2v — 2 in a tree.
Since a tree with more than one vertex cannot have any isolated vertex, there
must be at least two vertices of degree 1 in the tree. Both the examples in Fig. 6.1
have more than two leaves. As an exercise, we ask the reader to characterize all
trees that have exactly two leaves. (See Prob. 6.1.)

We show now some results on the characterization of trees. All of these
characterizations can be considered as equivalent definitions of trees:

1. A graph in which there is a unique path between every pair of vertices is a tree.
2. A connected graph with e = v — 1 is a tree.
3. A graph with e = v — 1 that has no circuit is a tree.

To show characterization 1, we note first that a graph in which there is a
path between every pair of vertices is connected. Moreover, the graph cannot
contain a circuit if these paths are unique, since the existence of a circuit implies
the existence of two distinct paths between a certain pair of vertices. Thus, we can
conclude that a graph in which there is a unique path between every pair of
vertices is a tree.

As an example, consider the spies in a spy ring that is organized so that every
two spies can communicate with each other either directly or through a unique
chain of their colleagues. Let V' be the set of spies and E be a set of edges such
that the edge {a, b} in E means spies a and b can communicate with each other
directly. According to characterization 1, G = (V, E) is a tree.

We now show characterization 2. Let G be a connected graph withe = v — 1.
Suppose G contains a simple circuit C.t Let ¢ denote the number of vertices in C.
Clearly, the number of edges in C is equal to c. Since G is connected, every vertex
of G that is not in C must be connected to the vertices in C. Now each edge of G
that is not in C can connect only one additional vertex to the vertices in C. There

+ If G contains a circuit, G contains a simple circuit.



190 CHAPTER SIX

are v — ¢ vertices that are not in C, so G must contain at least v — ¢ edges that
are not in C. Thus, we must have e = ¢ + (v — ¢) = v, which is a contradiction. It
follows that G does not contain any circuit and is, therefore, a tree.

Consider an example in which someone sends a batch of chain letters to her
friends. Her friends, in turn, send chain letters to their friends who have not
received one before, and so on. Let G = (V, E) be a graph where V is the set of
people who received a chain letter, together with the originator, and E is a set of
edges representing the letters. Since each letter adds one person to the group of
people who received chain letters we have e = v — 1. Furthermore, G is a con-
nected graph because there is only one originator of the letters. Thus, according
to characterization 2, G is a tree.

Let us now show characterization 3. Let G be a graph with e =v — | that
has no circuit. Suppose G is not connected. Let G', G”, ... denote the connected
components of G. Since each of G', G”, ... is connected and has no circuits, they
are all trees. According to property 2 of trees shown in the foregoing, we have

e=v -1

”

e =v -1

where €', ¢”, ... are the numbers of edges and v/, v", ... are the numbers of vertices
in G', G",.... We have

€+e + - =vV—-14+vV -1+ 6.1)
Since
e=¢+e" +"-
V=V 4+ Vv 4
(6.1) implies
e<v—1

which is a contradiction. Thus, G must be connected and is, therefore, a tree.

Consider the example presented earlier of a group of boxers contending for
the heavyweight championship. We want to show that the graph describing the
challenge matches, G, is always a tree for any group of boxers and for any
possible outcomes of the matches. Since each match eliminates exactly one of the
boxers from contention, we have e = v — 1. Suppose we have a circuit in G. Let
(cy, €3, €3, ..., ¢;) denote the sequence of vertices in the circuit. Without loss of
generality, we can assume c, is the loser in the match between ¢, and c,. In that
case, ¢, must be the winner and c; the loser in an earlier match. Similarly, c,
must be the winner and ¢, must be the loser in a match before the match between
c; and c,. Finally, ¢, must be the winner and ¢, must be the loser in a match
before the match between ¢, and c,, which clearly is an impossibility. Thus,
according to characterization 3, G is a tree.
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6.2 ROOTED TREES

A directed graph is said to be a directed tree if it becomes a tree when the
directions of the edges are ignored. For example, Fig. 6.2a shows a directed tree.
A directed tree is called a rooted tree if there is exactly one vertex whose incom-
ing degree is 0 and the incoming degrees of all other vertices are 1. The vertex
with incoming degree 0 is called the root of the rooted tree. For example, Fig.
6.2b shows a rooted tree. In a rooted tree, a vertex whose outgoing degree is 0 is
called a leaf or a terminal node, and a vertex whose outgoing degree is nonzero is
called a branch node or an internal node. There are many occasions when we
encounter structures that can be represented as rooted trees. For example, the
organization chart of a corporation in Fig. 6.3 can be represented immediately by
a rooted tree.

Let a be a branch node in a rooted tree. A vertex b is said to be a sont of a if
there is an edge from a to b. Also, a is said to be the father of b. Two vertices are
said to be brothers if they are sons of the same vertex. A vertex c is said to be a
descendant of a if there is a directed path from a to c. Also, a is said to be an
ancester of c¢. These terms indeed remind us that what we commonly call family
trees are indeed rooted trees.

Let a be a branch node in the tree T. By the subtree with a as the root we
mean the subgraph T' = (V’, E') of T such that V' contains a and all of its
descendants and E’ contains the edges in all directed paths emanating from a. By
a subtree of a we mean a subtree that has a son of a as root.

When we draw a rooted tree, if we consistently follow the convention of

+ In the literature, the terms daughter and child were also used. We shall not constantly worry
about the question of sex discrimination.

(a)

(b) (¢)
Figure 6.2
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President
Manager General General
Research and Manager Manager
Development Marketing Manufacturing
Assistant Chief Plant
Manager Engineer Superintendent
Marketing
Advertising Il))omestic International
. ivision Division
Supervisor Manager Manager
Figure 6.3

placing the sons of a branch node below it, the arrowheads of the edges may be
omitted, because they will be understood to be pointing downward. Figure 6.2¢
shows an example.

Consider the rooted tree in Fig. 6.4a which is the family tree of a man who
has two sons, with the older son having no children and the younger son having
three. Although the rooted tree in Fig. 6.4b is isomorphic to that in Fig. 6.4a, it

(a) (b

()
Figure 6.4
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he  Adjective Noun A Adjective \N\oun
Little Girl Red Dress

Figure 6.5

could be the family tree of another man whose older son has three children and
whose younger son has none. This example motivates the definition of an ordered
tree, which allows us to refer to each subtree of a branch node in an unam-
biguous way. An ordered tree is a rooted tree with the edges incident from each
branch node labeled with integers 1, 2, ..., i, ....T Consequently, the subtrees of a
branch node can be referred to as the first, second, ..., and ith subtrees of the
branch node corresponding to the labels of the edges incident from it. (Note that
we do not insist that the labels be consecutive integers. Thus, for example, if the
three edges incident from a branch node are labeled 1, 2, 5, we shall say that the
node has no third or fourth subtree.) For example, the rooted trees in Fig. 6.4a
and b are labeled as shown in Fig. 6.4c. Two ordered trees are said to be
isomorphic if there is one-to-one correspondence between their vertices and edges
that preserves the incidence relation and if the labels of corresponding edges
match. Thus, the two ordered trees in Fig. 6.4c are not isomorphic. An ordered
tree in which every branch node has at most m sons is called an m-ary tree.f An
m-ary tree is said to be regular if every one of its branch nodes has exactly m sons.
An important class of m-ary trees is binary trees. For binary trees, instead of
referring to the first subtree or the second subtree of a branch node, we often refer
to the left subtree or the right subtree of the node.

t Such labels can be implicit when they are obvious from the way the tree was defined or the way
the tree was drawn.
} Clearly, a corresponding notion can be defined for all rooted trees.
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The reader probably has seen how the structure of a sentence can be dia-
grammed as an ordered tree. Figure 6.5 shows an example. As another example,
we note how an arithmetic expression can be represented as a binary tree. It is
clear that simple expressions such as a + b and ¢ * d * e can be represented as
shown in Fig. 6.6a and b, where the operands appear in the leaves and the
operators appear in the branch nodes of the ordered trees. Note that parentheses
are no longer needed when an arithmetic expression is represented as a binary
tree. For example, the arithmetic expression (((@ + b * ¢) xd — e)/(f + g))
+ h * i * j is represented as shown in Fig. 6.6¢.

6.3 PATH LENGTHS IN ROOTED TREES

Consider the problem of determining the number of games played in a single-
elimination tennis tournament.t Suppose there are eight players in the tourna-
ment. There will be four games to be played in the first round, two games to be
played in the second round, and one game to be played in the final round, for a
total of seven games. The problem seems to become more complicated when
there is an odd number of players, say 11, in the tournament. In this case, there
will be five games in the first round (one of the players draws a bye), three games
in the second round, one game in the third round (one of the three players
remaining after the second round draws a bye), and one game in the final round
for a total of 10 games. There is, however, a more direct way to determine the
result. If we examine the schedule of a single-elimination tournament such as that
shown in Fig. 6.7, we realize immediatety that it is exactly a regular binary tree in
which the leaves represent the players in the tournament and the branch nodes
represent the winners of the matches or, equivalently, the matches played in the

t A single-elimination tournament is one in which a player will be eliminated after one loss.
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Second-round winners

First-round winners
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1 2 3 4 S 6 7 8

Figure 6.7

tournament. Conversely, we see that any regular binary tree can be viewed as the
schedule of a single-elimination tournament.t We thus would like to know the
relationship between i, the number of branch nodes, and ¢, the number of leaves,
of a regular binary tree. Since in a single-elimination tournament each game
played eliminates a player, and at the end of the tournament, all players but the
champion are eliminated, the number of games played is one less than the
number of players in the tournament. Consequently, we have

i=t—1

The result can be extended immediately to the case of regular m-ary trees.
Imagine a certain kind of m-player game that has only one winner. In that case,
any regular m-ary tree can be viewed as a schedule for a single-elimination
tournament. Again, since every game played eliminates m — 1 players and only
the champion remains at the end of the tournament, we have}

- m—1i=t—1 (6.2)

We consider some examples:

Example 6.1 Consider the problem of connecting 19 lamps to a single elec-
tric outlet by using extension cords each of which has four outlets. Since any
such connection is a quaternary tree with the single outlet connected to the
root of the tree, according to (6.2),

4-1i=19-1

That is, although there are many ways to connect the lights, six extension
cords are always needed. O

t By a single-elimination tournament, we only mean a tournament in which a player will be
eliminated after one loss. We do not insist that every player plays in the first round, for example.

1 As an alternative proof, we note that mi is the total number of sons of the branch nodes, which
is equal to the number of branch nodes and terminal nodes minus one (the root).
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Figure 6.8

Example 6.2 Let us consider a hypothetical computer that has an instruction
which computes the sum of three numbers. Suppose we want to find the sum
of nine numbers, x,, x,, ..., Xg. We realize that any sequence of execution of
this instruction to obtain the result is a regular ternary tree with nine leaves.
Figure 6.8a and b shows two possible sequences. According to (6.2),

B-1Di=9-1
It follows that
i=4
That is, the addition instruction will always be executed four times. g

There is another aspect of the problem in Example 6.2 that we wish to
explore. It is clear that two different ternary trees with nine leaves correspond to
different orders in which the nine numbers are added, as illustrated in Fig. 6.8a
and b. Although it is always the case that it takes at least four addition oper-
ations to compute the sum x; + x, + -+ + X, the possibility of computing
some partial sums concurrently (such as in the case of a multiprocessor comput-
ing system) makes one sequence superior to another. For example, the sequence
of additions shown in Fig. 6.8a can be carried out in two steps, where in each step
we compute all partial sums that can be computed concurrently. On the other
hand, it takes four steps to carry out the sequence of additions shown in Fig. 6.8b.
The path length of a vertex in a rooted tree is defined to be the number of edges
in the path from the root to the vertex. For example, the path length of vertex x,
in Fig. 6.8b is 4, and that of vertex x is 3. We define the height of a tree to be the
maximum of the path lengths in the tree. It is clear that an m-ary tree of height h
has at most m" leaves corresponding to the case shown in Fig. 6.8a. On the other
hand, a regular m-ary tree of height h has at least m + (m — 1)}h — 1) leaves
corresponding to the case shown in Fig. 6.8b.
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Let I denote the sum of the path lengths of all the branch nodes and E
denote the sum of the path lengths of the leaves in a rooted tree. We shall show
that for a regular binary tree E = I + 2i, where i is the number of branch nodes.
Consider an edge (x, y) in a regular binary tree T. The edge (x, y) is included in
the computation of the path lengths of all the branch nodes and leaves of T in
the subtree with y as its root. Since there is exactly one more leaf than branch
node in the subtree this edge is counted one more time in the computation of E
than in the computation of I. Repeating this argument for all edges in the binary
tree, we obtain

E = I + number of edges in the binary tree
=1+2i

We leave it to the reader to carry out the obvious extension to show that, for
a regular m-ary tree,

E=(m-— 1+ mi

6.4 PREFIX CODES

We present now more examples on the concept of path lengths in rooted trees.
Consider a problem in telecommunication in which we want to represent the
letters in the English alphabet by sequences of Os and 1s (or equivalently by
sequences of dashes and dots). Since the 26 letters in the alphabet must be
represented by distinct sequences of Os and 1s, they can be represented by
sequences of length 5 (2* < 26 < 2°). To send a message, we simply transmit a
long string of Os and 1s containing the sequences for the letters in the message. At
the receiving end, this string of Os and 1s will be divided into sequences of length
5 and the corresponding letters can be recognized.

It is well known, however, that the letters in the alphabet are not used with
uniform frequencies. For example, the letters e and t are used more frequently
than the letters g and z. Consequently, one might wish to represent more fre-
quently used letters with shorter sequences and less frequently used letters with
longer sequences so that the overall length of the string will be reduced. An
interesting problem arises: When we represent the letters by sequences of various
lengths, there is the question of how one at the receiving end can unambiguously
divide a long string of Os and 1s into sequences corresponding to the letters. For
example, if we use the sequence 00 to represent the letter e, 01 to represent the
letter ¢, and 0001 to represent the letter w, we will not be able to determine
whether the transmitted text was et or w when we receive the string 0001 at the
receiving end. A set of sequences is said to be a prefix code if no sequence in the
set is a prefix of another sequence in the set. For example, the set {000, 001, 01,
10, 11} is a prefix code, whereas the set {1, 00, 01, 000, 0001} is not. We shall
show that if we represent the letters in the alphabet by the sequences in a prefix
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(1]
Figure 6.9

code, it will always be possible to divide a received string into sequences rep-
resenting the letters in a message unambiguously.

We note first that we can obtain a binary prefix code directly from a binary
tree. For a given binary tree, we label the two edges incident from each branch
node with 0 and 1. Let us assign to each leaf a sequence of Os and 1s which is the
sequence of labels of the edges in the path from the root to that leaf. For
example, Fig. 6.9 shows a binary tree and the sequences assigned to its leaves.
which we enclose in boxes for clarity. It is clear that the set of sequences assigned
to the leaves in any binary tree is a prefix code.

Conversely, we want to show that corresponding to a prefix code there is a
binary tree, with the two edges incident from each of the branch nodes labeled
with 0 and 1, such that the sequences of Os and 1s assigned to the leaves are the
sequences in the code.t Let h denote the length of the longest sequence(s) in the
prefix code. We construct a full regular binary tree of height h} and label the two
edges incident from each of the branch nodes with 0 and 1. Let us assign toeach
vertex a sequence of Os and 1s that is the sequence of labels of the edges in the
path from the root to the vertex. Clearly, each binary sequence of length less than
or equal to h is assigned to exactly one vertex. Let us mark all the vertices that
are assigned with sequences in the prefix code, and then prune the tree by
removing every vertex, together with the edge incident to it, that does not have a
marked descendant. Since no marked vertex is an ancestor of another marked
vertex, the set of marked vertices will be exactly the set of leaves of the resultant
tree. This is, indeed, the tree we are looking for. As an example, for the prefix
code {1, 01, 000, 001} we obtain the binary tree in Fig. 6.10b by pruning the full
regular binary tree of height 3 in Fig. 6.10a, where the vertices that are assigned
with sequences in the prefix code are boxed.

Finally, we are ready to give a simple argument to show that it is always
possible to divide a received string of Os and 1s into sequences that are in a prefix
code. Starting at the root of the binary tree, we shall trace a downward path in
the tree according to the digits in the received string. That is, at a branch node,

t For an alternative proof, see Prob. 6.11.
1 A full regular binary tree is a regular tree in which all leaves have the same path length (equal to
the height of the tree).
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(a)

Figure 6.10

we shall follow the edge labeled with a 0 if we encounter a 0 in the received
string, and we shall follow the edge labeled with a 1 if we encounter a 1 in the
received string. When the downward path reaches a leaf, we know that a
sequence in the prefix code has been detected, and we should return to the root of
the tree to start looking for the next sequence. Clearly, this procedure guarantees
that there will be no ambiguity in dividing the received string into sequences that
are in the prefix code.

Another interesting problem is to be more precise about the idea of using
short sequences to represent more frequently used letters. To this end, we need
some information on the frequencies of usage of the letters. Indeed, such informa-
tion is available, and Table 6.1 shows the average number of occurrences of the
letters in the English alphabet.t If we use a binary sequence of /; digits to

t See, for example, Zipf [14].

Table 6.1
Number of Number of
occurrences occurrences
Letter in 1000 letters Letter in 1000 letters
a 82 n 71
b 14 o 80
c 28 p 20
d 38 q 1
e 131 r 68
f 29 s 61
g 20 t 105
h 53 u 25
i 63 v 9
j 1 w 15
k 4 X 2
1 34 y 20
m 25 z 1
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represent the ith letter in the alphabet, the average length of the binary string that
represents an English text of 1000 letters will be Y 2%, w;l;, where w; is the
average number of occurrences of the ith letter in 1000 letters.

Our discussion leads us to the following problem: Suppose we are given a set
of weights w,, w,, ..., w,. Without loss of generality, let us assume w;, S w, <
-+ < w,. A binary tree that has ¢ leaves with the weights w,, w,, ..., w, assigned
to the leaves is said to be a binary tree for the weights w;, w,, ..., w,. We define
the weight of a binary tree for the weights w, w,, ..., w, to be ) {_; w;l(w,), where
I(w;) is the path length of the leaf to which the weight w; is assigned. The weight of
a tree T shall be denoted W(T). A binary tree for the weights w,, w,, ..., w, is
said to be an optimal tree if its weight is minimum. For example, given the
weights 5, 6, 7, 12, Fig. 6.11a shows an optimal tree. (We ask the reader to check
that the tree in Fig. 6.11b is inferior.)

There is a very elegant procedure due to D. A. Huffman [6] for constructing
an optimal tree for a given set of weights. The key observation that leads to the
construction procedure is that we can obtain an optimal tree for the weights w,,
Wy, ..., W,, from an optimal tree T’ for the weights w, + w,, w3, ws, ..., w,.T
Specifically, we claim that replacing the leaf in T’ to which the weight w, + w, is
assigned by the subtree shown in Fig. 6.12 will yield an optimal tree for the
weights w,, w,, ..., w,. For example, suppose we want to construct an optimal
tree for the weights 3, 4, 5, 6, 12. Since we know the tree in Fig. 6.11a is an
optimal tree for the weights 5, 6, 7, 12, we obtain the tree in Fig. 6.13 as an
optimal tree for the weights 3, 4, 5, 6, 12. To prove our claim, we want to show

t Note that the weights w, + w,, wy, w,,..., w, might no longer be in increasing order.
g 1 2> W3 g g

Wi wy  Figure 6.12
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first that there is an optimal tree for the weights w;, w,, ..., w, in which the
leaves to which w, and w, are assigned are brothers. Suppose we have an optimal
tree for the weights w;, w,, ..., w,. Let a be a branch node of largest path length
in the tree. Suppose the weights assigned to the sons of a are w, and w,. Thus,
Iw,) = l(w,) and l(w,) = l(w,). On the other hand, since the tree is optimal we
must have [(w,) < l(w,) and l(w,) < l(w,). [If I(w,) > l(w,), interchanging the
assignment of w, and w, will yield a tree of similar weight, which is a contradic-
tion. The same argument applies if I(w,) > l(w,).] Consequently, we have [(w,) =
I(w,) = l(w,) = [(w,). Interchanging the assignment of w,, w, with that of w,, w,,
we obtain an optimal tree in which the leaves to which w, and w, are assigned
are brothers.

Let T denote an optimal tree for the weights w,, w,, ..., w, in which the
leaves to which w, and w, are assigned are brothers. Replace the subtree in T
that contains these two leaves and their father by a leaf, and assign to this new
leaf the weight w, + w,. Let T’ denote this resultant tree, which is a binary tree
for the weights w, + w,, w;, ..., w,. Clearly,

Figure 6.13

W(T) = W(T") + w, + w,

Let T’ be an optimal tree for the weights w; + w,, wy, ..., w,. Let T be the tree
obtained from T" by replacing the leaf in T’ to which w, + w, is assigned by the
subtree shown in Fig. 6.12. We have

W(T) = W(T') + w, + w,

If W(T) > W(T), then W(T’) > W(T"), which is a contradiction because T’ is an
optimal tree for the weights w, + w,, ws, ..., w,. Consequently, T is an optimal
tree for the weights wy, w,, ..., w,.

According to our observation, the problem of constructing an optimal tree
for t weights can be reduced to that of constructing one for ¢t — 1 weights, which
can be reduced to that of constructing one for ¢ — 2 weights, and so on. Since the
problem of constructing an optimal tree for two weights is a trivial one, the
problem of constructing an optimal tree for ¢ weights is solved. For example, for
the weights 3, 4, 5, 6, and 12, Fig. 6.14 shows the step-by-step construction
according to Huffman’s procedure.
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6.5 BINARY SEARCH TREES

Suppose a friend of ours has picked a number between 1 and 99 and we want to
determine what this number is by asking questions of the form, “Is the number
37?” Our friend will respond by telling us the number is indeed 37, or the number
is smaller than 37, or the number is larger than 37. Although we can determine
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the number our friend has picked by asking the sequence of questions, “Is the
number 1?7, “Is the number 27?7, “Is the number 3?77, ..., “Is the number 9977,
most of us would employ the following strategy. We begin with the question, “Is
the number 50?” If we are told that the number is indeed 50, we are done. If we
are told that the number is less than 50, we have narrowed down the range
containing the number to 1 through 49. If we are told that the number is larger
than 50, we have narrowed down the range containing the number to 51 through
99. Accordingly, if the number lies between 1 and 49, our next question is, “Is the
number 25?”; and if the number lies between 51 and 99, our next question is, “Is
the number 75?7 It is abundantly clear that our strategy is to ask a sequence of
questions so that our friend’s answer to each question will enable us either to
determine the number he or she has picked or to reduce the range containing the
number to half of what it was before. We trust that the reader would agree that
this is a good strategy.

We present two more examples before we go on. Suppose that the records of
the employees of a company are arranged according to social security numbers.
An important problem is to design a procedure to search for the record of an
employee, given her social security number. A similar problem is to find a
person’s telephone number in a telephone directory or to determine that the
number is not listed. Clearly, the strategy in the example in the preceding para-
graph can be readily applied to these cases.

Let us now formulate precisely the problem of searching for an item in an
ordered list. We assume that we are dealing with items over which there is a
linear ordering, <. In practical examples, the linear ordering can be numerical,
alphabetical, alphanumeric, and so on. Let K, K,, ..., K, be the n items in an
ordered list which are known as the keys. Assume that K; < K, <''- < K,,.
Given an item x, our problem is to search the keys and determine whether x is
equal to one of the keys or whether x falls between keys K; and K;,, for some i.
We note first that the search has 2n + 1 possible outcomes, namely, x is less than
K,, x is equal to K, x is larger than K, but less than K,, x is equal to K,, and
so on.

A search procedure consists of a sequence of comparisons between x and the
keys where each comparison of x with a key tells us whether x is equal to, less
than, or larger than that key.f We show now how we can describe a search
procedure using a binary-tree representation. We define a search tree for the keys
K, K,, ..., K, to be a binary tree with n branch nodes and n + 1 leaves. The
branch nodes are labeled K, K,, ..., K,, and the leaves are labeled K,, K, K,,

., K,,1 such that, for the branch node with the label K, its left subtree contains
only vertices with labels K, j < i, and its right subtree contains only vertices with
labels K, j = i. For example, Fig. 6.15 shows a search tree for the keys K, K,

+ Suppose we compare x with K; and find out that x is less than K;. A subsequent step to
compare x with K; for j > i would be totally wasteful. We assume the search procedures considered
do not contain any such wasteful steps.

1 The meaning of the label K, will become clear later on.
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Figure 6.15

K;, K, where, for clarity, we use circles to denote branch nodes and squares to
denote leaves. We note immediately that a search tree corresponds to a search
procedure: Starting with the root of the search tree, we compare a given item x
with the label of the root K;. If x is equal to K;, the search is completed. If x is
less than K; we shall compare x with the left son of the root, and if x is larger
than K; we shall compare x with the right son of the root.t Such comparison
continues for successive branch nodes until either x matches a key or a leaf is
reached. Clearly, if a leaf labeled K is reached, it means that x is larger than the
key K; but less than the key K ;. (If the leaf labeled K, is reached, it means that
x is less than K. If the leaf labeled K, is reached, it means that x is larger than
K,.) For example, let AB, CF, EG, PP be the keys K,, K,, K5, K, in the search
tree in Fig. 6.15. Given the item BB, the search steps according to Fig. 6.15 will
be:

1. Compare BB with K, which is EG.

2. Since BB is less than EG, compare BB with K, which is AB.

3. Since BB is larger than AB, compare BB with K, , which is CF.
4. Since BB is less than CF, the leaf labeled K, is reached.

Thus, we conclude that the item BB is larger than AB and less than CF.

One obvious criterion for measuring the effectiveness of a search procedure is
the maximum number of comparisons the procedure carries out in the worst case,
that is, the height of the corresponding search tree. Consequently, for a given set

t In a binary tree, the left (right) son of a branch node is the root of the left (right) subtree of the
node.
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of n keys a search tree whose height is [lg (n + 1)] will correspond to a best-
possible search procedure. On the other hand, since there always exists a binary
search tree of height [lg (n + 1)] for any n,¥ the problem of designing a best-
possible search procedure according to this criterion is not a difficult one.

In general, the outcomes of our searches might occur in different frequencies.
For example, in the problem of guessing the number a friend of ours has picked,
if we know that it is more likely that he or she picks a number less than 20 than a
number larger than or equal to 20, we might want to reconsider our strategy in

asking the questions. To be specific, suppose we are given u,, u,, ..., u, as the
frequencies of occurrences, say out of 1000 searches, of the outcomes that a given
item is equal to K,, K,, ..., K,, and are given wy, w,, w,, ..., w, as the

frequencies of occurrences of the outcomes that a given item is less than K, is
larger than K, but less than K,, ..., is larger than K,,. For a given search tree for
the keys K, K,, ..., K,,, the total number of comparisons in 1000 searches will
equal

Y wllK)+ 11+ Y w;l'(K) (6.3)
Jj=1 j=0

where I[(K)) is the path length of the branch node that is labeled K; and I'(K)) is
the path length of the leaf that is labeled K ; in the search tree. Note that (K ;) + 1
is the number of comparisons carried out by the search procedure if the given
item is equal to K;, and I'(K}) is the number of comparisons carried out by the
search procedure if the given item is larger than K; and less than K, ;.

The problem of constructing a search tree to minimize the quantity in (6.3)
for given uy, u,, ..., u,, wy, wy, w,, ..., w, was studied in Knuth [9]. A variation
of the problem was studied in Hu and Tucker [5] and Hu [4]. To go into the
details of their results will be beyond our scope of discussion. The interested
reader is referred to these papers as well as chap. 6 of Knuth [8].

6.6 SPANNING TREES AND CUT-SETS

Let G be a connected graph where the vertices represent the buildings in a
factory, and the edges represent connecting tunnels between the buildings. One
might wish to determine a subset of tunnels which should be kept open all the
time so that we can reach one building from another through these tunnels. One
might also wish to determine the subsets of tunnels whose blockage will separate
some of the buildings from the others. We study in this section the concepts of
subsets of connecting edges and subsets of disconnecting edges in a graph.

A tree of a graph is a subgraph of the graph which is a tree. A spanning tree of
a connected graph is a spanning subgraph of the graph which is a tree. For
example, Fig. 6.16b shows a tree and Fig. 6.16c shows a spanning tree of the

+ See Prob. 6.15.
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(a) (b) (¢) Figure 6.16

graph in Fig. 6.16a. A branch of a tree is an edge of the graph that is in the tree. A
chord, or a link, of a tree is an edge of the graph that is not in the tree. The set of
the chords of a tree is referred to as the complement of the tree.

We observe that a connected graph always contains a spanning tree. Suppose
we are given a connected graph. If the graph does not contain any circuit, then it
is a tree. If the graph contains one or more circuits, we can remove an edge from
one of the circuits and still have a connected subgraph. Such removal of edges
from circuits can be repeated until we have a spanning tree. It follows imme-
diately from this argument that a spanning tree is a minimal connecting
subgrapht of a connected graph in the sense that from a connecting subgraph
which is not a spanning tree, one or more of its edges can be removed so that the
resultant graph is still a connecting subgraph, and, on the other hand, no edge
can be removed from a spanning tree so that the resultant subgraph is still a
connecting subgraph. In the example of buildings connected by tunnels, if we
keep the tunnels corresponding to the edges in a spanning tree open, we are
assured that we can reach from one building to another through these tunnels.
Moreover, this would be a minimal set of tunnels that must be kept open.

For a connected graph with e edges and v vertices, there are v — 1 branches
in any spanning tree. It follows that, relative to any spanning tree, there are
e — v + 1 chords.

A cut-set is a (minimal) set of edges in a graph such that the removal of the
set will increase the number of connected components in the remaining subgraph,
whereas the removal of any proper subset of it will not. It follows that in a
connected graph, the removal of a cut-set will separate the graph into two parts.
This suggests an alternative way of defining a cut-set. Let the vertices in a
connected component of a graph be divided into two subsets such that every two
vertices in each subset are connected by a path that meets only vertices in that
subset. Then, the set of edges joining the vertices in the two subsets is a cut-set.
As an example, for the graph in Fig. 6.17a, the set of edges {e,, es, e, €;, €4} is a
cut-set, since its removal will leave an unconnected subgraph as shown in Fig.
6.17b, while the removal of any of its proper subsets will not. Also, this is the set
of edges that join the vertices in the two subsets {v,, vs} and {v,, v;, v,}. Figure
6.17a is redrawn as Fig. 6.17c to emphasize such a division of vertices. In the
example of the buildings connected by tunnels, if the tunnels corresponding to the

t A connecting subgraph of a graph is a spanning subgraph that is connected.
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Figure 6.17

edges in a cut-set are blocked, then the buildings will be separated into two
clusters with no passage from a building in one cluster to a building in another.

The concepts of spanning trees, circuits, and cut-sets are closely related.
Because a spanning tree contains a unique path between any two vertices in the
graph, the addition of a chord to the spanning tree yields a subgraph that
contains exactly one circuit. Suppose that the chord {v,, v,} is added to a span-
ning tree. Because the spanning tree contains a path between v, and v,, this path
together with the edge {v,, v,} form a circuit in the graph. On the other hand, if
the addition of the chord {v,, v,} yields two or more circuits, there must be two
or more paths between v, and v, in the spanning tree, which is clearly impossible.
For a given spanning tree, a unique circuit can be obtained by adding to the
spanning tree each of the chords. The set of e — v + 1 circuits obtained in this
way is called the fundamental system of circuits relative to the spanning tree. A
circuit in the fundamental system is called a fundamental circuit. Since a funda-
mental circuit contains exactly one chord of the spanning tree, it is referred to as
the fundamental circuit corresponding to the chord. For example, for the graph
in Fig. 6.17a and the spanning tree in Fig. 6.17d, the fundamental circuit corre-
sponding to the chord e, is the circuit {e,, e,, ¢, eg}, and the other fundamental
circuits are {es, e,, ec}, {€s, €, €6, €3}, and {e;, e, €3}.

Since the removal of any branch from a spanning tree breaks the spanning
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tree up into two trees (either or both of which may consist of a single vertex), we
say that corresponding to a branch in a spanning tree there is a division of the
vertices in the graph into two subsets corresponding to the vertices in the two
trees. It follows that for every branch in a spanning tree there is a corresponding
cut-set. For example, for the graph in Fig. 6.17a, the removal of the branch e;
from the spanning tree in Fig. 6.17d divides the vertices into the two subsets {v,,
vy, vy, vs} and {v,}. The corresponding cut-set is {e;, e;, e,}. For a given
spanning tree, the set of the v — 1 cut-sets corresponding to the v — 1 branches of
the spanning tree is called the fundamental system of cut-sets relative to the
spanning tree. A cut-set in the fundamental system of cut-sets is called a funda-
mental cut-set. Since a fundamental cut-set contains exactly one tree branch, it is
referred to as the fundamental cut-set corresponding to the branch. For the graph
in Fig. 6.17a and the spanning tree in Fig. 6.17d the fundamental cut-sets are {e,,
es, ey}, {ey, eg, 4}, {€y, s, €6, €, e,},and {e,, e;, e3}.

We now present some of the properties of circuits and cut-sets. Unless other-
wise stated, our discussion will be limited to connected graphs, since its extension
to unconnected graphs is straightforward.

Theorem 6.1 A circuit and the complement of any spanning tree must have
at least one edge in common.

Proor If there is a circuit that has no common edge with the complement of
a spanning tree, the circuit is contained in the spanning tree. However, this is
impossible as a tree cannot contain a circuit. O

Theorem 6.2 A cut-set and any spanning tree must have at least one edge in
common.

ProoF If there is a cut-set that has no common edge with a spanning tree,
the removal of the cut-set will leave the spanning tree intact. However, this
means that the removal of the cut-set will not separate the graph into two
components, which is in contradiction to the definition of a cut-set. O

Theorem 6.3 Every circuit has an even number of edges in common with
every cut-set.

Proor Corresponding to a cut-set, there is a division of the vertices of the
graph into two subsets, which are the two sets of vertices in the two com-
ponents of the graph when the edges in the cut-set are removed. Therefore, a
path connecting two vertices in one subset must traverse the edges in the
cut-set an even number of times, as illustrated in Fig. 6.18. (The edges in the
circuit are drawn in heavy lines.) Since a circuit is a path from some vertex to
itself, the theorem follows. a

The following results point out a close relationship between the fundamental
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system of circuits and the fundamental system of cut-sets relative to a spanning
tree:

Theorem 6.4 For a given spanning tree, let D = {e,, e,, e3, ..., ¢} be a
fundamental cut-set in which e, is a branch and e,, e,, ..., ¢, are chords of
the spanning tree. Then, e, is contained in the fundamental circuits corre-
sponding to e; for i = 2, 3, ..., k. Moreover, e, is not contained in any other
fundamental circuits.

Proor Let C be the fundamental circuit corresponding to the chord e, . Note
that e, is in both C and D. Since C and D have an even number of edges in
common and e, is the only other edge that can possibly be in both C and D,}
e, must be contained in C. A similar argument can be applied to the funda-
mental circuits corresponding to the chords e;, e4, ..., e,. On the other
hand, let C’ be the fundamental circuit corresponding to any chord not in D.
C’ cannot contain e,, because otherwise, C' and D will have e, as the only
common edge. O

Similarly we have:

Theorem 6.5 For a given spanning tree, let C = {e,, e,, e3, ..., ¢,} be a
fundamental circuit in which e, is a chord and e,, e;, ..., e, are branches of
the spanning tree. Then, e, is contained in the fundamental cut-sets corre-
sponding to e; for i = 2, 3, ..., k. Moreover, e, is not contained in any other
fundamental cut-set.

We leave the proof of Theorem 6.5 as an exercise (Prob. 6.21), since it is quite

similar to that of Theorem 6.4.

+ All the edges in C with the exception of e, are branches, and all the edges in D with the

exception of e, are chords.
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6.7 MINIMUM SPANNING TREES

For a given graph, one might want to determine a spanning tree of the graph. We
consider here the more general problem of determining a minimum spanning tree
of a weighted graph where real numbers are assigned to the edges as their
weights. The weight of a spanning tree is defined to be the sum of the weights of
the branches of the tree. A minimum spanning tree is one with minimum weight.
An obvious physical interpretation of this problem is to consider the vertices of a
graph as cities and the weights of the edges as the costs of setting up and
maintaining communication links between the cities. Suppose we want to set up a
communication network connecting all cities at minimum cost. The problem is
then that of determining a minimum spanning tree. We present two simple algo-
rithms that do so.

Our first procedure is based on the observation that among all edges in a
circuit, the edge with the largest weight is not in a minimum spanning tree.t Let
C be a circuit in a weighted graph, and e be the edge of the largest weight in C.
Suppose that e is a branch of a spanning tree T. Let D denote the fundamental
cut-set corresponding to the branch e. Since the circuit C and the cut-set D must
have an even number of edges in common, besides the edge e there must be at
least one more edge that is in both C and D. Let f be one such edge. Note that f
is a chord of the spanning tree T because D is a fundamental cut-set. Let us add
the edge f to the spanning tree T and denote the resultant subgraph U. Clearly,
U is a spanning subgraph containing exactly one circuit, the fundamental circuit
corresponding to f. According to Theorem 6.4, e is contained in the fundamental
circuit corresponding to f. Removing e from U, we obtain a spanning tree whose
weight is smaller than that of T. '

Our observation suggests a procedure to determine a minimum spanning tree
of a connected weighted graph. We shall construct a subgraph of the weighted
graph in a step-by-step manner, examining the edges one at a time in increasing
ordering of weights. An edge will be added to the partially constructed subgraph
if its inclusion does not yield a circuit, and will be discarded otherwise. The
construction terminates when all the edges have been examined. It is clear that
our construction yields a subgraph that contains no circuit. We note that the
subgraph is also connected since, for an edge {a, b} in the original graph, either
the edge {a, b} is included in the subgraph or there is a path between a and b in
the subgraph. Thus, the subgraph we have constructed is a tree. Moreover, it is a
spanning tree because the original graph is connected. Finally, the spanning tree
is minimum because in the construction procedure an edge was excluded in favor
of edges of larger weights only if the excluded edge is known to be one that
cannot be in a minimum spanning tree. In other words, the v — 1 edges in the

+ To simplify the presentation, we assume that the weights of the edges are distinct. In the case
that the weights of the edges are not all distinct, this result should be stated in a more general form:
Among all edges in a circuit, an edge with largest weight is not contained in some minimum spanning
tree.
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subgraph are indeed v — 1 edges of the smallest weights that can be included in a
minimum spanning tree.

As an example, a minimum spanning tree for the weighted graph in Fig.
6.19a is shown in Fig. 6.19b. Note how the edges with weight 4 and weight 7 are
excluded in the step-by-step construction.

A second procedure for constructing a minimum spanning tree is based on
the observation that among all edges incident with a vertex, the edge with the
smallest weight must be in a minimum spanning tree.} Let v, be a vertex and
{vy, v,} be the edge with the smallest weight among all edges incident with v,.
Let T be a spanning tree not containing the edge {v, v,}. Let us add the edge
{vy, v,} to T and denote the resultant subgraph U. Note that U contains exactly
one circuit, the fundamental circuit corresponding to the chord {v,, v,}. This
circuit is made up of the edge {v,, v,} and the path from v, to v, in T. Let (v,,
Uiy, Uiy -5 Uy, U3) denote the sequence of vertices in that path. We observe that
removing the edge {v,, v;,} from U yields a spanning tree whose weight is smaller
than that of T.

Let G = (V, E) be a graph, and v, and v, be two vertices in V. We introduce
the notion of obtaining a graph G’ from G by coalescing the vertices v, and v,.
Intuitively, G’ is a graph obtained from G by combining the vertices v, and v,
into one “supervertex ” and retaining all the edges in G. For example, Fig. 6.20b
shows a graph obtained from the graph in Fig. 6.20a by coalescing the vertices v,
and v,. Because G and G’ are, in general, multigraphs, we shall identify the edges
in E by edge names, such as e, and e,, instead of the vertices with which they are
incident. Let G’ = (V’, E’) such that V' contains all the vertices in V except that
the vertices v, and v, are removed and a new vertex v* is introduced, and E’
contains all the edges in E except that, if an edge was incident with v, or v, in G,
it is incident with v* in G".f We have the following observation: Let e be an edge
with smallest weight that is not a self-loop in G. Let G’ be the graph obtained

(b) Figure 6.19

+ Again, we assume that the weights of the edges are distinct. In the case that the weights of the
edges are not all distinct, this result should be stated in a more general form: Among all edges
incident with a vertex, an edge with smallest weight is contained in some minimum spanning tree.

1 An edge between v, and v, becomes a self-loop at v*. (For the purpose of constructing a
minimum spanning tree, we could choose to remove all self-loops in G'. However, we do not do so
because we do not wish to deviate from the standard definition of coalescing two vertices in a graph.)
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from G be coalescing the vertices v, and v, with which the edge e is incident in G,
and T’ be a minimum spanning tree of G'. Let T denote a subgraph of G
consisting of all the edges in T’ together with the edge e. We want to show that T
is a minimum spanning tree of G. First of all, we note that T is indeed a spanning
tree of G. Secondly, we have

W(T) = W(T’) + w(e)

where w(e) denotes the weight of edge e, and W(T) and W(T") denote the sum of
the weights of the edges in T and T’, respectively. Finally, if T were not a
minimum spanning tree of G, there exists a minimum spanning tree of G, T,
which contains the edge e such that

w(T) < W(T)
Let 7" denote the tree obtained from T by coalescing the vertices v, and v, and
removing the edge e. Clearly, T" is a spanning tree of G'. Since

W(T) = W(T") + w(e)
we obtain
W(T") < W(T")

which is a contradiction of the assumption that 7" is a minimum spanning tree of
the graph G'.

Our observations suggest immediately another procedure for determining a
minimum spanning tree in a connected weighted graph. Let {v,, v,} be the edge
of the smallest weight in a graph G. Since {v,, v,} must be included in a
minimum spanning tree of G, we can coalesce the two vertices v, and v, to obtain
the graph G', and then try to determine a minimum spanning tree of G'. The step
can then be repeated until we terminate with a graph that has a single vertex.

As an example, for the weighted graph in Fig. 6.19a, several steps of the
construction are shown in Fig. 6.21a through d. Note how the edges with weights
4 and 7 are excluded in the step-by-step construction.
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*6.8 TRANSPORT NETWORKS

A weighted directed graph is said to be a transport network if the following
conditions are satisfied:

1. It is connected and contains no loops.

2. There is one and only one vertex in the graph that has no incoming edge.
3. There is one and only one vertex in the graph that has no outgoing edge.
4. The weight of each edge is a nonnegative real number.

In a transport network, the vertex that has no incoming edge is called the
source and is denoted by a; the vertex that has no outgoing edge is called the sink
and is denoted by z. The weight of an edge is called the capacity of the edge. The
capacity of the edge (i, j) is denoted by w(i, j).

Clearly, a transport network represents a general model for the transporta-
tion of material from the origin of supply to the destination through shipping
routes, where there are upper limits on the amount of material that can be
shipped through the routes. Figure 6.22a shows an example of a transport
network.
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A flow in a transport network, ¢, is an assignment of a nonnegative number
(i, j) to each edge (i, j) such that the following conditions are satisfied:

1. ¢(, j) < w(i, j) for each edge (i, j).
2. Y i 90, ) = Yanx #U, k) for each vertex j except the source a and the sink z.t

In terms of the transportation of material, ¢(i, j) is the amount of material to
be shipped through the route (i, j). Condition 1 means that the amount of
material to be shipped through a route cannot exceed the capacity of the route.
Condition 2 means that, except at the source and at the sink, the amount of
material flowing into a vertex must equal the amount of material flowing out of
the vertex. For example, Fig. 6.22b shows a flow in the transport network in Fig.
6.22a. The first number associated with an edge is the capacity of the edge, and
the second number associated with an edge is the flow in the edge. The quantity
Y ani ¢(a, i) is said to be the value of the flow ¢ and is denoted by ¢, . Intuitively,
it is clear that

b= 2 dla, )= ) ¢k 2)
all i allk
that is, the total outgoing flow at the source is equal to the total incoming flow at
the sink. This result is proved rigorously in the proof of Theorem 6.6. For a given
flow, an edge (i, j) is said to be saturated if ¢(i, j) = w(i, j), and is said to be
unsaturated if ¢(i, j) < w(i, j). A maximum flow in a transport network is a flow
that achieves the largest possible value. It is conceivable that there might be more
than one maximum flow in a transport network. In other words, there might be a
number of different flows, all of which attain the largest possible value.

One frequently wants to determine the largest amount of material that can be
shipped from the source to the sink of a given transport network. Moreover, it is
desirable to have an algorithm for constructing a flow in the network that
achieves the largest possible value. We shall present an algorithm for doing so.
To this end, let us introduce first some useful concepts and results.

A cut in a transport network is a cut-set of the undirected graph, obtained
from the transport network by ignoring the direction of the edges, that separates

t We define ¢(x, y) to be zero if there is no edge from x to y.
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~N —
(P.P) Figure 6.23

the source from the sink. The notation (P, P) is used to denote a cut that divides
the vertices into two subsets P and P, where the subset P contains the source and
the subset P contains the sink. The capacity of a cut, denoted by w(P, P), is
defined to be the sum of the capacities of those edges incident from the vertices in
P to the vertices in P; that is,
W(P’ F) = Z AW(l',j)
ieP,jeP

For example, the dashed line in Fig. 6.23 identifies a cut that separates the subset
of vertices P = {a, d} from the subset of vertices P = {b, ¢, z}. The capacity of
this cut is equal to 8 + 7 + 10 = 25.

The following result gives an upper bound on the values of flows in a trans-
port network.

Theorem 6.6 The value of any flow in a given transport network is less than
or equal to the capacity of any cut in the network.

PRrOOF Let ¢ be a flow and (P, P) be a cut in a transport network. For the
source a,

Y i)=Y 0, a)= ) dla i)=9, (6.3)

alli all j alli

since @(j, a) = 0 for any j. For a vertex p other than ain P,

2 o)=Y ¢(.p)=0 (6.4)

alli all j

Combining (6.3) and (6.4), we have

6.~ £| T op.0- T 6.n)]

pePlalli all j

= Y ¢b)— Y 4GP

peP;alli peP;allj

= Y ¢+ Y i)

peP;ieP peP;ieP

-[ Y dU:D+ Y o0 p)] (6.5)
peP;jeP peP;jeP
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Note that
Y o= Y ¢(,p)
P

peP;ieP peP;je

because both sums run through all the vertices in P. Thus, (6.5) becomes

o= 2 dpid)— Y ¢(,p (6.6)

peP;ieP peP;jeP
But, since Zpe p. je p O, ) is always a nonnegative quantity, we have

6= Y ¢p)S ) wpi)=wP, P) O

peP;ieP peP;ieP

Equation (6.6) is a useful result which can be stated as: For any cut (P, P),
the values of a flow in a transport network equal the sum of flows in the edges
from the vertices in P to the vertices in P minus the sum of flows in the edges
from the vertices in P to the vertices in P.

We are now ready to present an algorithm for constructing a maximum flow
in a transport network. In view of the result that the value of any flow in a
transport network is less than or equal to the capacity of any cut, whenever we
can construct a flow ¢ the value of which is equal to the capacity of some cut
(P, P), we can be certain that ¢ is a maximum flow. Because if there were a larger
flow, its value would exceed the capacity of the cut (P, P). As it turns out, we can
always construct a flow the value of which is equal to the capacity of a cut using
the following procedure, which is known as the labeling procedure. To start this
procedure, we must construct an initial flow ¢ in the network. However, such
construction poses no problem as we can always start, trivially, with zero flow in
every edge.

At first, the source a is labeled (—, o). (The significance of such a label will
become clear later.) Next, all the vertices that are adjacent from a are scanned. A
vertex b that is adjacent from a is labeled (a*, Ab), where Ab is equal to
w(a, b) — ¢(a, b), if w(a, b) > ¢(a, b); it is not labeled if w(a, b) = ¢(a, b). After all
the vertices that are adjacent from the source a are scanned and labeled (if
possible), those vertices that are adjacent to or from the labeled vertices are
scanned. Let b be a labeled vertex, and let g be a vertex that is adjacent from b.
The vertex q is labeled (b*, Aq), where Aq is equal to the smaller of the two
quantities Ab and [w(b, q) — ¢(b, q)] if w(b, q) > ¢(b, q). The vertex q is not
labeled if w(b, q) = ¢(b, q). Let b be a labeled vertex, and let g be a vertex that is
adjacent to b. The vertex q is labeled (b~, Aq), where Aq is equal to the smaller of
the two quantities Ab and ¢(q, b) if ¢(q, b) > 0. The vertex g is not labeled if
¢(q, b) = 0. Such a labeling procedure is not necessarily unique. The vertex g
might be adjacent to or from more than one labeled vertex. Also, there might
even be an edge incident from b to g as well as an edge incident from g to b. In
any case, when a vertex can be labeled in more than one way, an arbitrary choice
of these ways is made.
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Let us examine the meanings of these labels before proceeding with the
presentation of the remaining steps in the procedure. For a vertex that is adjacent
from the source (like vertex b), the label (a*, Ab) means that the flow into b can
be increased by an amount equal to Ab. Moreover, such an increment can be
drawn from the source a. Similarly, for a vertex g that is adjacent from a labeled
vertex b, the label (b*, Aq) means that, by drawing the increment from the vertex
b, the total incoming flow into g from the labeled vertices can be increased by Agq.
For a vertex q that is adjacent to a labeled vertex b, the label (b~, Aq) means that,
by decreasing the flow from g to b, the total outgoing flow from g to the labeled
vertices can be decreased by Aq. In either of these cases, an increase in the flow
equal to Aq from the vertex g to the unlabeled vertices is assured. The meaning of
the label of the source, (—, o0) should also become clear now. It means that (out
from nowhere) the source can supply an infinite amount of material to the other
vertices.

If we repeat the procedure of labeling the vertices that are adjacent to or
from the labeled vertices, one of the following two cases shall arise:

Case 1 Sink z is labeled, say, with a label (y*, Az). [Of course, z will never have a
label like (y~, Az).] We can increase the flow in the edge (y, z) from ¢(y, z) to
¢(y, z) + Az, as the increment is guaranteed by the vertex y. Note that vertex y
must be labeled either (q*, Ay) or (¢~, Ay), with Ay = Az, for some vertex q. If y
is labeled (g*, Ay), we shall, in turn, draw the increment from vertex g by increas-
ing the flow in the edge (g, y) from ¢(q, y) to ¢(q, y) + Az. On the other hand, if y
is labeled (q~, Ay), we shall decrease the flow in the edge (y, q) from ¢(y, q) to
¢(y, q9) — Az so that increment Az from y to z is compensated. The process is
continued back to the source a, and the value of the flow in the transport
network will be increased by amount Az. The labeling procedure can now be
started all over again to further increase the value of the flow in the network.

Case 2 Sink z is not labeled. Let us denote all the labeled vertices by P and all
the unlabeled vertices by P. The fact that sink z is not labeled means that the flow
in each of the edges incident from the vertices in P to the vertices in P is equal to
the capacity of that edge, and that the flow in each of the edges incident from the
vertices in P to the vertices in P is equal to zero. We have thus obtained a flow,
the value of which is equal to the capacity of the cut (P, P). The flow, therefore, is
a maximum flow.

Consider the following illustrative example. For the transport network in
Fig. 6.24a, we start with zero flow in every edge. (The first number associated
with an edge is its capacity, and the second number is the flow in the edge.)
Figure 6.24b shows the first pass of the labeling procedure. Notice that the sink z
can be labeled either with (d*, 3) or with (b*, 2). We choose arbitrarily the label
(d*, 3). Figure 6.24c shows the second pass, and Fig. 6.24d shows the third pass.
Notice that in Fig. 6.24d vertex b is labeled (c*, 6) and vertex d is labeled (c*, 4);
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Figure 6.24

that is, vertex ¢ has guaranteed a total flow of 10 to vertices b and d although Ac
is only equal to 9. However, since vertex ¢ would have to supply either the
increment of flow at b or the increment of flow at d, but not at both, in the
augmentation step no difficulty will arise. Figure 6.24e shows the last pass of the
labeling procedure, which yields a maximum flow of 13.

As another example, consider the transport network in Fig. 6.25a where an
initial flow has been found. Figure 6.25b shows how we obtain a maximum flow
by the labeling procedure.
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(a)

(b 2) — a

(b)

Figure 6.25

6.9 REMARKS AND REFERENCES

See chap. 2 of Knuth [7] and chap. 6 of Knuth [8] for a complete treatment of
trees and search trees. See Ford and Fulkerson [1], Hu [2], Hu [3], Lawler [10],
Papadimitriou and Steiglitz [12], and Syslo, Deo, and Kowalik [13] for further
details on network flow problems. As a matter of fact, there exist “ more efficient ”
procedures for finding a maximum flow in a transport network. We choose to
present the one in Sec. 6.8 not only because it is a classical result, but also
because it illustrates very clearly how we can solve a discrete optimization
problem in a step-by-step fashion; that is, we always improve upon the solution
we have already found in each step and, furthermore, there is a criterion that
clearly indicates that we have reached a best possible solution so that we can stop
our stepwise improvement. See chap. 7 of Liu [11] for a further discussion on
circuits and cut-sets.
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PROBLEMS

6.1 Characterize all trees that have exactly two leaves.

6.2 A tree has 2n vertices of degree 1, 3n vertices of degree 2, and n vertices of degree 3. Determine the
number of vertices and edges in the tree.

6.3 (a) A tree has two vertices of degree 2, one vertex of degree 3, and three vertices of degree 4. How
many vertices of degree 1 does it have?

(b) A tree has n, vertices of degree 2, n; vertices of degree 3, ..., and n, vertices of degree k. How
many vertices of degree 1 does it have?

6.4 Let T be a tree with 50 edges. The removal of a certain edge from T yields two disjoint trees T,
and T,. Given that the number of vertices in T, equals the number of edges in T,, determine the
number of vertices and the number of edges in T, and T,.

6.5 (a) Show that the sum of the degrees of the vertices of a tree with n vertices is 2n — 2.

(b) For n>2, let d,, d,, ..., d, be n positive integers such that Y 7_, d, = 2n — 2. Show that
there exists a tree whose vertices have degrees d,, d,,..., d,.
6.6 The center of a (connected) graph is defined to be a vertex v with the property that the maximum
distance between v and any other vertex is as small as possible. (See Prob. 5.16 for the definition of
the distance between two vertices in a graph.)

(a) Show an example of a graph that has one center.

(b) Show an example of a graph that has two or more centers.

(c) Show that a tree has either one or two centers. Moreover, if there are two centers they must
be adjacent. Show an example of a tree that has two centers.

6.7 Let v be a vertex in a tree T. Clearly, direction can be assigned to the edges in T to obtain a

rooted tree with v being the root. Let v, v,, ..., v, denote the sons of v, and 5,, s,, ..., s, denote the
numbers of vertices in the subtrees with v,, v,, ..., v, as the roots. The weight of v is defined to be the
maximum of s, s,,..., .

(a) For the tree in Fig. 6P.1, compute the weights of all the vertices.

(b) A vertex that has minimum weight is said to be a centroid of the tree. Show an example of a
tree that has one centroid. Show an example of a tree that has two centroids.

(c) Show that a tree has either one or two centroids. Moreover, if there are two centroids, they
must be adjacent.

(d) Show that v is the only centroid of a tree if

S;iSsp+s; 50— forallj, 1 <j<k
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Figure 6P.1

(¢) Show that a tree with two centroids has an even number of vertices. Moreover, the weight of
each centroid is equal to half the number of vertices in the tree.
6.8 Show that a regular binary tree has an odd number of vertices.
6.9 Prove the result in Eq. (6.2) by induction on i.

6.10 By traversing a tree, we mean to visit each of the vertices of the tree exactly once in some
sequential order. We describe here three principal ways that may be used to traverse a binary tree.

1. Preorder traversal: Visit the root, traverse the left subtree, then traverse the right subtree.

2. Inorder (symmetric order) traversal: Traverse the left subtree, visit the root, then traverse the right
subtree.

3. Postorder traversal: Traverse the left subtree, traverse the right subtree, then visit the root.

Show the sequential orders in which the vertices of the tree in Fig. 6P.2 are visited in a preorder
traversal, an inorder traversal, and a postorder traversal.

a

g h i Figure 6P.2

6.11 Let A be a set of binary sequences. Let us partition 4 into two subsets 4, and A4,, where 4, is
the set of sequences in A whose first digit is a 0 and A, is the set of sequences in A whose first digit is
a 1. Let us then partition 4, into two subsets according to the second digit in the sequences, and also
partition A4, in the same way. Employ this idea of repeatedly partitioning a set of sequences into
subsets to show that, if A is a prefix code, then there is a binary tree, with the two edges incident from
each of the branch nodes labeled with 0 and 1, such that the sequences of Os and Is assigned to the
leaves are the sequences in A.

6.12 By a sorted list of numbers we mean a list of numbers arranged in ascending order. By merging
two sorted lists we mean to combine them into one sorted list. We describe one way to merge two
sorted lists: Since the smaller one of the smallest numbers of the two lists must be the smallest of all
numbers, we can remove this number from the list it is in and place it somewhere else as the first
number of the merged list. We can now compare the smallest numbers of the two lists of remaining
numbers and place the smaller one of the two as the second number of the merged list. This step can
be repeated until the merged list is completely built up. Clearly, it takes n; + n, — 1 comparisons to
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merge two sorted lists with n; and n, numbers, respectively. Given m sorted lists, we can select two of
them and merge these two lists into one. We can then select two lists from the m — 1 sorted lists and
merge them into one. By repeating this step, we shall eventually end up with one merged list.

Let A, A,, A, A, be four lists with 73, 44, 100, 55 numbers, respectively.

(a) Determine the total number of comparisons it takes to merge the four lists by merging A,
and A4,, merging the resultant list with A, and then merging the resultant list with A, .

(b) Determine the total number of comparisons it takes to merge the four lists by merging 4,
and A,, merging A, and A4,, and then merging the two resultant lists.

(c) Determine an order to merge the four lists so that the total number of comparisons is
minimum.

(d) Describe a general procedure for determining the order in which m sorted lists 4, 4,, ...,
A, are to be merged so that the total number of comparisons is minimum. (Hint: What is a

m

convenient way to describe a certain order in which the lists are merged?)
6.13 For each of the following sets of weights, construct an optimal binary prefix code. For each
weight in the set, give the corresponding code word.

(a) 8,9, 12, 14, 16, 19.

(b) 1,2,4,5,6,9,10, 12

(c) 57,8, 15, 35, 40.

6.14 (a) How can the procedure in Sec. 6.4 for constructing an optimal binary tree be extended to
that for constructing an optimal m-ary tree?

(b) Construct an optimal ternary tree for the weights 1, 2, 3,4, 5,6, 7,8, 9.

(c) Construct an optimal ternary tree for the weights 1, 2, 3, 4, S, 6, 7, 8. In general, when t — 1,
where t is the number of weights, is not a multiple of m — 1 [see Eq. (6.2)] how should we proceed to
construct an optimal m-ary tree?

6.15 Show how a binary search tree of height [1g(n + 1)] can be constructed for n keys, K,, K,, ...,
K,.

6.16 We define a 3-2 tree to be a rooted tree in which the out-degree of a branch node is either 3 or 2.
Furthermore, the path lengths of all leaves must be the same. For example, Fig. 6P.3a shows a 3-2

(a)

Figure 6P.3
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tree. A 3-2 tree can be used to describe a class of search procedures in which we compare an item
either with one key or with two keys in each step of search. Using the 3-2 tree in Fig. 6P.3b as an
example, explain in detail how such a search procedure works. How can we be sure that the number
of leaves in a 3-2 tree is always equal to the number of keys plus one?
6.17 Prove that the complement of a spanning tree does not contain a cut-set and that the com-
plement of a cut-set does not contain a spanning tree.
6.18 Let L be a circuit in a graph G. Let a and b be any two edges in L. Prove that there exists a
cut-set C such that L n C = {a, b}.
6.19 Let T, and T, be two spanning trees of a connected graph G. Let a be an edge that is in T, but
not T,. Prove that there is an edge b in T, but not T, such that both (T, — {a}) U {b} and (T, — {b})
v {a} are spanning trees of G.
6.20 (a) Let L, and L, be two circuits in a graph G. Let a be an edge that is in both L, and L,, and
let b be an edge that is in L, but not L,. Prove that there exists a circuit L, which is such that
Lyc(L, v Ly,)—{a}and be L;.

(b) Repeat part (a) when the term circuit is replaced by the term cut-set.
6.21 Prove Theorem 6.5.
6.22 We show in this problem that there are n"~“ spanning trees in a complete graph with n
distinctly labeled vertices. Without loss of generality, let the labels of the vertices be 1, 2, ..., n. We
shall demonstrate a one-to-one correspondence between the spanning trees and the n"~2 n — 2 digit
sequences over the alphabet {1, 2, ..., n}. Let T denote a spanning tree whose vertices are labeled 1,
2,..., n. We construct a sequence a,a, ‘- - a,_, as follows:

2

1. Leti = 1. Let T be the tree currently under examination.

2. Among all vertices of degree 1 in the tree currently under examination, select the one with the
smallest label. Remove the edge that is incident with this vertex and let a; equal the label of the
other vertex with which this edge is incident.

3. The resultant tree in (2) becomes now the tree currently under examination. Increase i by 1, repeat
(2) until a sequence of n — 2 digits is formed.

(a) Determine the 4-digit sequence corresponding to the tree in Fig. 6P.4.

(b) Show that the degree of the vertex with label i in T is equal to the number of times the letter
i appears in a,a, ‘- - a,_, plus one.

(c) Determine an algorithm for reconstructing a tree from a sequence aa, - a,_,.

(d) Show that the tree reconstructed by the algorithm in part (c) is the only tree that will yield
the sequence a,a, * - a,_, according to the foregoing procedure.

Figure 6P.4

6.23 (a) Prove that any edge of a connected graph G is a branch of some spanning tree of G.

(b) Is it also true that any edge of a connected graph G is a chord of some spanning tree of G?
6.24 Let G, and G, be two trees. Let v, and v, be two distinct vertices in G, and v; and v, be two
distinct vertices in G,. Let G be a graph obtained from G, and G, by connecting v, with v, and v,
with v, as shown in Fig. 6P.5.

(a) Is G a tree? Prove your claim.

(b) Is G a connected graph? Prove your claim.

(c) What can you say about G, and G, if it is given that G has an eulerian circuit?
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G, G, Figure 6P.5

6.25 How many different spanning trees are there in each graph in Fig. 6P.6? (Note that the vertices
are distinct.)

b 14
a d
f c
(a) (b)
a b e f
a b
d g
[4 h
i n
b y j m
k ! 0 p

() (d)
Figure 6P.6

6.26 Determine a minimum spanning tree for the graph shown in Fig. 6P.7.
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1 11
of [/ b
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3 2 8
10
e C 7
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d Figure 6P.7

6.27 Determine a minimum spanning tree for the graph shown in Fig. 6P.8.

b 5 ¢

N\

f 10 ¢ Figure 6P.8

6.28 Determine a minimum spanning tree for the graph shown in Fig. 6P.9.

9 12 15

b 4 ¢
10
11
2 3 5 £
8
14
2

d A

7 6

f Figure 6P.9

6.29 Determine a minimum spanning tree for the graph shown in Fig. 6P.10.

b 12 4

O

Figure 6P.10
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6.30 Determine a minimum spanning tree for the graph shown in Fig. 6P.11.

A s N
i |
5 5
o e 2] Ve
|
5 5
o V4
1 I
5
NP 2 37 |4
| |
5 5
A Vs o V4
5 5 Figure 6P.11

6.31 The telephone company made a mistake and built too many telephone lines between a group of
houses. In the graph shown in Fig. 6P.12, the vertices are the houses and the edges are the telephone
lines. The lengths of the edges are the lengths of the lines. To alleviate the problem, the telephone
company wants to remove extra telephone lines so that the sum of the lengths of the remaining lines
will be as small as possible, subject to the condition that every house is connected to every other
house by a path of telephone lines. Cross out the lines that should be removed and determine the
total length of the remaining lines.

a 10 h 7 ¢ 10 d 4 ¢
3 9 8 12 9 13 6 5 8

10 h 5 ! 11
f 3 ]

4
3

5 " 13 ! 4 0 12 12
A 4 / 9 m 8 n 11 0 Figure 6P.12

6.32 Use the labeling procedure to find a maximum flow in the transport network in Fig. 6P.13.
Determine the corresponding minimum cut.

Figure 6P.13
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6.33 Use the labeling procedure to find a maximum flow in the transport network in Fig. 6P.14.
Determine the corresponding minimum cut.

b 8 ¢

d 3 f Figure 6P.14

6.34 Use the labeling procedure to find a maximum flow in the transport network in Fig. 6P.15.
Determine the corresponding minimum cut.

5 3 5
6 2
12 10 s 5 6 10\10
I 3 5
12 3
a ! 6 S - 0 2 6 3 :
I 3 5
1 > 10
6 8 6 4 6 6
| 3 5

Figure 6P.15

6.35 Equipment is manufactured at three factories x,, x,, and x;, and is to be shipped to three
depots y,, y,,and y, through the transport network shown in Fig. 6P.16.

l 3 Figure 6P.16

Factory x, can make 40 units, factory x, can make 20 units, and factory x, can make 10 units. Depot
y, needs 15 units, depot y, needs 25 units, and depot y; needs 10 units. How many units should each
factory make so that they can be transported to the depots?

6.36 Find a maximum flow in the transport network in Fig. 6P.17 in which flows in the unoriented
edges can be in either direction.

X 15 5
20 » 10
X w.w V2
10
3

4 2
2 3
3 2 3 3
4 2 2 5
a z
S 2 3
3 2 3 3
2 4
Figure 6P.17
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6.37 (a) Seven kinds of military equipment are to be flown to a destination by five cargo planes.
There are four units of each kind, and the five planes can carry eight, eight, five, four, and four units,
respectively. Can the equipment be loaded in such a way that no two units of the same kind are on
one plane?

(b) Give a solution to part (a) when the capacities of the planes are seven, seven, six, four, and
four units, respectively.
6.38 Construct a directed graph with four vertices and with no more than two edges from one vertex
to another such that the outgoing and incoming degrees of the vertices are (5, 4), (3, 3), (1, 2), and
(2, 2), respectively, by solving the corresponding network flow problem.
6.39 Given a transport network, we wish to find a flow such that the flow in each edge is larger than
or equal to the capacity of the edge and the value of the flow is minimum.

(a) Define the “capacity of a cut,” and state the minimum-flow maximum-cut condition which is
analogous to the maximum-flow minimum-cut condition presented in Sec. 6.8.

(b) Prove the minimum-flow maximum-cut condition by designing an algorithm to find a
minimum-flow.
6.40 Engineers and technicians are to be hired by a company to participate in three projects. The
personnel requirements of these three projects are listed in the following table:

Minimum Minimum number in each category
number of
people needed Mechanical Mechanical Electrical Electrical
in each project engineers technicians engineers technicians
Project 1 40 S 10 10 5
Project 11 40 10 5 15 S
Project 111 20 S 0 10 5

Moreover, to prepare for later expansion, the company wants to hire at least 30 mechanical engi-
neers, 20 mechanical technicians, 20 electrical engineers, and 20 electrical technicians. What is a
minimum number of persons in each category that the company should hire, and how should they be
allocated to the three projects?

6.41 In the graph in Fig. 6P.18, a minimum set of edges is to be selected such that every vertex is
incident with at least one of the edges in the set. Solve this problem as a minimum-flow problem
associated with a transport network.

Figure 6P.18
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6.42 Three candidates x,, x,, and x; have been promised minimum amounts of campaign money of
$40,000, $23,000, and $50,000, respectively. Each candidate, in turn, has promised three campaign
areas at least the amounts of money shown in the table below. In addition, each candidate will need
at least $5,000 for his own expenses.

Campaign area

Candidate C, c, C,

X, $20,000  $10,000  $10,000
X, 10,000 5,000 2,000
X3 5,000 10,000 20,000

If the three campaign areas C,, C,, and Cy require a minimum of $30,000, $25,000, and $50,000,
respectively, to conduct a thorough campaign, what is a minimum amount of campaign money each
candidate must obtain and how should it be distributed ?



CHAPTER

SEVEN
FINITE STATE MACHINES

7.1 INTRODUCTION

By an information-processing machine we mean a device that receives a set of
input signals and produces a corresponding set of output signals, as illustrated in
Fig. 7.1. A table lamp can be considered an information-processing machine, with
the input signal being either the UP or DOWN position of the switch and the
output signal being either LIGHT or DARK. An adder is an information-
processing machine, with the input signals being two decimal numbers and the
output signal being their sum. An automobile is an information-processing
machine, with the input signals being the depression of the accelerator and the
angular position of the steering wheel and with the output signals being the speed
and direction of the vehicle. A vending machine is an information-processing
machine, with the input signals being the coins deposited and the selection of
merchandise and the output signals being the merchandise and, possibly, the
change. Finally, a digital computer is an information-processing machine, with
the user’s program and data being the input signals and the results of the compu-
tation on the printout being the output signals.

In general, the input signals to an information-processing machine change
with time. In that case, the output signals will also change with time accordingly.
That is, in general, an information-processing machine receives a (time) sequence
of input signals and produces a corresponding (time) sequence of output signals.
Consider the example of a table lamp, where the input signal is one of the two
possible switch positions, UP and DOWN, and the output signal is one of the

230
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Information
Input signals processing Output signals
machine

Figure 7.1

two possible conditions, LIGHT and DARK. Thus, corresponding to the
sequence of input signals

UP DOWN DOWN UP DOWN UP UP
there is the sequence of output signals
LIGHT DARK DARK LIGHT DARK LIGHT LIGHT

For the example of the adder, where the input signals are 2 one-digit numbers
and the output signal is a two-digit number, corresponding to the sequences of
input signals

35031392

4 4 6 1 4 55
the sequence of output signals is

79 6 4 7 14 7

Consider the example of a vending machine, where the input signal is a nickel,
dime, or quarter, and the output signal is either a package of gum or nothing.
Suppose a package of gum costs 30 cents. Then, corresponding to the sequence of
input signals

DIME DIME DIME QUARTER QUARTER
NICKEL QUARTER NICKEL

there is the sequence of output signalst
NOTHING NOTHING GUM NOTHING GUM
NOTHING GUM NOTHING

T We assume that the vending machine does not return any change.
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We note that there is a significant difference between the machines in these
examples. In the case of the table lamp, whenever the input signal is UP the
output signal is LIGHT, and whenever the input signal is DOWN the output
signal is DARK. In other words, the output signal at any instant depends only on
the input signal at that instant, and does not depend on the input signals before
that instant. Similarly, in the case of the adder, the output signal at any instant is
always the sum of the two input numbers at that instant, and is completely
independent of the numbers that were added together earlier. On the other hand,
in the case of the vending machine, the output signal at any instant depends not
only on the input signal at that instant but also on the preceding input signals.
Thus, for the three successive input signals

DIME DIME DIME
the corresponding output signals are
NOTHING NOTHING GUM

Specifically, at the first instant, the input is DIME and the corresponding output
is NOTHING:; at the second instant, the input is DIME and the corresponding
output is NOTHING; while at the third instant, the input is DIME and the
corresponding output is GUM. Of course, such an observation does not surprise
anyone because we are all aware that a vending machine is capable of remember-
ing the total amount that has been deposited, while on the other hand, a table
lamp is not capable (nor does it need to be capable) of remembering the previous
input signals.

We divide machines into two classes—those with memory and those without
memory. For a machine without memory, its output at any instant depends only
on the input at that instant. Both the table lamp and the adder discussed above
are examples of machines that have no memory. For a machine with memory, its
output at any instant depends on the input at that instant as well as on inputs at
previous instants because the machine can remember “what has happened in the
past.” Clearly, a vending machine can remember what has happened in the past.
Yet, on the other hand, it does not (nor must it) remember everything that has
happened in the past. At any instant, it remembers the total amount that has
been deposited so far. However, as long as the total amount is, say, 25 cents, the
machine makes no distinction about whether five nickels, two dimes and a nickel,
a quarter, or other combinations of coins were deposited. To describe past events,
we introduce the notion of a state. A state represents a summary of the past
history of the machine. For the example of the vending machine, there are seven
distinct states corresponding to the total deposit so far—namely, 0, 5, 10, 15, 20,
25, and 30 or more cents. Consequently, the state of the machine together with
the input signals at a particular instant will determine the corresponding output
signals at that instant. For the example of the vending machine, at any instant,
the state that the machine is in together with the new deposit will enable the
machine to determine whether it should have NOTHING or GUM as output.
Furthermore, as additional input signals arrive, the machine will go from one
state to another since it needs to update the summary of its history. In the case of
the vending machine, it must update the total amount that has been deposited.
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New deposit

Total Total Merchandise
deposit 5¢ 10¢ 25¢ deposit delivered
0¢ 5¢ 10¢ 25¢ i 0¢ Nothing
5¢ 10¢ 15¢ 30¢ 5¢ Nothing
or more
10¢ 15¢ 20¢ 30¢ 10¢ Nothing
or more
15¢ 20¢ 25¢ 30¢ 15¢ Nothing
or more
20¢ 25¢ 30¢ 30¢ 20¢ Nothing
Oor more Oor more
25¢ 30¢ 30¢ 30¢ 25¢ Nothing
or more or more or more
30¢ 5¢ 10¢ 25¢ 30¢ Gum
or more or more
New total deposit
(a) (b)
Figure 7.2

Thus, for example, when the machine is in the 15 cents state, an input of 10 cents
would bring the machine to the 25 cents state or an input of 25 cents would bring
it to the 30 cents or more state, and so on. The behavior of the vending machine
can be summarized as in Fig. 7.2. (The notations in Fig. 7.2, though obvious, are
formally introduced in Sec. 7.2.)

As another example, consider a machine that accepts a sequence of positive
integers between 1 and 100 and produces at any instant the largest integer the
machine has so far received as output, as illustrated in Fig. 7.3. We note that as
long as the machine can remember the largest integer it has received, when a new
input comes in, the machine can compare the largest integer received so far
against the new input and determine the corresponding output, which is the
“new ” largest integer it has received so far. Thus, for this machine, a summary of
the past history can be represented by an integer equal to the largest integer it
has received. Consequently, the machine may have 101 states corresponding to
the integers 0, 1, ..., 100, representing the largest integer the machine has

+++,3,49,7,57,3.4 ©+9,9,9,7,7,7,4,4

Figure 7.3
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received. (Clearly, the state 0 means no integer has been received.) Of course, one
could design a machine that remembers the largest and the second-largest inte-
gers received. The reader would agree immediately that although the machine
would behave correctly, it maintains some redundant information (the second-
largest integer received), which contributes nothing to the correct operation of the
machine.

A machine may have a certain number of states corresponding to a certain
number of distinct classes of past history. A machine with a finite number of
states is called a finite state machine. On the other hand, a machine with an
infinite number of states is called an infinite state machine. In this chapter, we
shall restrict our discussion to finite state machines.

7.2 FINITE STATE MACHINES

We now introduce an abstract model of a finite state machine. A finite state
machine is specified by:

A finite set of states S = {sq, 1, S5,...}

A special element of the set S, s,, referred to as the initial state.

A finite set of input letters I = {i, i,,...}.

A finite set of output letters O = {0y, 0,,...}.

A function f from S x I to S, referred to as the transition function.
A function g from S to O, referred to as the output function.

AN e

At any instant, a finite state machine is in one of its states. Upon the arrival
of an input letter, the machine will go to another state  ccording to the transition
function. Furthermore, at each state the machine produces an output letter
according to the output function. At the very beginning, the machine is in its
initial state. A convenient way to describe a finite state machine is the tabular
form used in Fig. 7.4. For the finite state machine shown in Fig. 7.4, the set of
states is {Sq, Sy, S, S3, S4, S5, S¢}, the set of input letters is {a, b, ¢}, and the set of
output letters is {0, 1}. The double arrow pointing at s, indicates that s, is the
initial state. The transition function f is specified in Fig. 7.4a, where the state in
the intersection of a row (corresponding to state s,) and a column (corresponding

Input
State a b c State Output
= % 5 52 S5 S0 0
5y ) 83 g 51 0
Sy 83 Sy Sg Sy 0
83 N Ss Sg S3 0
S4 S5 Sg Sg Sy 0
Ss Sg Sg Sg S5 0
Sg Sy Sy Ss S 1

(@) ®) Figure 7.4
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Input
State a b ¢ Output
P
== 5 51 Sy S5 0
S s § 5

1 p3 3 6 0
52 53 54 Se 0
S5 5S4 S5 S 0
Sq S5 S S6 0
S5 S Se Se 0

s S s 5 1 .

6 ! 2 5 Figure 7.5

to input letter i) is the value f(s,, i,).t The output function is specified in Fig.
7.4b. Usually, Fig. 7.4a and b can be combined as a single table, as in Fig. 7.5. As
a matter of fact, the finite state machine in Fig. 7.4 is exactly the vending machine
shown in Fig. 7.2. Specifically, the states s,, s;, S;, S3, S4, S5, and sg correspond
to the states 0, 5, 10, 15, 20, 25, and 30 or more cents. The input letters a, b, and ¢

1 To be exact, the notation should be f((s‘,, i,)). However, we follow a common practice in the
literature to omit one pair of parentheses since there is no possible confusion as we pointed out once
already in Chap. 4.

Figure 7.6
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correspond to the coins NICKEL, DIME, and QUARTER. The output letters 0
and 1 correspond to what the vending machine will deliver—NOTHING or
GUM.

We can describe a finite state machine graphically, as shown in Fig. 7.6. In
the directed graph in Fig. 7.6, each vertex corresponds to a state of the machine.
Again, the initial state is identified by a double arrow pointing at it. The output
associated with a state is placed below the state name, separated from the state
name by a horizontal bar. The transition from one state to another is indicated
by a directed edge labeled with the corresponding input letter(s). Indeed, Figs. 7.5
and 7.6 describe the same finite state machine, as the reader can quickly confirm.

7.3 FINITE STATE MACHINES AS MODELS OF
PHYSICAL SYSTEMS

A finite state machine can be used to model a physical system. In Sec. 7.1 we saw
how a vending machine could be modeled as a finite state machine. We show
more examples in this section.

Consider the problem of designing a modulo 3 counter that receives a
sequence of Os, 1s, and 2s as input and produces a sequence of Os, 1s, and 2s as
output such that at any instant, the output is equal to the modulo 3 sum of the
digits in the input sequence.t We note that the machine in Fig. 7.7 will generate

t The modulo 3 sum of a set of integers is the remainder of the sum of the integers when it is
divided by 3.

Input
State 0 1 2 Output
= 4 A B c 0
B B C A 1
C C A B 2

Figure 7.7
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Input
State 00 01 10 11 Output
== 4 A c B A EQUAL
B B C B B LARGE
C C C B C SMALL 5
Figure 7.8
Input
POOR
State HOMEWORK PARTY EXAM Output
—> A4 (HAPPY) A A B SING
B (ANGRY) C A B CURSE
C (DEPRESSED) C A C SLEEP Figure 7.9

the output sequence as specified. Note that 4 is a state corresponding to the
situation that the modulo 3 sum of all input digits is O, B is a state corresponding
to the situation that the modulo 3 sum of all input digits is 1, and C is a state
corresponding to the situation that the modulo 3 sum of all input digits is 2.

Consider another example in which we design a device that compares two
binary numbers to determine whether they are equal, or which of the two is
larger. We assume that the digits of the two numbers come in one by one, with
the lower-order digits coming in first. Thus, the input alphabet is {00, 01, 10, 11},
where the two digits in each pair are the corresponding digits in the numbers
being compared. The output alphabet is {EQUAL, LARGER, SMALLER}.
Figure 7.8 shows the machine.

Finally, Fig. 7.9 shows an example of a finite state machine that models the
behavior of a student. The set of states is {HAPPY, ANGRY, DEPRESSED}, the
set of inputs is {HOMEWORK, PARTY, POOR_EXAM}, and the set of outputs
is {SING, CURSE, SLEEP}. Although this is an oversimplified model, it does, in
fact, capture a certain aspect of how a student reacts under various conditions.
(We should point out that this is not simply a trite example included here to
amuse the reader. Rather, psychologists, sociologists, economists, and scientists in
many disciplines do use finite state machines to model systems they study.)

74 EQUIVALENT MACHINES

Two finite state machines are said to be equivalent if, starting from their respec-
tive initial states, they will produce the same output sequence when they are
given the same input sequence. In other words, equivalent machines have identi-
cal terminal behaviors even though their internal structures might be different.
For example, the two machines in Fig. 7.10a and b are equivalent. We ask the
reader to confirm that, for example, for the input sequence 1122212212 both
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Input Input
State 1 2 Output State 1 2 OQutput
— 4 B C 0 = 4 B C 0
B F D 0 B C D 0
C G E 0 C D E 0
D H B 0 D E B 0
E B F 1 E B C 1
F D H 0
G E B 0
H B C 1
(@) (b)
Figure 7.10

machines will produce the output sequence 00010100001.1 It is clearly desirable
that we be able to determine whether two given finite state machines are equiva-
lent, or for a given finite state machine to find an equivalent one that has fewer
states, if possible.{

To identify equivalent machines, we introduce the notion of equivalent states.
In a finite state machine, two states s; and s; are said to be equivalent if for any
input sequence the machine will produce the same output sequence whether it
starts in s; or s;. Clearly, two equivalent states can be combined into one without
changing the terminal behavior of the machine. Specifically, if s; and s; are
equivalent states, we can modify the transition function by eliminating state s;
and replacing all transitions into state s; with state s;. For example, for the finite
state machine in Fig. 7.10a, given that C and F are equivalent states, D and G are
equivalent states, and E and H are equivalent states, we can eliminate F, G, and
H to obtain the machine in Fig. 7.10b.

Recall that a state of a machine represents a summary of the history of the
machine. Thus, two states are equivalent if they represent summaries that are
equivalent as far as the terminal behavior of the machine is concerned. For
example, the machine in Fig. 7.10a accepts a sequence of 1s and 2s as inputs and
will produce a 1 if the sum of all digits it has received is divisible by 4. Indeed,
both states E and H represent that the sum of the digits the machine has received
is a multiple of 4, both states C and F represent that the sum of the digits the
machine has received is a multiple of 4 plus 2, and both states D and G represent
that the sum of the digits the machine has received is a multiple of 4 plus 3. (State
B represents that the sum of digits the machine has received is a multiple of 4
plus 1.) Consequently, equivalent states can be combined without changing the
terminal behavior of the machine.

t Note that according to our model in Sec. 7.2, a finite state machine produces an output symbol
(that of the initial state) before the arrival of the first input symbol. Consequently, there is always one
more symbol in the output sequence than in the corresponding input sequence.

1 Although we will not explore the issue of building finite state machines using electronic devices
here, it is intuitively clear that it will be less expensive to build a finite state machine with fewer states.
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Input
State 0 1 Output
A B F 0
B A F 0
C G A 0
D H B 0
E A G 0
F H C 1
G A D 1
H |4 ¢ ! Figure 7.11

Our immediate question is how to determine whether two states are equiva-
lent, since according to the definition, testing whether two states are equivalent
would require an exhaustive examination of all possible input sequences of arbi-
trary length. We show now an effective procedure for such purpose. Two states
are said to be 0-equivalent if they have the same output. Two states are said to be
l1-equivalent if they have the same output and if, for every input letter, their
successors are O-equivalent. In general, two states are said to be k-equivalent if
they have the same output and if, for every input letter, their successors are
(k — 1)-equivalent. For example, for the finite state machine in Fig. 7.11, states 4
and C are 0O-equivalent, and states G and H are l-equivalent. It follows imme-
diately from the definition that if two states s; and s; are k-equivalent, then for
any input sequence of length k or less the machine will produce identical output
sequences no matter whether it is in state s; or s;. Clearly, two states are equiva-
lent if they are k-equivalent for all k.

Observing that if s; and s; are k-equivalent, and if 5; and s, are k-equivalent,
then s; and s, are also k-equivalent, we can define an equivalence relation on the
set of all states such that two states are related if they are k-equivalent. Conse-
quently, this relation induces a partition on the set of all states. We shall denote
this partition m,. For example, for the finite state machine in Fig. 7.11, we note
that

no = {ABCDE FGH)
n, = {ABE CD F GH)

We shall show how to compute these partitions in the following theorem.

Theorem 7.1 Two states are in the same block in =, if and only if they are in
the same block in 7, _, and, for any input letter, their successors are in the
same block in 7, _ .

PrOOF Let s; and s; denote two states that are k-equivalent. According to the
definition, they have the same output and, for any input letter, their suc-
cessors are (k — 1)-equivalent. Note that according to the definition, s; and s;
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are also (k — 1)-equivalent. Thus, we conclude that two states are k-
equivalent if and only if they are (k — 1)-equivalent and, for any input letter,
their successors are also (k — 1)-equivalent. Thus, the theorem follows imme-
diately. O

Theorem 7.1 immediately suggests a procedure for computing the partitions
To, Ty, Mo, ..., T successively. For example, for the finite state machine in Fig.
7.11, we note first that

o = {ABCDE FGH)}

because A, B, C, D, and E have the same output and F, G, and H have the same
output. We observe that A and B are in the same block in 7, and, moreover, for
input 0 their successors are B and A4, which are in the same block in 7y, and for
input 1 their successors are both F, which, trivially, are in the same block of n,.
Thus, we can conclude that 4 and B will be in the same block in 7. Similarly,
because 4 and E are in the same block in 7y, and for input O their successors 4
and B are in the same block in 7, and for input 1 their successors F and G are in
the same block in 7,, we know that 4 and E will be in the same block in n,. On
the other hand, although A and C are in the same block in 7, their successors B
and G for input 0 are not in the same block in 7,, meaning that 4 and C will not
be in the same block in 7,;. We obtain

n, = {ABE CD F GH)

In a similar fashion, we obtain

We observe the following:

1. If m, is equal to m,_,, then =, is equal to n,_, for all m = k (because m; ., is
constructed from =, in exactly the same way as m, is constructed from =, _,).

2. m, is a refinement of m, _, (because two states cannot possibly be k-equivalent
unless they are (k — 1)-equivalent).

Observation 1 enables us to terminate the construction procedure whenever
we reach a point such that two successive partitions are identical. In that case, all
the states that are k-equivalent are equivalent. Furthermore, observation 2
assures us that our construction procedure will not go beyond =, _,, where n is
the number of states in the machine, since n, has at least two blocks and =, _,
will have n blocks if the construction procedure was not terminated earlier. For
the example in Fig. 7.11, since 7, is equal to my, we can conclude that states 4
and B are equivalent, states C and D are equivalent, and states G and H are
equivalent.

For a given finite state machine, we can employ the procedure presented
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above to determine the equivalent states and, consequently, to obtain an equiva-
lent machine that might have fewer states. Finally, we note that once we know
how to determine equivalent states in a machine, we are able to determine
whether two given machines are equivalent. We refer the reader to Prob. 7.9.

7.5 FINITE STATE MACHINES AS
LANGUAGE RECOGNIZERS

In Sec. 7.3 we saw several examples of how we can model physical systems by
finite state machines. We see now that finite state machines can also be used
naturally as devices to recognize (accept) sentences in a language. Let O = {0, 1}
be the output alphabet of a finite state machine. A state is said to be an accepting
state if its output is 1. A state is said to be a rejecting state if its output is 0.
Consequently, an input sequence is said to be accepted by the finite state machine
if it leads the machine from the initial state to an accepting state. On the other
hand, an input sequence is said to be rejected by the finite state machine if it leads
the machine from the initial state to a rejecting state. We have the following
examples.

Example 7.1 Figure 7.12 shows a finite state machine that accepts all binary
sequences that end with the digits 011. (When a finite state machine is used as
an acceptor, the states of the machine are divided into only two classes,
namely, accepting and rejecting states. Therefore, we introduce the slightly
simpler notation of circling the names of the accepting states—instead of
writing down the output of each state—as in Fig. 7.12, where D is the only
accepting state.) O

Example 7.2 Figure 7.13 shows a finite state machine that accepts all binary
sequences of the form any number of Os, followed by one or more Is, fol-
lowed by one or more Os, followed by a 1, followed by any number of Os,
followed by a 1, and then followed by anything. O

Figure 7.12
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Figure 7.13

A language is said to be a finite state language if there is a finite state
machine that accepts exactly all sentences in the language. Thus, according to
Example 7.1, the language consisting of all binary sequences that end with 011 is
a finite state language. Example 7.2 shows another finite state language. Clearly,
any given finite state machine defines a finite state language. On the other hand, a
given language might or might not be a finite state language. We now show that
there are languages that are not finite state languages.t In Sec. 7.6, we shall show
how to construct a finite state machine to accept a given language that is known
to be a finite state language.

Example 7.3 Show that the language
L= {db*|k 2 1}

is not a finite state language. Let us assume the contrary—a finite state
machine exists that accepts the sentences in L. Suppose this machine has N
states. Clearly, the machine accepts the sentence a“b". Starting from the
initial state, the machine will visit N states after receiving the N a’s in the
input sequence as depicted in Fig. 7.14a, where s;, is the initial state and s;

Jl >
Sjys -es Sjy are€ the states the machine is in after receiving the sequence av
Also, va 1s the state the machine is in after receiving the sequence a b
Clearly, s;,, is an accepting state. According to the “pigeonhole” principle,

among the N + 1 states s, , s;,, S;,, ..., S;y, there are two of them that are
the same. Suppose the machine visits state s, twice as shown in Fig. 7.14b,

t Once again, we have another example of how to demonstrate that some task (in this case,
finding a finite state machine that accepts a given language) is impossible.

N N
P e P

aaraaaaa---aaaabbbbbbbb---bbbb
856511 Sia Sy L
(@)

N N
@ e e A —— ..

aaaaafaa- -ajlaaabbbbbbbb---bbbb
S—_
X
S30850 Sk Sk Sy Siyn

(b) Figure 7.14
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and there are x a’s between the first and the second visit to state s; . Then the
sequence
aN - be

which is not a sentence in the language, will also be accepted by the finite
state machine. Consequently, we can conclude that language L is not a finite
state language. O

Example 7.4 Show that the language
L={dk=iiz1}

is not a finite state language. Again, let us assume that there is a finite state
machine that accepts language L. Let N denote the number of states in the
machine. Let i be an integer that is sufficiently large such that

(i+1)?—i*>N

Consider the situation depicted in Fig. 7.15. Since between the i’th a and the
(i + 1)%th a, the finite state machine will visit a certain state s, more than
once, removal of the a’s between these two visits will yield a sequence that
will also be accepted by the finite state machine. However, this sequence is
not a sentence in the language because it contains more than i but less than
(i + 1)? a’s. Thus, we conclude that L is not a finite state language. O

These two examples illustrate a general result, which is referred as the
pumping lemma for finite state languages in the literature.

Theorem 7.2 Let L be a finite state language accepted by a finite state
machine with N states. For any sequence a whose length is N or larger in the
language, « can be written as uvw such that v is nonempty and uv'w is also in
the language for i = 0, where v denotes the concatenation of i copies of the
sequence v. (In other words, uw, uvw, uvvw, uvvow, ... are all in the language.)

PrOOF Without loss of generality, let the length of « be N. Let a = a,a,a; * -
ay. Let s, s;,, S;,, ..., 5, denote the states the machine visits, where s;, is
the initial state and s;, is an accepting state. Again, among the N + 1 states
Sjo> Sjy» Sjp» - -+ Sjy there are two of them that are the same. Suppose that is
state s, , as shown in Fig. 7.16. If we divide « into three segments as shown in

Fig. 7.16, we realize that the sequences uw, uvw, uvow, uvvow, ..., uv'w, ... will

all lead the machine from the initial state s;, to the accepting state s;, . O
G+1)?
- A —
u v
it D S S S
PR N ayayaz- @, -a,cccay
aaaa - aaaaald —aala - aa

S Si S Si St Sp S
So Sk Sk - sy To 11 712 73 k in

Figure 7.15 Figure 7.16
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*7.6 FINITE STATE LANGUAGES AND TYPE-3 LANGUAGES

Somewhat surprisingly, there is a close relationship between finite state languages
and type-3 languages. As a matter of fact, we shall show that a finite state
language is a type-3 language and a type-3 language is a finite state language.t
To this end, we introduce the notion of a nondeterministic finite state machine. A
nondeterministic finite state machine differs from a deterministic finite state
machine defined above in that the transition function for a nondeterministic
machine is a function from S x I to 2(S). Also, because nondeterministic finite
state machines are used exclusively as language recognizers, the output letters are
usually restricted to 0 and 1. Formally, a nondeterministic finite state machine is
specified by the following:

. A finite set of states S = {sq, sy, S5,...}.

. A special element of the set S, s, referred to as the initial state.

. A finite set of input letters I = {iy, i,,...}.

A finite set of output letters O = {0y, 0,,...}.

. A function F from § x I to 2(S), referred to as the transition function.
A function g from S to O, referred to as the output function.

= Y NV S

When a nondeterministic finite state machine is in a certain state and receives a
certain input letter, it may have more than one next state. Indeed, the only
distinction between a nondeterministic finite state machine and a deterministic
one is that in a nondeterministic machine the transition function maps an
ordered pair of state and input letter (the state of the machine and the input
letter) to a subset of states (all possible next states) instead of to a single state. We
can imagine that the machine will enter all these possible next states. (A useful
way to visualize this is to imagine that the machine clones several copies of itself,
and each copy is in one of the possible next states.) Starting from each next state
and upon receiving another input letter, the machine will again enter all possible
next states. Figure 7.17a shows a nondeterministic finite state machine, where a
transition might have more than one next state. For example, when the machine
is in state A and receives an input 1, the machine will enter both states B and C.
Figure 7.17b shows the states of the machine corresponding to input sequence
000100001.

+ Let us make a small point here: If the initial state of a finite state machine is an accepting state,
then according to the definition of acceptance, the null sequence (a sequence that contains no symbol)
is a sentence in the language accepted by the finite state machine. However, according to our
discussion in Chap. 2, we ignore the possibility of having the null sequence as a sentence in a type-3
language. We shall be consistent by ignoring the null sequence as a sequence that brings a finite state
machine from the initial state to an accepting state when the initial state of the finite state machine is
an accepting state.



FINITE STATE MACHINES 245

Input
State 0 1 Output
- 4| B B C 0
B A C C 0
C A B, C 1
(@)
0 0 0 1 0 0 0 0 1
A B A A B A A A A B
C B C C B B B C
C C
(b) Figure 7.17

One can point out immediately that a nondeterministic finite state machine is
not a good model for any physical system since no physical system can clone
itself into several copies for each transition indefinitely. However, we shall see
that a nondeterministic finite state machine is a very useful abstract model, and
are particularly interested in using it as a language recognizer. We say that a
sequence is accepted by a nondeterministic finite state machine if starting from
the initial state, among all the final states the sequence will lead the machine into,
one of them is an accepting state. For example, for the nondeterministic finite
state machine in Figure 7.17a, the sequence 0001 is accepted while the sequence
11100 is not.

One would naturally wonder, as a language recognizer, whether a nonde-
terministic finite state machine is more powerful than a deterministic finite state
machine in the sense that there are languages that can be recognized by a
nondeterministic machine but cannot be recognized by a deterministic one.
(Because the model of a nondeterministic finite state machine includes the model
of a deterministic finite state machine as a special case, a nondeterministic
machine is at least as powerful as a deterministic one.) As it turns out, nonde-
terministic finite state machines are not more powerful than deterministic finite
state machines. We show now that for any given nondeterministic finite state
machine, there is a deterministic finite state machine that accepts exactly the
same language. Let M be a nondeterministic finite state machine with

—

. {50, 51, 52, ...} being the set of states

so being the initial state

. {iy, i, ...} being the set of input letters

. {0, 1} being the set of output letters

. Ffrom S x I to 2(S) being the transition function
. g from S to {0, 1} being the output function

[V NI
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Input
State 0 1 Output
> A B B, C 0
B A, C — 0
C A B C 1
(a)
Input
State 0 1 Output
—> {4} {B} {8, C} 0
(B} {4, ¢} {1} 0
¢t {4} {8, C} 1
{A, B} {4, B, C} {B, C} 0
{4, C} {A, B} {B, C} 1
{B, C} {4, ¢} {B, C} 1
{4, B, C} {A, B, C} {B, C} 1
{1 {1} {3} 0
(b) Figure 7.18

We construct a corresponding deterministic finite state machine M as follows.
Let

. Z(S) be the set of states.

. {so} be the initial state.

. {iy, i, ...} be the set of input letters.

. {0, 1} be the set of output letters.

. F from 2(S) x I to 2(S) be the transition function such that F({ }, i,) = { }
for any input letter i,, and for any nonempty subset of S, S,, FS,,, i)

v F(s,, i,).

6. g from 2(S) to {0, 1} be the output function such that for any S, < S, §(S,) is

equal to 1 if there exists s, in S, such that g(s,) is equal to 1, and is equal to 0

otherwise.

DN AW =

Figure 7.18 shows an example. For the nondeterministic finite state
machine—shown in Fig. 7.18a—the corresponding deterministic finite state
machine M is shown in Fig. 7.18b. (In Fig. 7.18a we follow a convention in the
literature of using a—instead of the empty set symbol.) Once the reader under-
stands the construction, he will be convinced that machines M and M accept
exactly the same language, since an input sequence accepted by M will bring M
to a state, which is a subset of states of M, in which there is at least one that is an
accepting state in M. Therefore, we shall not include a formal proof here.

We now show that the class of finite state languages is exactly the class of
type-3 languages. We shall show that given a finite state machine, we can have a
type-3 grammar specifying the language accepted by the finite state machine. We
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shall also show that given a type-3 grammar, we can construct a nondeterministic
finite state machine that accepts the language specified by the grammar. We
consider the following examples.

Example 7.5 For the finite state machine shown in Fig. 7.194, we construct a
grammar that specifies the language accepted by the finite state machine as
follows.

. Let {0, 1}, the set of input letters, be the set of terminals.

. Let {4, B, C, D, E}, the set of states, be the set of nonterminals.

. Let A, the initial state, be the starting symbol.

Corresponding to a transition f(s,, i;) = s, there is a production s, — i, s,
if 5, is not an accepting state, and there are two productions s,— i, s, and
s,— i, if 5, is an accepting state. For example, corresponding to the tran-
sition f(A, 0) = B, we have the production A — OB, and corresponding to
the transition f(C, 1) = D, we have the productions C— 1D and C— 1.

N

We obtain the grammar shown in Fig. 7.19b. Observing that every non-
terminal in the grammar represent a set of sequences that bring the finite
state machine from the corresponding state to an accepting state, one would
agree that the grammar in Fig. 7.19b specifies the language accepted by the
machine in Fig. 7.19a. O

E->1C

®)
Figure 7.19
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Example 7.6 For the grammar in Fig. 7.20a, we construct a finite state
machine that accepts the sentences in the language specified by the grammar
as follows.

1. Let {0, 1}, the set of terminals, be the set of input letters.

2. Let there be a state corresponding to each nonterminal, with the state
corresponding to the starting symbol being the starting state (state A in
this case). Let there be an additional state E, which is an accepting state.
Also, let there be an additional state T, which is called a trapping state.
Whenever the machine enters a trapping state, it will stay there and will

A~—04
A~ 1B
B~ 0C
B -~ 0D
Cc->0
C—> 1B
C->1D
D~
D~-14

(a)

Figure 7.20
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not be able to go to any other state. Thus, if an input sequence brings the
finite state machine to a trapping state, such an input sequence cannot
possibly be a portion of a sentence in the language.

3. For a production of the form N,— i, N;, there is a transition from state
N, to state N, when the input is i,. For example, corresponding to the
production 4 — 1B there is the transition from state 4 to state B when the
input letter is 1. For a production of the form N,— i_, there is a transition
from state N, to the accepting state E when the input is i,. For example,
corresponding to the production C— O, there is a transition from state C
to state E when the input letter is 0. On the other hand, if there is no
production of the form N,— i, N, or N,— i, for state N, and input i,
there is a transition from N, to trapping state T when the input is i,. For
example, there is a transition from state B to state T when the input letter
is 1. Finally, for any input letter, there is a transition from accepting state
E to trapping state T.

We thus obtain the nondeterministic finite state machine shown in Fig. 7.20b.
Again, we trust that the construction is clear enough to convince the reader
that the nondeterministic finite state machine we constructed accepts exactly
the sentences in the language specified by the grammar in Fig. 7.20a. Since
we have proved earlier that any language that can be accepted by a nonde-
terministic finite state machine can also be accepted by a deterministic one,
the language specified by the grammar in Fig. 7.20a is indeed a finite state
language. d

We hope that Examples 7.5 and 7.6 are clear enough to convince the reader
of our claim that the class of finite state languages is exactly the class of type-3
languages. Consequently, we shall not write out a general proof here.

7.7 REMARKS AND REFERENCES

There are several reasons for introducing the subject of finite state machines: (1)
to see how physical systems can be described by an abstract model, (2) to see how
language recognition devices can be described by an abstract model (a subject of
significant importance in compiler construction), and (3) to see a close and
elegant connection between machines and languages. As a matter of fact, there is
a hierachy of machines—namely, finite state machines, pushdown automata,
linear-bounded automata, and Turing machines. There is also a corresponding
hierachy of languages—namely, types 3, 2, 1, and 0 languages as was described
briefly in chap. 2. Finite state machines can be used as recognizers for type-3
languages, pushdown automata as recognizers for type-2 languages, linear-bound
automata as recognizers for type-1 languages, and Turing machines as recog-
nizers for type-0 languages. As references on the subject of finite state machines,
see Gill [1], Hennie [3], and Kohavi [5]. As general references on machines and
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formal languages, see Harrison [2], Hopcroft and Ullman [4], and Lewis and
Papadimitriou [6].

1. Gill, A.: “Introduction to the Theory of Finite-State Machines,” McGraw-Hill Book Company,
New York, 1962.

2. Harrison, M. A.: “Introduction to Formal Language Theory,” Addison-Wesley Publishing
Company, Reading, Mass., 1978.

3. Hennie, F. C.: “Finite-State Models for Logical Machines,” John Wiley & Sons, New York, 1968.

4. Hopcroft, J. E., and J. D. Ullman: “Introduction to Automata Theory, Languages and Computa-
tion,” Addison-Wesley Publishing Company, Reading, Mass., 1979.

5. Kohavi, Z.: “ Switching and Automata Theory,” 2d ed., McGraw-Hill Book Company, New York,
1978.

6. Lewis, H. R., and C. H. Papadimitriou: “ Elements of the Theory of Computation,” Prentice-Hall,
Englewood Cliffs, N.J., 1981.

PROBLEMS

7.1 Design a finite state machine with {0, 1} as its input alphabet and {0, 1, 2} as its output alphabet
such that for any input sequence the corresponding output sequence will consist of two 2s followed
by the input sequence delayed by one time unit. For example, we might have:

Input sequence 10001011001
Output sequence 22100010110

Note that the first output symbol is the output of the initial state that occurs before the first input
symbol.

7.2 Design a finite state machine with {0, 1} as both its input and output alphabets such that output
1 will be produced beginning with the third 1 in any block of three or more 1s in the input sequence.
For example, we might have:

Input sequence 001111010110011111010
Output sequence 0000011000000000111000

7.3 A three-state finite state machine has {0, 1} as its input and output alphabets. Given the following
input sequence and its corresponding output sequence, determine the machine.

Input sequence 00010101
Output sequence 011001110

7.4 For the machine shown in Fig. 7P.1, applying the input symbol 0 requires 1 unit of energy and
applying the input symbol 1 requires 2 units of energy. Determine a minimum-energy input sequence
that takes the machine from state A4 to state H.

Input

State

1
C
D
C
F
c
G
D
G

Qb T Mmoo

‘tcvnmcmcc:;

Figure 7P.1
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7.5 A variation of the model of a finite state machine is as follows:

A finite set of states S = {so, 51, S5, ...}

A special element of the set S, s, , referred to as the initial state.
A finite set of input letters I = {i, i,, ...}.

A finite set of output letters O = {0}, 0,,...}.

A function ffrom S x [ to S, referred to as the transition function.
A function g from S x I to O, referred to as the output function.

Note that in this model output is associated with each state transition instead of with each state, as in
the model introduced in Sec. 7.2.

(a) For the machine in Fig. 7P.2 where the state transition and the associated output are
separated by a slash (/), determine the output sequence corresponding to the input sequence 110101.

(b) Determine an input sequence that will produce the output sequence 110101.

() Show a general procedure for determining an input sequence that will produce a given
output sequence.

Input
State 0 !
=>4 [B/1 )0
B B/l Cc/0
C D/l /1
D B/0  D/0  Figure 7P.2

7.6 For the model of finite state machines in Prob. 7.5, design a finite state machine with {0, 1} as its
input and output alphabets that produces an output sequence such that the 3", 6", ..., 3k output
symbols are the complement of the corresponding input symbols while the other output symbols are
identical to the corresponding input symbols.
7.7 Let {so, S,, ..., S,; be the set of states of a finite state machine with s, being the initial state. Let
A* be the set of all sequences over the input alphabet 4. We define a binary relation R on A* such
that for «, and a, in A*, («,, a,) € R if and only if both «, and a, will bring the finite state machine
from s, to s; for some s;. Show that R is an equivalence relation.
7.8 For the finite state machine shown in Fig. 7P.3:

(a) List all 0-equivalent states.

(b) Find all equivalent states and obtain an equivalent finite state machine with the smallest
number of states.

Input
State | O 1 | Output
=>4 F B 0
B D C 0
C G B 0
D E A 1
E D A 0
F A G 1
G C H 1
H A H ! Figure 7P.3

7.9 Show that the two finite state machines shown in Fig. 7P.4 are equivalent.
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Input Input
State | 0 1 | Output State | O 1| Output
p— B c 0 —r H C 0
B B D 0 B G B 0
C A4 E 0 C A B 0
D B E 0 D D C 0
E F E 0 E H B 0
F A D 1 F D E 1
G B C 1 G H C 1
H A E 0
(a) (h) Figure 7P.4

7.10 A partition on the set of states of a finite state machine = is called a preserved partition if for any
two states s; and s, that are in the same block in 7 then the two states f(s;, i) and f(s,, i) are also in
the same block in = for every input symbol i. For example, for the finite state machine shown in Fig,
7P.5(a), {AB CD} is a preserved partition. Note that both {ABCD} and {4 B C D} are trivially
preserved partitions.

(a) Can you find other preserved partitions on the set of states?

(b) For the finite state machine in Fig. 7P.5(b), find two preserved partitions n, and 7, suchthat

n,-ny,={ABCD EF}

(c) Show that if 7, and =, are two preserved partitions, so are =, - n, and n, + =,.

Input Input
State | O 1 State | O 1

A B C A F B
B A D B B A
C D A C C E
D | C B D E F

E D C

F A D

(@) (b) Figure 7P.5

7.11 For each of the sets described below, find a deterministic finite state machine that recognizes the
set:

(@) L={01)1¥iz1,j=1}

(b) L={0'10]iz1,jz1}

() L={010]i21,j =1} u {0*|k2 3}

(d) L = {all binary strings ending with 001} U {1}
7.12 For each set described below, find a deterministic finite state machine that recognizes the set:

(a) The set of strings of Os and 1s in each of which there is an even number of Os

(b) The set of strings of Os and 1s in each of which the number of 1s is not a multiple of 4

(c) The set of strings of Os and 1s in each of which the number of Os is even and the number of
Is is a multiple of 3

(d) The set of strings of Os, 1s, and 2s in each of which every 1 is immediately followed by at
least two 2s and every 0 is immediately preceded by at least two 2s

(e) The set of strings of Os and 1s each of which is the binary representation of an integer of the
form 4k + 3,fork = 1

(/) The set of strings of Os and 1s each of which is the binary representation of an integer of the
form 8 + 1,fork = 1

(g9) The set of strings of Os and 1s each of which starts with a 1 and ends with 010

(h) The set of strings of Os and 1s each of which ends with 01%, k > 1
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(i) The set of strings of Os and 1s in each of which every 0 is followed by three or more 1s, with
the first symbol being a 0

(j) The set of strings of Os and 1s in each of which every block of 1s contains three or more 1s
and is followed by exactly one 0, with the first three or more symbols being 1s

(k) The set of strings of Os and 1s none of which contains the substring 010

7.13 Give a description (verbal or in set-theorectic notation) of the set of strings recognized by each
of the finite state machines in Fig. 7P.6.

(b) Figure 7P.6
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Figure 7P.6 (Cont.)

7.14 Given a deterministic finite state machine with its initial state unspecified, an input sequence is
said to be accepted by the finite state machine if one can choose an initial state so that the input
sequence will bring the finite state machine from the chosen initial state to an accepting state.

(a) Does the finite state machine shown in Fig. 7P.7 accept the input sequence 0110 according
to this new definition of acceptance?

(b) Are all languages accepted by finite state machines using this definition of acceptance regular
languages? Prove your claim.

Input
State [ O 1 Output
| A C 0
B C A 0
C D B 0
D B D 1 Figure 7P.7
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(c) Repeat parts (a) and (b) if the definition of acceptance is changed to the following: An input
sequence is said to be accepted by the finite state machine if, for any arbitrary choice of an initial
state, the input sequence will bring the finite state machine from the chosen initial state to an
accepting state.

7.15 (a) The initial state of the finite state machine shown in Fig. 7P.8 is unknown. Design an input
sequence that will bring the machine to state B regardless of the initial state.

(b) A synchronizing sequence is an input sequence that brings a finite state machine to a specific
final state. Show that if a finite state machine with n states has a synchronizing sequence, then it has a
synchronizing sequence of length less than or equal to 2" — 2.

(c) Give an example of a finite state machine that does not have a synchronizing sequence.

Input
State 0 |
A B A
B A D
C C A
D B C Figure 7P.8

7.16 Two finite state machines with their input and output alphabets being {0, 1} can be connected in
series as shown in Fig. 7P.9(a), where the output symbol of M, is used as the input symbol of M,.
For the machines M, and M, shown in Fig. 7P.9(b), determine a finite state machine whose terminal
behavior is identical to the series connection of M, and M,.

(a)
Input Input
State | O 1 | Output State | 0 1 | Output
=4 |4 cl o o |p E| o
B C B 0 E E D 1
C B A 1
M, M,
(b)
Figure 7P.9

7.17 Two finite state machines with their input and output alphabets being {0, 1} can be connected in
parallel as shown in Fig. 7P.10(a), where each input symbol is sent to both machines simultaneously,
and the overall output is the “logical or” of the output symbols from the two machines. For the
machines M, and M, shown in Fig. 7P.10(b), determine a finite state machine whose terminal
behavior is identical to the parallel connection of M, and M,.
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Ml
———l
M2
(a)
Input Input
State | O 1 Output State | O 1 Output
—>4 4 [4 0 —)} D E 0
B C B 0 E E D 1
C B A 1
M, M,

(b)
Figure 7P.10

7.18 Prove that if a finite state machine accepts a “sufficiently long” input sequence, then it accepts
an infinite number of input sequences.
Hint: How do you define “sufficiently long” in a precise manner?
7.19 Show that each of the following languages is not a finite state language.
(@ L={0'1]iz}
(b) L={0V]i<j}
() L={0*k=2iz=1}
d) L={101""]iz1,j21}
7.20 Show that the language

L = {xx|x is a string of Os and Is}

is not a finite state language.

7.21 Construct a grammar for each of the languages accepted by the finite state machines in Probs.
7.13 and 7.23.

7.22 Convert each of the nondeterministic finite state machines in Fig. 7P.11 into deterministic form:

Input Input Input
State | O 1 Output State | 0 1 Qutput State | O 1 Output
f— B AC 0 — BC - 0 —| AC AB 0
B C A 1 B D B 0 B E - 0
C A — 0 C A C 0 C - E 0
D A B.C 1 D - - 1
E - - 1

(a) (b) (c)
Figure 7P.11

7.23 Give a description (verbal or in set-theorectic notation) of the set of strings accepted by each
nondeterministic finite state machine in Fig. 7P.12. (If a transition brings a state to the empty set, the
corresponding edge is omitted.)
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(b) Figure 7P.12

7.24 In this problem, we show that the notion of nondeterministic finite state machines is also very
useful in helping us to design deterministic machines.
(a) Design a deterministic finite state machine with {0, 1} as its input alphabet that accepts all
sequences ending with either 1010 or 001.
(b) What is the set of sequences accepted by the nondeterministic finite state machine in Fig.
7P.13. Convert the nondeterministic machine into a deterministic one.

Figure 7P.13
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7.25 A sequence that contains no symbol is referred to as a null sequence, which is commonly
denoted by 4. The notion of a null sequence can be understood easily by observing that (1) for an
input sequence a, the concatenation of A and a, Aa, and the concatenation of a and 4, a4, will both
bring the finite state machine to the same state as o does, and (2) if the initial state of a finite state
machine is an accepting state, then 4 is among the sequences accepted by the finite state machine.

The model of a finite state machine can be extended by allowing the inclusion of 4 arrows, as
shown in Fig. 7P.14(a). Note that the finite state machine can go from state B to state C “for free.”

(a) For the finite state machine in Fig. 7P.14(a), which of the following sequences are accepted
by the finite state machine: 101, 10101, 110, 11010, 10110, 11001? Describe in words the set of
sequences accepted by the machine.

(b) The finite state machine in Fig. 7P.14(b) is obtained from the machine in Fig. 7P.14(a) by
coalescing states B and C. Show that the two machines do not accept the same set of sequences by
giving an example of sequences that are accepted by one but not by the other.

061 I o
—(O——(——0

Figure 7P.14

(c) How can the machine in Fig. 7P.14(a) be transformed into one that accepts the same set of
sequences without using A-arrows? State a general procedure for such transformation.

7.26 Let L, and L, be finite state languages. Show that L, U L, is also a finite state language.
7.27 Let L be a language. Let LX be

LR = {xR|x e L}

where x® denotes the reversal of the sequence x. Show that if L is a finite state language, so is LX.



FINITE STATE MACHINES 259

7.28 Let L be a language that is specified by a grammar in which the productions are of the forms
A— a and A— Ba, where A and B are nonterminals and a is a terminal. Show that L is a finite state
language.

Hint: Use the result in Prob. 7.27.
7.29 Let L be a language that is specified by a grammar in which the productions are of the forms
A— 7y and A— yB where A and B are nonterminals and y is a string of terminals. Show that L is a
finite state language.



CHAPTER

EIGHT
ANALYSIS OF ALGORITHMS

8.1 INTRODUCTION

An algorithm 1s a step-by-step specification on how to perform a certain task.
Although it sounds a bit technical, a recipe is indeed an algorithm for preparing a
meal. Also, the instruction sheet that comes with your new bicycle contains an
algorithm for assembling the bicycle. There is an obvious reason for our interest
in studying design and analysis of algorithms. To use a computer to perform any
task, we must specify the steps it should carry out, that is, the algorithm for
performing the task. As a matter of fact, the reader has already seen a number of
algorithms. In Sec. 5.5, we presented an algorithm for determining a shortest path
between two vertices in a weighted graph. In Sec. 5.8, we presented an algorithm
for determining a traveling salesperson’s tour in a weighted graph. In Sec. 6.7, we
presented two different algorithms for determining a minimum spanning tree of a
graph. In Sec. 6.8, we also presented an algorithm for determining a maximum
flow in a transport network.

Whether we have designed an algorithm ourselves or are presented with an
algorithm designed by someone else, there are several important considerations
about the algorithm. First, the algorithm must be correct—it must perform its
assigned task correctly. For example, an algorithm for determining a shortest
path between two given vertices must indeed produce a path between these two
vertices and, furthermore, a shortest path between the two vertices. Secondly, we
would like to know how good the result produced by the algorithm is. This
question is meaningful whenever the algorithm does not promise to produce the
best possible result. In the case of finding a shortest path between two vertices,
once the algorithm has been certified to be one that produces a shortest path

260



ANALYSIS OF ALGORITHMS 261

between the two vertices, then, of course, the result is a best possible one. On the
other hand, consider the nearest-neighbor algorithm for the traveling salesperson
problem presented in Sec. 5.8. Since the algorithm does not always produce the
best possible result, it is extremely desirable to be able to evaluate the worth of its
result. We recall that the length of the tour produced by the nearest-neighbor
algorithm can be measured against the shortest possible tour, as shown in
Theorem 5.6. As another example, we recall the job-scheduling algorithm present-
ed in Sec. 4.7. Again, the algorithm does not always produce a best possible
schedule. However, we were guaranteed that the total execution time according
to the schedule produced by our algorithm will never exceed two times the
shortest possible execution time (Theorem 4.2). Thirdly, we want to determine the
“cost” of executing the algorithm. Given that an algorithm indeed produces the
desired result, we want to know the cost of obtaining the result. The most
commonly used measure of the cost of executing an algorithm is the amount of
time it takes. However, there are also other measures, such as the memory space
required to execute the algorithm.

To study the various aspects of the design and analysis of computing algo-
rithms is a natural topic for us to pursue at this point. On the other hand, we
have already given the reader a glimpse of the subject matter. In particular, as
was pointed out above, the reader has already been exposed to some consider-
ations on the correctness and performance of algorithms on several occasions. In
this chapter, we shall present some of the concepts in connection with the cost of
executing an algorithm, not only as an introduction to the subject of analysis of
algorithms but also as evidence that the mathematics we learned will indeed help
us attack many problems.

8.2 TIME COMPLEXITY OF ALGORITHMS

As we pointed out above, we would like to determine the cost of executing a
given algorithm. Obviously, the time it takes to execute the algorithm is one of
the most important measures of the cost of execution. For the rest of this chapter,
we shall restrict ourselves to measuring the time it takes to execute an algorithm,
which is also referred to as the time complexity of the algorithm.

Let us begin with a simple example. Suppose we have n numbers that are
stored in n registers x,, x,, ..., X,. A number stored in a register will be referred
to as the content of the register. Without loss of generality, we assume these
numbers are distinct. We want to design an algorithm to determine the largest of
these n numbers. We can use the following algorithm, which we shall refer to as
algorithm LARGEST1.

Algorithm LARGEST1

1. Initially, place the number in register x, in a register called max.
2. Fori=2,3,..., n, do the following: Compare the number in register x;
with the number in register max. If the number in x; is larger than the
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number in max, move the number in register x; to register max. Otherwise,
do nothing.

3. Finally, the number in register max is the largest of the n numbers in
registers x,, X5, ..., X,.

It is not difficult for the reader to convince herself that the algorithm indeed
places the largest of the n numbers that are in registers x,, x,, ..., X, in register
max. We shall, however, give a formal proof of the correctness of the algorithm.

PrOOF We want to prove by induction the following statement: For any i, 2 <
i < n, after the execution of step 2 the number in max is the largest among the
numbers in registers x;, x,, ..., X;.

1. Basis. For i = 2, the number in max is the larger of x; and x, .

2. Induction step. Assume that the statement is true for i = k; that is, the number
in max after execution of step 2 for i = k (but before execution of step 2 for
i =k + 1) is the largest among the numbers in registers x;, x,, ..., X,. The
execution of step 2 for i = k + 1 compares the number in register x,,, with
the largest among the numbers in registers x,, x,, ..., x,. Consequently, the
larger of these two numbers will be the largest among the numbers in registers
Xy Xgyeeey Xy Xkt 1-

Thus, we can conclude that algorithm LARGEST1 indeed places in register max
the largest of the n numbers that are stored in registers x;, x,,..., X,. d

As to how much time it takes to execute the algorithm, we note that each of
the numbers in registers x,, x5, ..., X, is compared with the number in register
max once. If we let ¢ denote the time it takes to compare two numbers, the total
time for the comparisons is (n — 1)c. Of course, if we are extremely meticulous, we
should note that depending on the outcome of each comparison, we may or may
not need to place a new number in register max, which may take a little addi-
tional time. However, taking into account such variation will involve a much
more complicated analysis, since the number of times we need to place a new
number in register max depends on the distribution of n numbers in the registers
Xy, X5, ..., X,. Therefore, we assume that the time it takes to place a number in
register max is either negligible or has been included in quantity c. Consequently,
we say that the total time it takes to execute the algorithm is (n — 1)c. Since c is a
quantity that depends on the particular computer we use, we frequently say that
the time it takes to execute the algorithm is proportional to n — 1.

We present now another algorithm for determining the largest of n numbers
in registers x,, X, ,..., x,which we shall refer to as algorithm LARGEST?2.

Algorithm LARGEST2

1. Do the following for i = 1, 2,..., n — 1: Compare the numbers in registers
x; and x;,,. Place the larger of the two numbers in register x;,,; and the
smaller in register x;.

2. Finally, the number in register x, is the largest of the n numbers.
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X4 1 1 1 4
X3 4 4 4 1
X, 2 3 3 3
x, 3 2 2 2
Figure 8.1

We present first an illustrative example showing how the algorithm works.
Figure 8.1 shows the steps.

To confirm that the algorithm is indeed correct, we ask the reader to supply
a proof by induction that for any i, 1 <i < n — 1, after the execution of step 1,
the number in register x;, ; is the largest among the i + 1 numbers in registers x,,
Xy, ..es Xiy X;41- As to the time complexity of the algorithm, we note that it is
also proportional to n — 1 since it makes n — 1 comparisons of numbers. (Step 1
is executed n — 1 times, and one comparison is made each time.)

At this time, we wish to point out a slight difference between the two algo-
rithms. Algorithm LARGEST]1 does not disturb the contents of the n registers
and always places the largest number in register max. On the other hand, algo-
rithm LARGEST?2 not only places the largest number in register x, but it also
rearranges the contents of the other registers as the illustrative example above
shows. One reason for introducing a second algorithm is to show the reader that
generally many different algorithms can solve the same problem. In the present
case, the two algorithms happen to have the same time complexity. As we shall
see later on, different algorithms for solving the same problem might have vastly
different time complexities. Also, different algorithms might have different “side
effects” even though they produce the same result. In this case, algorithm
LARGEST1 does not rearrange the numbers in registers x,, x,, ..., X,, while
algorithm LARGEST?2 does.

Let us consider now another example. By sorting the n numbers stored in
registers x,, x,, ..., X,, We mean to rearrange them so that the rearranged
contents of registers x,, x,, ..., X, are in ascending order. A sorting algorithm,
known as bubble sort, works as follows.

Algorithm BUBBLESORT

1. Do the following for i=n, n—1, n—2, ..., 4, 3, 2: Use algorithm
LARGEST?2 to place in register x; the largest of the i numbers in registers
Xis Xgseees X

2. Finally, the numbers in registers x,, x,, ..., x, are in ascending order.
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To ascertain that algorithm BUBBLESORT indeed sorts the n numbers in regis-
ters xy, x5, ..., X,, we note that for i = n, execution of step 1 places the largest of
the n numbers in register x,; for i = n — 1, execution of step 1 places the second
largest of the n numbers in register x,_; and so on. Finally, for i = 2, execution
of step 1 places the (n — 1)st largest (that is, the second smallest) of the n numbers
in register x,. Consequently, the remaining number in register x, is the smallest
of the n numbers. Thus, we can conclude that the algorithm does indeed rear-
range the contents of the registers x,, x,, ..., X, into ascending order. Figure 8.2
shows the steps of an illustrative example.

Now let us consider the time complexity of the algorithm. We note that the
first execution of step 1 uses n — 1 comparisons, the second execution of step 1

uses n — 2 comparisons, ..., and the (n — 1)st execution of step 1 uses one com-
parison. Thus, the total number of comparisons used is
nn — 1)

m—1D+m—-2)+--+2+1= 5
Consequently, we conclude that the time complexity of the algorithm is pro-
portional to n(n — 1)/2.

8.3 A SHORTEST-PATH ALGORITHM

We now present another example to illustrate how to analyze an algorithm to
determine its time complexity. Let us examine closely the algorithm that finds a
shortest path from vertex a to vertex z in a weighted graph presented in Sec. 5.5.
We repeat the algorithm here.

Algorithm SHORTEST
1. Initially, let P={a} and T =V — {a}. For every vertex t in T, let
It) = w(a, t).

2. Select the vertex in T that has the smallest index with respect to P. Let x
denote such vertex.
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3. If x is the vertex we wish to reach from a, stop. If not, let P'= P u {x}
and T' = T — {x}. For every vertex t in T’, compute its index with respect
to P" according to (5.1).

4. Repeat steps 2 and 3 using P'as Pand T as T.

Note that the algorithm begins with P = {a}, enlarges the set P one vertex at
a time, and terminates when set P contains vertex z. Let n denote the number of
vertices in the graph. Thus, the maximum number of iterations (the number of
times steps 2 and 3 are repeated) the algorithm will go through is n — 1. During
each iteration, we need to select the vertex in T that has the smallest index and to
recompute the indices of the vertices in T". Specifically, during the first iteration,
we need to select a vertex out of n — 1 vertices and to recompute the indices of
n — 2 vertices. During the second iteration, we need to select a vertex out of n — 2
vertices and to recompute the indices of n — 3 vertices, and so on. However, let us
be generous and say that during each iteration we select a vertex out of (no more
than) n — 1 vertices and recompute the indices of (no more than) n — 1 vertices.
Note that using an algorithm similar to algorithm LARGEST]1, we can select the
smallest of n — 1 numbers in time proportional to n — 1. Also note that to
compute the index of a vertex according to (5.1) requires a constant amount of
time that is independent of the number of vertices in the graph. Thus, the time
complexity for recomputing the indices of n — 1 vertices is also proportional to
n — 1. Consequently, the time complexity of the computation carried out in each
iteration is proportional to (n — 1).t

Since there will be at most n — 1 iterations, we conclude that time complexity
of algorithm SHORTEST is proportional to (n — 1)®. When n is large, the differ-
ence between n and n — 1 becomes insignificant. (Do you really care whether you
have one billion dollars or one billion and one dollars? Do you really care
whether your computer program takes 10,000 seconds or 10,001 seconds to run
to completion?) In fact, when n is large, the difference between n? and (n — 1)?
also becomes insignificant. Thus, we often say that the time complexity of algo-
rithm SHORTEST is proportional to n?. (We shall discuss this point in greater
detail in Sec. 9.3))

84 COMPLEXITY OF PROBLEMS

Let us go back to the simple problem of finding the largest of n numbers that are
stored in registers x,, X,, ..., X,. In Sec. 8.2, we saw two algorithms that had time
complexity proportional to n — 1. An immediate question one would raise is:
Can we find another algorithm with lower time complexity? Two possibilities
exist. Suppose after considerable effort we were not able to come up with an
algorithm of lower time complexity. What can we conclude? Are we incompetent,

+ Of course, the reader should understand that if time complexity is proportional to n — 1, it is
also proportional to 2(n — 1), with the latter being slightly redundant.
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or is there no algorithm with lower time complexity ? On the other hand, suppose
we discovered an algorithm with lower time complexity. We would naturally ask:
Can we still do better than that? Consequently, it will be desirable to determine
the time complexity of a problem, which is defined to be the time complexity of a
“best ” possible algorithm for solving the problem. In other words, given the time
complexity of the problem, we know that there exists an algorithm which solves
the problem in such time complexity, and that there is no algorithm with lower
time complexity which also solves the problem. In practice, determining the time
complexity of a problem is a rather difficult task. In many cases, we are only able
to determine an upper bound and a lower bound on the time complexity of the
problem. An upper bound on the time complexity of a problem means that a best
possible algorithm for solving the problem will have a time complexity less than
or equal to the bound. A common way to establish an upper bound of the time
complexity of a problem is simply to design an algorithm for solving the problem.
Clearly, the time complexity of any algorithm that solves the problem is an upper
bound on the time complexity of the problem. On the other hand, to determine a
lower bound on the complexity of the problem, we must establish that no algo-
rithm for solving the problem will have complexity lower than that.f On the
happy occasion that the upper bound equals the lower bound, we have deter-
mined the complexity of the problem. Furthermore, if indeed we have designed
an algorithm to establish the upper bound, this algorithm is a best possible
algorithm. We present two illustrative examples.

For the problem of determining the largest of n given numbers, we have
established an upper bound on the complexity of the problem as n — 1 compari-
son steps by demonstrating an algorithm for solving the problem that uses n — 1
comparison steps. We want now to establish that n — 1 comparison steps is also
a lower bound on the complexity of the problem. In other words, we want to
show that it is impossible to design an algorithm to solve the problem that uses
fewer than n — 1 comparison steps. Suppose that we were given an algorithm that
purports to solve our problem using less than n — 1 comparison steps. Let us
construct a graph with n vertices vy, v,, ..., v, corresponding to the n numbers. If
the algorithm compares two numbers corresponding to two vertices v; and v;,
there will be an edge joining vertices v; and v;. Consequently, if the algorithm
uses less than n — 1 comparison steps, the graph will have less than n — 1 edges.
According to our discussion in Sec. 6.1, the graph must be a disconnected graph.
This means that there are two disjoint subsets of numbers among the n numbers
such that no number in one subset is compared with any number in the other
subset. If that is the case, no matter how the numbers in each subset are com-
pared with one another, the algorithm cannot determine which of the two largest
numbers of the two subsets is larger. Thus, the algorithm cannot possibly be a
correct algorithm that determines the largest of n numbers.

Let us ask a trivial question on the complexity of the problem of determining

+ Once again, how do we show that no algorithm will do better?
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the smallest of n numbers. Clearly, using an argument similar to that given above,
we can conclude that the complexity of the problem is also proportional to n — 1.

We now ask the complexity of the problem of determining both the largest
and smallest of n given numbers. First, let us try to establish an upper bound on
the complexity of the problem by designing an algorithm to solve the problem.
Consider the n numbers stored in registers x,;, x,, ..., x,. We can use either
algorithm LARGEST1 or LARGEST?2 to determine the largest of the n numbers.
Afterwards, use a “similar ” algorithm to determine the smallest of the remaining
n — 1 numbers. Clearly, such an algorithm has time complexity proportional to

m—1D+mn—-2)=2n-3

Consequently, 2n — 3 is an upper bound on the complexity of the problem. As it
turns out, there is a more efficient algorithm for this problem. In other words,
there is a tighter upper bound on the complexity of the problem. For simplicity of
presentation, we assume the n is an even number.t Let x,, x,, ..., x, denote the n
registers in which n numbers are stored. Consider the following algorithm.

Algorithm LARGESMALL

1. Fori=1,2,...,n/2, compare the two numbers in registers x; and x; ; ,2),
and place the smaller number in register x; and the larger in register
Xi+m/2)

2. Use algorithm LARGEST1 to determine the largest of the n/2 numbers in
TEgISters X, 2)+1, Xm2)+2s ---» X,. Lhis is the largest of the n given
numbers.

3. Use an algorithm similar to LARGEST1 to determine the smallest of the
n/2 numbers in registers x;, X, ..., X,;, . This is the smallest of the n given
numbers.

We need to convince the reader first that the algorithm indeed determines the
largest and smallest of the n given numbers. Note that after step 1 the largest of
the n numbers is in one of the registers x,,, X(,2)+1, --+» X,, and the smallest of
the n numbers is in one of the registers x;, x5, ..., X,2. (A number in register x;,
1 £i £ n/2, cannot possibly be the largest of the n numbers because it is smaller
than (at least) one of the n numbers. Similarly, a number in register x;, n/2 + 1 <
i £ n, cannot possibly be the smallest of the n numbers because it is larger than
(at least) one of the n numbers.) Consequently, step 2 indeed determines the
largest of the n numbers and step 3 determines the smallest.

As to the time complexity of the algorithm, we note that step 1 requires n/2
comparison steps, step 2 requires (n/2) — 1 comparison steps, and step 3 requires
(n/2) — 1 comparison steps. Thus, the total number of comparison steps is
(3n/2) — 2, which is an improvement over the more obvious algorithm suggested
earlier.

+ We leave to the reader the case in which n is odd.
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We now conclude our discussion (and relieve our ambitious reader the
burden of attempting to further improve the result in the preceding paragraph)
by showing that (3n/2) — 2 is a lower bound on the complexity of the problem.
We shall employ what is known as an adversary argument which counters the
steps of an algorithm with unfavorable outcomes. It will be shown that regardless
of the design of the algorithm, the adversary argument will force the algorithm to
use at least (3n/2) — 2 comparison steps to determine the largest as well as the
smallest of n given numbers. Suppose we were presented with an algorithm that
solves our problem. Let a,, a,, ..., a, denote the n given numbers. At any
moment during execution of the algorithm, we let A denote the set of numbers
that so far have not been compared with any other number. We also let B denote
the set of numbers that has already been confirmed not to be the largest, and let
C denote the set of numbers that has been confirmed not to be the smallest. At
the beginning of the execution of the algorithm, 4 = {a,, a,, ..., a,}, B= ¢, and
C = ¢. At the end of execution, |A| =0, |B| =n — 1, and |C| = n — 1. Note that
a number may appear in both B and C. On the other hand, 4 and B are clearly
disjoint, as are A and C. The general idea of the adversary argument is whenever
the algorithm compares two numbers, the adversary argument will tell the
outcome to the algorithm. The adversary argument selects the outcomes in such
a way that the algorithm will be unable to determine the largest and smallest of
the n numbers until conclusion of at least (3n/2) — 2 comparison steps. In other
words, the algorithm will be unable to build up sets B and C such that
|Bl =n—1and |C| =n — 1 until conclusion of at least (3n/2) — 2 comparison
steps. Of course, the response of the adversary argument should always be consis-
tent. (That is, if the adversary argument tells the algorithm that a; < a; and
a; < a,, then it must respond with a; < a, whenever the algorithm asks for the
outcome of comparing a; and q,.) The adversary argument uses the following
rules:

1. If the algorithm compares two numbers a; and a; such that g; is in B but not in
C, then g; < g;. (If both g; and a; are in B but not in C, the result is arbitrary
as long as it is consistent.)

2. If the algorithm compares two numbers a; and a; such that g; is in C but not in
B, then a; > a;. (If both g; and q; are in C but not in B, the result is arbitrary
as long as it is consistent.)

3. For any other comparison, the result is arbitrary as long as it is consistent.

We note first that the response of the adversary argument is always consistent. If
number g; is in B but not in C, it means q; has never been compared with a
number that is smaller than g;. Consequently, rule 1 will never yield inconsistent
answers. If number q; is in C but not in B, it means a; has never been compared
with a number that is larger than a;. Thus, rule 2 will never yield any inconsistent
answer either.

Second, we note that if we compare two numbers in 4, both numbers will be
deleted from A with the smaller of the two added to B and the larger added to C.
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Thus, both | B| and |C| will be increased by 1. Any other comparison will at most
cause either | B| to increase by 1 or |C| to increase by 1. Consequently, to increase
|B| from 0 to n — 1 and to increase |C| from 0 to n — 1, the best any algorithm
can do is to use n/2 comparisons to compare the n numbers that were initially in
A and to use 2(n — 1) — n more comparisons so that sizes of |B| and |C| will
reach n — 1 at the end. Thus, the total number of comparisons is at least

3
SHRe—)-m=3 -2
We can conclude that (3n/2) — 2 is a lower bound on the time complexity of the
problem of finding the largest and smallest of n numbers.

8.5 TRACTABLE AND INTRACTABLE PROBLEMS

Once we understand the notion of the time complexity of problems, we can have
an intuitive feeling on the notion of computationally difficult or easy problems.
When we were first introduced to digital computers, it was immediately
impressed upon us that a computer can carry out arithmetic and logical oper-
ations at a tremendous speed, namely, millions or more operations per second.
Since almost all problems we encounter in digital computation are finite in
nature, it seems that there is no reason we cannot solve every problem by brute
force. Consequently, there really seems to be no problem we cannot solve at all.
Let us return to the traveling salesperson problem we discussed in Sec. 5.8. Since
there are altogether (n — 1)! possible tours (why?), the following algorithm will
certainly solve the problem for us: Compute the cost of each of (n — 1)! tours and
pick the one with the lowest cost.

Thus, if our problem has 5 cities, we can simply examine all 4! = 24 tours; if
it has 10 cities, we can simply examine all 9! = 362,880 tours; and if it has 70
cities, we can simply examine all 69! tours. The only flaw in this approach is that
n! becomes very large even for moderately large n. Take the instance of the
problem with 70 cities, and assume that our computer can examine 10!° tours
per second. Since

69! = 1.71122 x 10°®

it will take the computer 1.71122 x 10®® seconds, which is approximately
542626 x 1078 centuries to examine all tours so that we can select the one with
the lowest cost!

Let us examine another problem. Suppose we are given n integers a,, a,, ...,
a, and constant K. We want to find a subset of integers a;,, a;,, ... so that their
sum is less than or equal to but is as close to K as possible. For example, given
the 11 integers

4,7,8, 10, 12, 17, 25, 29, 31, 36
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Table 8.1
2 5 10 50 60 100

n 2 5 10 50 60 102
n? 4 25 102 2.5 x 103 3.6 x 103 10*
n? 8 125 10° 1.25 x 10° 2.16 x 10° 108
n® | 32 3125 105 312 x 108 7.78 x 10® 10'°
2 4 32 103 1.13 x 1013 1.15 x 108 1.27 x 10%°
3 9 243 59 x 104 7.18 x 10*> 424 x 102® 515 x 10*7
n! 2 120 363 x 10°  3.04 x 10°% 832 x 10 9.33 x 10'77

and K = 63, we ask the reader to select some of these integers so that their sum is
less than or equal to 63 and is as close to 63 as possible. This problem, known as
the knapsack problem, is motivated by the following situation: We have a knap-
sack of size K and n item of size a4, a,, ..., a,. We want to pack some items into
the knapsack so that they will all fit into the knapsack with as little remaining
room as possible. There is an obvious algorithm for solving the problem: For
each subset of {a;, a,, ..., a,}, compute the difference between the sum of
elements in the subset and K. Clearly, the subset that yields the smallest non-
negative difference is the solution. Since the set {a,, a,, ..., a,} has 2" subsets,
examining all subsets allows us to select the subset that yields the smallest non-
negative difference. It follows that the time complexity of such an algorithm is
proportional to 2". For n = 100, 2" = 1.26765 x 103°. Again, even if we assume
that our computer can examine 10'° subsets per second, it will still take
401969 x 10'2 years to complete the computation.

We observe that n, n%, n® and, for a fixed k, n* grow slowly for increasing n
while n!, 2", and 3" grow rapidly for increasing n, as shown in Table 8.1. (In Sec.
9.3, we shall discuss the rate of growth of functions in detail.) Thus, we say that
an algorithm with time complexity that does not grow faster than n* is efficient,
while an algorithm with time complexity that grows faster than n* is inefficient.t
Thus, the two algorithms presented here are both examples of inefficient algo-
rithms. Yet, on the other hand, the algorithms presented in Sec. 8.2 for determin-
ing the largest of n numbers and the shortest-path algorithm presented in Sec. 8.3
are examples of efficient algorithms.

It follows naturally that a problem is considered tractable (computationally
easy) if it can be solved by an efficient algorithm and intractable (computationally
difficult) if there is no efficient algorithm for solving it. To show that a problem is
tractable, we only need to demonstrate an efficient algorithm for solving the
problem. Thus, we have already demonstrated that the problems of determining
the largest of n numbers, sorting n numbers, and finding a shortest path between

t n is the size of the instance of the problem to be solved. For example, in the case of finding the
largest number among a given set of numbers, n is the number of numbers in the set. In the case of
sorting, n is the number of numbers to be sorted. In the case of finding a shortest path in a graph, n is
the number of vertices in the graph.
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two given vertices in a graph are all tractable problems. To show that a problem
is intractable, we must show that there cannot exist an efficient algorithm for
solving the problem (in other words, to show a lower bound on the complexity of
the problem that grows faster than n*). Indeed, there are problems that have been
shown to be intractable, but a detailed discussion of this topic is beyond the
scope of this book. However, our discussion does bring up one of the most
important unsolved problems in theoretical computer science. There is a class of
problems, including the traveling salesperson problem and the knapsack
problem, for which no efficient algorithm is currently known. Yet, on the other
hand, we have not been able to prove that efficient algorithms cannot exist for
their solution. In other words, we cannot confirm whether this class of problems
is tractable or not. What makes this class of problems so important is that it has
been shown that these problems are either all tractable or all intractable. That is,
if we can find an efficient algorithm to solve any problem in the class, we would
then have efficient algorithms for solving all problems in the class. Or if we can
prove that any problem in the class is intractable, we prove that all problems in
the class are intractable. This class of problems is referred as the class of NP-
complete problems. (NP stands for nondeterministic polynomial. Beyond that, we
shall refer the interested reader to one of the references.)
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Knuth’s books [8, 9, 10] present the many aspects of analysis of algorithms. See
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PROBLEMS

8.1 (a) Design an algorithm to determine whether n colored balls placed in n boxes are of the same
color. The basic operation is to compare two balls in any two boxes and find out whether they are of
the same color or not. Determine the complexity of your algorithm in terms of the number of basic
operations used. Determine also the complexity of the problem.

(b) Design an algorithm to determine whether n balls are of one or two colors. What is the
complexity of your algorithm?
8.2 Given a row of n Os and s, we wish to rearrange them so that the Os will be grouped at the left
and the Is will be grouped at the right. The basic operation is to compare two adjacent digits and
exchange their positions, if so desired. Design an algorithm and determine its complexity.

8.3 Design an algorithm to select the largest and second largest of n numbers. The basic operation is
to compare two numbers and determine the larger and the smaller of the two. What is the complexity
of your algorithm?

8.4 Given a complete m-ary tree of height h with a weight assigned to each edge (for example, the
ternary tree in Fig. 8P.1), design an algorithm that finds a path of minimum weight from the root of
the tree to any one of the leaves. What is the complexity of your algorithm?

Figure 8P.1

8.5 What is the complexity of the nearest-neighbor algorithm for the traveling salesperson’s problem
in Sec. 5.8?

8.6 We examine here the problem of sorting n numbers, x,, x5, ..., x,. Without loss of generality, we
may assume the n numbers are distinct. Consider a class of sorting algorithms in which the basic
operation is to compare two numbers and to branch according to the result of the comparison. That
is, we may choose to compare any two numbers x; and x;. If x; > x;, then one course of action will
be followed. However, if x; < x;, then another course of action will be followed. Any such algorithm
can be conveniently represented by a binary tree, where each internal node corresponds to a compari-
son operation and each leaf corresponds to a final outcome with the order of the n numbers
completely determined.
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X;p>Xx3>Xx3 X1>X3>X2
Figure 8P.2

(a) Figure 8P.2 shows part of a binary tree that describes an algorithm for sorting three
numbers. Complete the description of the algorithm. What is the complexity of the algorithm, in
terms of the number of comparisons made?

(b) Design an algorithm for sorting four numbers and determine its complexity.

(¢) Determine a lower bound on the complexity of any algorithm for sorting n numbers in this

class.
8.7 Among n given coins, one of them at most is a bad one. (A bad coin could be either heavier or
lighter than a good coin.) There is also a supply of coins that are known to be good. We are given a
scale balance that lets us compare the total weights of the coins placed on the two sides of the scale
balance. We want to design algorithms that determine whether the coins are all good; and if they are
not, we want to identify the bad coin and determine whether it is heavier or lighter than a good one.
In particular, we will investigate a class of algorithms that allows a three-way branching after each
use of the scale balance. That is, depending on whether the total weight of the coins in the left pan of
the scale balance is larger than, equal to, or less than the total weight of the coins in the right pan,
different courses of action will be followed. The complexity of such algorithms will be measured by
the number of times the scale balance is used.

(a) For n = 1, show an algorithm that solves the problem using the scale balance once, and thus
conclude (trivially) that, within this class of algorithms, the complexity of the problem is indeed to use
the scale balance once.

(b) For n = 4, show an algorithm that solves the problem using the scale balance twice. Note
that a convenient way to describe the algorithm would be to use a ternary tree in which every
internal node represents one use of the scale balance. Determine a lower bound on the complexity of
all algorithms in the class.

(c) Show that a lower bound on the complexity of all algorithms in the class is to use the scale
balance k times, where k is the smallest integer such that n < (3* — 1)/2.

(d) Can you find a nonbranching algorithm for n = 4 that also uses the scale balance only
twice—that is, an algorithm in which the same comparison of weights will be made for the second use
of the scale balance regardless of the outcome of the first use? Can you find a nonbranching
algorithm for n = 13 that uses the scale balance three times? For n = (3* — 1)/2 that uses the scale
balance k times?

Hint: This part is nontrivial.

8.8 Given the values of a,, a,, a,,..., a,and x, we want to evaluate the polynomial

px)=ax"+a,_x"" '+ +a,x+a,
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In a most straightforward fashion, we can compute the value of each term a;x' and add them
together. Since the product g;x' = a; - x - x ... - x can be computed in i multiplication operations, we
need a total of n(n — 1)/2 multiplication operations and n addition operations. Can you do better
than that?

8.9 Consider the following algorithm that computes the sum of x,, x,,..., xg:
sum = x,
For i=2to8
sum :=sum + x;

Note that the execution of this algorithm requires seven units of time if we assume that it takes one
unit of time to add two numbers. Now, assume that we have a large number of processors that can be
used to do addition in parallel. We may employ the following algorithm where all addition oper-
ations in each “do in parallel ” statement are assumed to be carried out simultaneously on different
processors. Consequently, execution of this algorithm requires three units of time.

1. Do in parallel
Xy =Xy + X,
X3:=X3 + X4
Xsi=Xg + Xg
X9 =X + Xg

2. Do in parallel

Xyr=Xy + X5
X5 =Xs + X4

3. sum:=x; + x;

We assume a model of parallel computation in which there are infinitely many processors that
operate simultaneously. In one unit of time, a processor can access a fixed number of registers, carry
out one arithmetic, logical, or comparison operation, and store the results in a fixed number of
registers.

(a) Using a model of parallel computation, design an algorithm similar to that presented above
for finding the sum of 2* numbers. What is the time complexity of your algorithm?

(b) Design a parallel algorithm that determines the maximum of 2* numbers. What is the time
complexity of your algorithm?

(c) Design a parallel algorithm that determines the number of positive numbers among 2*
numbers. What is the time complexity of your algorithm?
8.10 A heap is an arrangement of numbers at the nodes of a binary tree such that the following
conditions are satisfied:

All the leaves are either at the lowest or the next to lowest level.
All the leaves at the lowest level are at the leftmost possible positions.
The number at any internal node is larger than the numbers at its two sons.

For example, the binary tree in Fig. 8P.3(a) is a heap, while that in Fig. 8P.3(b) is not.

(a) Given a binary tree with n numbers such that the first two conditions above are satisfied,
design an algorithm to turn it into a heap. What is the complexity of your algorithm?

(b) Suppose we are given a heap with n numbers. If we replace the number at the root with the
number in the rightmost leaf in the lowest level, we no longer have a heap. (For example, Fig. 8P.3(c)
is obtained from Fig. 8P.3(a) this way.) Design an algorithm to restore the tree into a heap. What is
the complexity of your algorithm?



ANALYSIS OF ALGORITHMS 275

(c)

Figure 8P.3

(c) Given a heap of n numbers, what can you say about the number at the root? The algorithms
you designed in parts (a) and (b) can be put together to form a sorting algorithm. How? What is the
complexity of your sorting algorithm?

8.11 We study the problem of computing x" for given x and n, assuming that all intermediate results
of computation are available to us.

(a) Given x, can you compute x'¢ in four multiplications?

(b) Given x, in how many multiplications can you compute x!*? x23?

(c) For a given integer n, let b, b,.., --- b, b, denote its binary number representaion. For each
b;, we will replace b; by SX if b, = 1, and replace b; by S if b; = 0. For example, since the binary
number representation for 29 is 11101, we obtain the sequence SXSXSXSSX. Removing the leading
SX, we obtain the sequence SXSXSSX. If we substitute each S by square, and each X by multiply by
x, we obtain a sequence of steps {square, multiply by x, square, multiply by x, square, square, multiply
by x}, where square means to compute the square of the current result, and multiply by x means to
multiply the current result by x. Show that starting with x as the current result, for n = 29, this
sequence of steps indeed will compute x2°.

(d) Show how one can compute x*° using the algorithm presented in part (c).

(e) Prove that the algorithm presented in part (c) is indeed correct.

(f) Given an integer n, an addition chain for n is a sequence of integers

aya, a, -+ a
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such that a; = 1, a,, = n,and a; = a; + g, for k £ j < i. For example,
12357142829

and
12367142829

are both addition chains for 29. What is the relationship between addition chains and evaluation of
powers of x?

(9) Determine addition chains for 19, 33, 46, 79, and 87. In how many multiplications can you
evaluate x!°, x33, x*%, x7° and x%7?



CHAPTER

NINE

DISCRETE NUMERIC FUNCTIONS AND
GENERATING FUNCTIONS

9.1 INTRODUCTION

We recall that a function is a binary relation that assigns to each element in the
domain a unique value which is an element in the range. In this and the next
chapter, we shall study the class of functions whose domain is the set of natural
numbers and whose range is the set of real numbers. We shall refer to these
functions as discrete numeric functions or, briefly, numeric functions. Numeric
functions are of particular interest to us because we encounter them very often in
digital computation.

We shall use boldface lower case letters to denote numeric functions. For a
numeric function a we use q,, a,, a,, ..., 4,, ... to denote the values of the
functionat0,1,2,...,r,....}

Although, in principle, we can specify a numeric function by exhaustively
listing its values (a,, a,, a,, ...), in practice we need to use a representation that is
not infinitely long. Thus,

a, =7 +1 r20

ool 2 0srsil

T3 -1 rz11

o= —4 r=3,57

710 otherwise
24r 0=r=ss5

d={2—r r>5 risodd
2/r r>5 riseven

T This is merely a simpler notation than what we introduced in Sec. 4.8, where we used a(0), a(1),

a2),...,a(r),....
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are examples of concise specification of numeric functions. When there is one
simple expression for the value of the numeric function for every r such as a,
above, we shall also use the notation

a=73+1

Let us consider the following examples:

Example 9.1 Suppose we deposit $100 in a savings account at an interest
rate of 7 percent per year, compounded annually. At the end of the first year,
the total amount in the account is $107; at the end of the second year, the
total amount in the account is $114.49; at the end of the third year, the total
amount in the account is $122.50, and so on. The amount in the account at
the end of each year can be described by a numeric function a, which can
either be specified as (100, 107, 114.49, 122.50, ...) or as

a, = 100(1.07) r=0
or as
a = 100(1.07) (I

Example 9.2 Let a, denote the altitude of an aircraft, in thousands of feet, at
the rth minute. Suppose the aircraft takes off after spending 10 minutes on
the ground, climbs up at a uniform speed to a cruising altitude of 30,000 feet
in 10 minutes, starts to descend uniformly after 110 minutes of flying time,
and lands 10 minutes later. We have

0 0=rz10
3(r — 10) 11<r<20
a, =430 21r<£120
3(130 — 1) 121 £r £130
0 r= 131 O

9.2 MANIPULATION OF NUMERIC FUNCTIONS

The sum of two numeric functions is a numeric function whose value at r is equal
to the sum of the values of the two numeric functions at r. The product of two
numeric functions is a numeric function whose value at r is equal to the product
of the values of the two numeric functions at r. For example, consider the two
functions a and b where
0 0sr=<2
= { r=3

27"+ 5
and

IIA

1

, _[3-2 o0sr
T lr+2 r=2
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Let ¢ be the sum of the two functions a and b, which we shall denote a + b. Then

3-2 0=sr=1
¢, =a,+b =14 r=2
27"+ r+7 r=3

Let d be the product of the two functions a and b, which we shall denote ab. Then

d—ab = 0 0srg2
r— “rYr— r.2—r+2—r+l+5r+10 ’.23

For example, if a denotes the monthly income of a husband and b denotes
the monthly income of his wife, then a + b will be their joint monthly income. Let
a denote the balance in a savings account in each month and b denote the
monthly interest rate, which fluctuates from month to month. Then ab will be the
interest earned in each month.

Let a be a numeric function and « be a real number. We use aa to denote a
numeric function whose value at r is equal to « times a,. The numeric function aa
is called a scaled version of a with scaling factor a. For example, let a be a
numeric function whose value at r is (1.07)". Then 100a is a numeric function
whose value at r is 100(1.07)". Clearly, if a describes the total amount in a savings
account through the years for an initial deposit of $1, then 100a describes the
total amount in the account for an initial deposit of $100.

Let a be a numeric function. We use |a| to denote a numeric function whose
value at r is equal to a, if a, is nonnegative, and is equal to —a, if g, is negative.

For example, let
2
a,=(—1)’<-5> rz0
r

2

7'2

Let b be |a|, then

b, = rz0

For example, let a be a numeric function where a, is the difference between the
output voltage of the electrical power supply after r hours of operation and a
nominal reference voltage. Thus, positive a, means that the voltage after r hours
of operation is above the reference voltage, while negative a, means that the
voltage after r hours of operation is below the reference voltage. Thus, |a| gives
the deviation of the output voltage from the reference voltage.

Let a be a numeric function and i a positive integer. We use S‘a to denote a
numeric function such that its value at ris O forr =0, 1, 2,...,i — 1 and is a,_;
for r = i. For example, let
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Let b be S°a. Then

0 0<r=<4
b,=11 5<rgis
2 r=16

As another example, let a describe the altitude of an aircraft as given in the
foregoing. Then S!7a describes the altitude when takeoff is delayed by 17
minutes.

Let a be a numeric function and i a positive integer. We use S ~‘a to denote a
numeric function such that its value at r is a, ,; for r = 0. For example, let

{1 0<r=<10
a, =

" 2 r=11
Let b be S 7a. Then

b_1 0<r<3
12 r=4

As another example, let a be a numeric function where g, is the number of
applicants whose height is r inches above the minimum height requirement to
join the Army. It follows that the numeric function S~ 2a describes the numbers of
applicants in the height groups if two inches have been added to the minimum
height requirement.

The accumulated sum of a numeric function a is a numeric function whose
value at r is equal to ) j_, a;. For example, let a describe the monthly earnings of
an employee. Let b be the accumulated sum of a. Then b gives her accumulated
earnings by month. As another example, let

a, = 100(1.07) r=z0
Let b be the accumulated sum of a. Then

r r 1
=) a Z 0(1.07)} ———0000[(107)'“—1] r=0
& &

Note that if we deposit $100 each year in a savings account at an annual com-
pounded interest rate of 7 percent, then b, is the total amount we have in the
account after r years.

The forward difference of a numeric function a is a numeric function, denoted
Aa, whose value at r is equal to a,,; — a,. The backward difference of a numeric
function a is a numeric function, denoted Va, whose value is equal to a, at 0 and
is equal to a, — a,_, at r 2 1. Thus, if a describes the total business income of a
company in each month, Aa will describe the increase of income from the rth
month to the (r + 1)st month and Va will describe the increase of income for the
rth month over the (r — 1)st month. For example, let a be a numeric function
such that

_ {0 0srg2
“TLres rz3
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Let b denote the forward difference of a, Aa; then

0 0r=s1
b, = {4 r=2
—270*h 23

Let ¢ denote the backward difference of a, Va; then

0 0<rg2
c,={4% r=3
-2 r=4

We note that S~ !(Va) = Aa.
Let a and b be two numeric functions. The convolution of a and b, denoted
a * b, is a numeric function ¢ such that

¢, =agh,+ab,_y+ayb,_,+ - +ab,_;+ - +a,_by+aby=Y ab,_;
i=0
For example, let a and b be the two numeric functions such that
a =3 r=z0

and

Then,forc=a x b

¢, =y 327! r=0
i=0

Example 9.3 Consider the problem of determining c,, the number of
sequences of length r that are made up of the letters {x, y, z, a, B}, with the
first portion of each sequence made up of English letters and the second
portion made up of Greek letters. Since

a, =3
is the number of sequences of length r made up of the letters {x, y, z} and
b, =2

is the number of sequences of length r made up of the letters {a, #},
r . .
¢, =y 3271
i=0
is the answer to our question. O

Example 9.4 Consider again the example of a savings account that receives
annually compounded interest at a rate of 7 percent per year. Suppose we
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deposit $100 in the account at the beginning, $110 at the end of the first year,
$120 at the end of the second year, $100(1 + 0.1r) at the end of the rth year,
and so on. We want to know the total amount in the account at the end of
the rth year. Let the numeric function a describe the yearly deposit, that is,

a, = 100(1 + 0.1r) r=0
Let b be a numeric function such that
b, = (1.07) r=0

Note that b, is the amount in the savings account at the end of the rth year if
$1 was deposited into the account at the beginning (or at the end of the Oth
year). Thus, if a; dollars was deposited in the savings account at the end of
the ith year, it will become a; b, _; dollars r — i years later (or at the end of the
rth year). It follows that

r

¢ = Z aibrfi

i=0

is the total amount in the savings account at the end of the rth year. O

Example 9.5 We consider the financial operation of a company. For every
$100,000 of orders it receives, the company must borrow $70,000 as working
capital for materials, machinery, wages, and so on. In particular, the
company will need $30,000 immediately, $20,000 in the next month, and
$5,000 in each of the subsequent four months. Thus, the needs for new
working capital, in thousands of dollars, can be described by a numeric
function a such that

30 r=0

20 r=1
a, =

5 2<r=<S

0 r=6

For every $1000 the company borrows, it must repay a total of $1100 in 11
installments of $100 each for 11 months starting with the month after the
money was borrowed. Let b be a numeric function describing the repayment
schedule, in thousands of dollars. We have

0 r=0
b, =10.1 r=1,2,...,11
0 r=12

Suppose the company has total orders of $200,000 in each of the first 10
months and total orders of $300,000 in subsequent months. We want to
know the total repayment in the rth month. Let ¢ be a numeric function such
that
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represents the orders received in the rth month, in hundreds of thousands of
dollars. We note that a x b will give the monthly repayment corresponding
to a single order of $100,000 at the beginning. We ask the reader to check
that a*b=1(0, 3, 5, 55,6, 65,7, 7,7,7,7,7,4 2,151, .5 0,0, ..).
Consequently, ¢ * (a * b) will give the repayment schedule of all debts in
thousands of dollars.t Again, we ask the reader to check that ¢ * (a * b) = (0,
6, 16,27,...). d

9.3 ASYMPTOTIC BEHAVIOR OF NUMERIC FUNCTIONS

Let a be a numeric function describing the market value of a piece of farm land
we purchased. In particular, let a, be the value of the land after r years. If we
purchased the farm land for long-term investment, we would be most interested
in how a, increases or decreases for large r. Let b be a numeric function in which
b, is the time it takes for a computer to process the payroll of r employees. To
assess the efficiency of the data processing operation, we are mostly interested in
knowing the amount of time it takes to process payrolls with large numbers of
employees, since when there is only a small number of employees, the total
processing time will not be prohibitively long under any circumstance and, conse-
quently, is not a serious concern. Let ¢ be a numeric function in which ¢, is the
time it takes for a certain sorting algorithm to sort r numbers. We are interested
in how ¢, increases when we want to use the algorithm to sort tens of thousands
of names in the preparation of a telephone directory. By the asymptotic behavior
of a numeric function, we mean how the value of the function varies for large r.
For example, for

a=>5 r=20

r

the value of the numeric function remains constant for increasing r. For
b, = 5r2 r=0

the value of the function increases for increasing r and is proportional to r2, while
for

¢, =5logr r=0

the value of the function increases for increasing r and is proportional to log r.
Finally, for

the value of the function decreases for increasing r, is proportional to 1/r, and
approaches 0 as a limit.

In many occasions, we are interested in comparing the asymptotic behavior
of two numeric functions. To this end, we introduce the notion of asymptotic
dominance. Let a and b be numeric functions. We say that a asymptotically

+ We ask the reader to ascertain that expressing a, and b, in thousands of dollars and ¢, in
hundreds of thousands of dollars will yield the repayment schedule in thousands of dollars.
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dominates b, or b is asymptotically dominated by a, if there exist positive constants
k and m such thatt

|b,| £ ma, forr>k
For example, let a and b be two numeric functions such that
a=r+1 rz0

1
b,=;+7 r=z0

Then a asymptotically dominates b because, for k = 7and m = 1,
|b,| < a, forr=7

On the other hand, b does not dominate a asymptotically, since for any choice of
k and m, there exists ry such that r, = k and |a,,| > mb,,. As another example, let
a and b be two numeric functions such that

4, = — r? — 1000

"7 100
b — —1,000000 0<r<10
" | =100,000r r>10

Because for k = 10% + 1 and m = 10,
|b,| £10a, forr=10° +1

we can conclude that a asymptotically dominates b.

Intuitively, that a asymptotically dominates b means that a grows faster than
b. Thus, for sufficiently large r, the absolute value of b, does not exceed a fixed
proportion of a,. For example, suppose we deposit $1 in two separate bank
accounts. After r years, our total deposit in account A becomes 1 + 0.2r dollars,
and our total deposit in account B becomes (1 + 0.03)* dollars.} Let

a,=1+02r rz0
b, = (1 + 0.03)* rz0
We note that b asymptotically dominates a since, for k = 9 and m = 1,
|14 0.2r] £(1 4 0.03)% forr=9

That is, the growth rate of our money in account B is higher than that in account
A. Although in the first few years the total in account B is less than that in
account A, the total in account B exceeds that in account A in the long run.

We leave the proofs of the following statements to the reader:

t Some authors use the condition |b,| < m|a,| for r = k instead. However, as the reader will see
later on, it is meaningful to insist that a. be positive.

1 That is, account A4 pays 20 percent simple annual interest (a somewhat outdated banking
practice), and account B pays 12 percent annual interest that is compounded quarterly.
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. For any numeric function a, |a| asymptotically dominates a.
. If b is asymptotically dominated by a, then for any constant «, ab is also

asymptotically dominated by a.

. If b is asymptotically dominated by a, then for any integer i, S’b is asymp-

totically dominated by S'a.

. If both b and ¢ are asymptotically dominated by a, then for any constants «

and B, ab + e is also asymptotically dominated by a.

. If ¢ is asymptotically dominated by b and b is asymptotically dominated by a,

then c is asymptotically dominated by a.

. It is possible that a asymptotically dominates b, and b also asymptotically

dominates a. For example, let
a=rr+r+1 r=0
b, =005r2—r3—-9 r=0

It is possible that a does not asymptotically dominate b, nor does b asymp-
totically dominate a. For example, let

o= 1 r is even
"7 10  risodd
b — 0 r is even
T r is odd

. It is possible that both a and b asymptotically dominate ¢, while a does not

asymptotically dominate b, nor does b asymptotically dominate a. For
example, let

{1 r=3ior3i+1
a, =

r 0 r=3i+2
b — 1 r=3ior3i+2
0 r=3i+1

o = 1 r=3i
) otherwise

For a given discrete numeric function a, let O(a) denote the set of all numeric

functions that are asymptotically dominated by a. O(a) is read “order a” or
“big-oh of a.” Thus, if b is asymptotically dominated by a, then b is in the set
O(a). Instead of saying b is in the set O(a), we often simply say b is O(a). For
example, let

a=r?
b=10r? + 25
c=5~r

d=%r210gr—r2

We note that b is O(a), ¢ is O(a), but d is not O(a). Also, a is O(d), as are b and c.
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When numeric function a can be expressed in a simple closed form, such as
a =r?, we shall also write O(a) as O(r?). Thus, when we say that a numeric
function b is O(r log r), we mean that b is asymptotically dominated by the
numeric function a = r log r. We want to remind the reader that b is O(a) only
means b does not grow faster than a; indeed, b could grow much slower than a.
Thus, a statement such as “b grows too fast because b is O(2")” is not meaningful
because we only know that b does not grow faster than 2'. It is possible that b
grows much slower than 2".

We note that the relations stated above in terms of asymptotic dominance
can also be restated in terms of the “ big-oh ” notation as follows:

For any numeric function a, a is O(|a|).

If b is O(a), then for any constant «, ab is also O(a).

If b is O(a), then for any integer i, S'b is O(S'a).

If both b and ¢ are O(a), then for any constants « and g, ab + fc is also O(a).
If ¢ is O(b) and b is O(a), then ¢ is O(a).

It is possible that a is O(b), and b is also O(a).

It is possible that a is not O(b) and b is not O(a).

It is possible that ¢ is both O(a) and O(b), while a is not O(b) and b is not O(a).

Sl A A o e

Consider the following examples:

Example 9.6 Show that for i < j, ar' is O(r/). Note that for k = 1 and m = 1,
[F|<r  forrzx1

It follows that r' is O(r). Consequently, ar’ is O(r). O

Example 9.7 Let
a=oy+a;r+o,ri4+-4o,r"
We want to show that a is O(r"). Note that
loag + oyr +a,r? + -+ o, | £ |agl + ag|r+ log|r? 4+ + |a,|r"
S (ol + oy + faa] + -+ la,)r"
Since for k = 1and m = |ag| + oy | + |z + -+ + | o]
lag +ar +a,r? + - +a,r"| <mr"  forr=1

a is asymptotically dominated by r". Consequently, a is O(r").

In fact, the result can also be derived more directly. According to
Example 9.6, for i < n, a;r' is O(r"). Using the result in relation 4 above, we
can conclude that a is O(r"). O

Example 9.8 We note that O(1) = O(log r) = O(r) = O(r) = O(«’) = O(r!). We
ask the reader to confirm the results. O
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Let A and B be two sets of numeric functions. We use the following notations
to denote sets of numeric functions:

A+B={a+blacA beB}
aA = {0ala € A}
A-B={ablac A,be B}

We state the following results and leave the proofs to the reader:

1. If b is O(a), then O(b) is a subset of O(a). Consequently, if b is O(a) and a is O(b),
then sets O(a) and O(b) are equal.

For any a, O(a) + O(a) = O(a).

If b € O(a), then O(a) + O(b) = O(a).

For any constant «, «0(a) = O(aa) = O(a).

For any a and b, O(a)O(b) = O(ab).

Db W

Let us consider the following examples:

Example 9.9 Let
a=4+ir +r

Clearly, a is O(r>). Also, a is in the set of numeric functions
{3} + o0yt
as well as the set of numeric functions
3 + 3%} + 00

In the literature, we frequently write

a=0(? 9.1)

=13 4+ 0(r?) 9.2)

a=43+42+0() 9.3)
to mean} ,
a e O(r)

ae {3} +00)
ae {3r* + 4% +0(r)

+ We remind the reader that this denotes the set of numeric functions A + B, where A is the set
{4r3} and B is the set O(r?).
1 Some authors prefer the interpretation:

{a} 0%
{a} = {§°} + O(?)
fa) < (4 + 4} + 00)

Such slight difference in viewpoint is inconsequential.
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Note that (9.1), (9.2), and (9.3) provide different information on the numeric
function a. Because

4 + 47} + 00) < (I} + 002 < 0)

(9.3) is the strongest and (9.1) the weakest of the three relations concerning
the behavior of numeric function a. In other words, (9.3) implies (9.2) which,
in turn, implies (9.1), but not conversely. O

ol

b= r+0<ﬁ)

w=(r+0}))(v7+ o))
- ro L)+ vro(2) + o ()

=r¥2 1 0(/r) + 0(%) + 0(#)

=2 4+ 0(/r) O

Example 9.10 Let

We have

Similar to the “big-oh” notation, we also want to introduce the “big-
omega” and “big-theta” notations. For a given numeric function a, let Q(a)
denote the set of all numeric functions b such that there exist positive constants k
and m with}

|b,| = ma, forr >k
In other words, if b is in Q(a), then b grows at least as fast as a. For example, let
a,=2r+5 rz0
b=r-2 rz0
¢, =rlogr rz0
d, =r3? rz0

Both b and ¢ are in Q(a). However, neither b nor ¢ is in Q(d). In the literature,
instead of saying b is in Q(a), we often say b is Q(a).

+ Again, we remind the reader that this denotes the set of numeric functions A - B, where A is the
set r + O(1/r) and B is the set \/r + O(1//7).
1 The notation is meaningful only if a,is positive.
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For a given numeric function a, let ©(a) denote the set of all numeric func-
tions b such that there exist positive constants m, m’, and k witht

ma, < |b,| Sma, forr=k

In other words, if b is in @(a), then b grows at the same rate as a. Again, instead
of saying b is in ®(a), we often say b is O(a). Thus, for example, according to our
discussion in Sec. 8.2, the time complexity of the bubble sort algorithm is ©(r?).
Consequently, the time complexity of the problem of sorting is O(r?). On the
other hand, the time complexity of the problem of selecting the largest of r
numbers, and the time complexity of the problem of selecting the largest and
smallest of r numbers are both O(r).

9.4 GENERATING FUNCTIONS

As we pointed out in Sec. 9.1, a numeric function can be specified by an exhaus-
tive listing of its values. In this section, we introduce an alternative way of
representing numeric functions.

Suppose we have an iron rod and wish to make a horseshoe out of it. Since
hammering a cold iron rod into a horseshoe is quite tedious, we first place the
iron rod in a furnace. We can then hammer the hot iron rod into a (hot) horse-
shoe. When we dip the hot horseshoe in a water tank to cool it, we obtain the
(cold) horseshoe we want. The moral of our example is rather obvious: Our goal
is to turn a (cold) iron rod into a (cold) horseshoe. However, instead of trying to
achieve this goal directly, we change the cold iron rod into a hot iron rod first.
Once we make a hot horseshoe out of the hot iron rod, we can cool the hot
horseshoe and obtain the cold horseshoe we want. The process is shown in Fig.
9.1a.

Recall that given a positive number x we can compute its logarithm In x.
Indeed, the logorithm of a number can be viewed as an alternative representation
of the number, since from x we can compute In x, and from In x we can compute
x. Thus, when we want to compute xy, instead of multiplying the two numbers x
and y directly, we can represent x as In x and y as In y, compute In x + In y,
which is equal to In xy, and then obtain the product xy from its alternative
representation In xy. Similarly, when we want to compute x/y instead of dividing
x by y directly, we can compute In (x/y), which is equal to In x — In y, and then
obtain x/y from its alternative representation In (x/y). The process is depicted in
Fig. 9.1b.

To a computer science student, the notion of alternative representation is a
most familiar one. An alternative representation for a decimal number is its
corresponding binary number. Thus, instead of adding, subtracting, multiplying,

+ The notation is meaningful only if a, is positive.
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Cold iron rod ————————— Hot iron rod

|

Cold horseshoe «=——————  Hot horseshoe

(a)

X,y ——————— Inx,Iny

|

x
Xy, ; +—————#— Inx+lny,Inx —~Iny

(b)

5,7 —————— = 101, 111

|

12 «———— 101 +111=1100

(c) Figure 9.1

and dividing decimal numbers directly, we represent them as binary numbers, use
a computer to carry out all arithmetic operations on binary numbers (which a
computer can do effortlessly), and then obtain the results of our computation by
converting the results in binary numbers into decimal numbers. Again, the
process is shown in Fig. 9.1c.

These examples illustrate very well the notion of alternative representation
for physical as well as mathematical entities. Furthermore, we saw that a suitably
chosen alternative representation also leads to efficiency and easiness in some
operations we wish to carry out.

We introduce now an alternative way to represent numeric functions. For a
numeric function (a,, a,, a,, ..., a,, ...), we define an infinite series

g+ aiz+azt+- - +a,z" + -

which is called the generating function of the numeric function a. Indeed, we can
take the viewpoint that we have introduced nothing more than a new notation at
this moment. Instead of writing down the values of a numeric function one by
one and using commas as “separators” as in (a,, a,, d;, ..., 4, ...), W€ choose a
formal variable z and use the powers of z as “indicators” in an infinite series such
that the coefficient of z" is the value of the numeric function at r. For a numeric
function a, we shall use the corresponding upper case letter and write A(z) to
denote the generating function of a. Clearly, given a numeric function, we can
easily obtain its generating function, and conversely. For example, the generating
function of the numeric function (3°, 3, 32,...,3",..)is

39 43243222 4333 - 437 4 - (9.4)
We note that the infinite series in (9.4) can be written in closed form as

1
1 -3z
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which is a rather compact way to represent the numeric function (1, 3, 32, ...,
3", ...). Indeed, as we shall see, the reason we introduce the generating-function
representation of numeric functions is the possibility of expressing infinite series

in closed form so that they can be manipulated conveniently.

The reader can readily check that, corresponding to b = aa, we have
B(z) = aA(z). Thus, for example, the generating function of the numeric function

a="7"3" r=0

7
1-—3z

A(z) =

and the generating function of the numeric function

a=3*? rz0

9

Az) = 1-—3z

It is also obvious that corresponding to c¢=a+b, we
C(z) = A(z) + B(z). Thus, the generating function of the numeric function

a=2"+73 r=z0

1
Al) = ——
O=1_%t1-%
Also, corresponding to the generating function
2 + 3z —62%
A =——7T—
@="7"%
which can be written as
A(z) =3
(2) z+ =2,
we have
2 r=20
a, =<7 r=1

2r+1 r;z

have

Let a be a numeric function and A(z) its generating function. Let b be a

numeric function such that

— AT
b, =da,
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for some constant a. Since the generating function of b is
a, + aa;z + ofa, 22 + -+ a'a,zl + -
= ay + a,(az) + ay(@z)* + - + alaz) + -

we have B(z) = A(az). For example, since the generating function of the numeric
function

is
A(z)=;
1—z

the generating function of the numeric function

a, =a r=z0
is
1

A = 1—oaz

As another example, corresponding to the generating function

A@) = 1 —4z2
which can be written as
A(z) = + :
1-2z 142z
we have
a,=2"+ (-2 r=0
or
o= {0 r odd
o2t r even

Unfortunately, for the case ¢ = ab, there is no simple form in which we can
express C(z) in terms of A(z) and B(z).
Let A(z) be the generating function of a. It follows that z'A(z) is the gener-
ating function of S'a for any positive integer i. For example, corresponding to
4

1-2z

A(2) =

we have
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Also, z7[A(z) — ap — a,z — a, z2 — -+ — a;_,z' '] is the generating function of
S~ 'a. Thus, the generating function of

a=3%2  r=0

can be computed as

_, 92%
=7 1—-3z
9
T1-3z
For another example, let
0 0r<8
2 r=9
3 r=10
3 r=11
2 r=12
a=< 0 r=13
1 r=14
3 r=15
2 r=16
2 r=17
0 r=18

represent the hourly productivity of a machinist who comes to work at 8 am.,
where r indicates the hour of the day. Then

A(z) = 2°Q2 + 3z + 322 + 22% + 2% + 32° + 227 + 22%)

Suppose there are three machinists. One comes to work at 6 a.m., another at 8
a.m.,, and yet another at 9 a.m., and they simply shift their productivity according
to their starting time. If we let b be a numeric function describing the total hourly
productivity, we have

B(z)=(z"*+ 1 + 2)A(2)

For b = Aa, we have
1
B(z) = - [A() — a5] — A()

and for b = Va, we have
B(z) = A(z) — zA(2)
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The generating function representation of numeric functions is particularly
useful in dealing with the convolution of numeric functions. Let ¢ = a * b. Since

C, = aobr + alb,_l + azb,_z + -+ ar—lbl + arbo
is the coefficient of z" in the product
(@o +ayz+ayz>+ - +a, 2"+ Ybo+byz+byz>+ - +b2+ )

we conclude that the generating function C(z) is equal to A(z)B(2).

Example 9.11 Letc = a * b where

and
b=2 r=0
Since
A(z) = 1
1 -3z
and
Bz) = ——
1-2z
we have
1 3 2
C(Z)=A(Z)B(z)=1_321_2z=1—3z—1—22
or

c, = 3(3)r _ 2(2)r — 3r+1 — 2r+1 0

Example 9.12 Let a be an arbitrary numeric function and b be the numeric
function (1,1, 1,...,1,...). Let

c=axbh
so that

r r

Cr = Z aibr—i = Z ai
i=0 i=0

Thus c is the accumulated sum of a, and the generating function of ¢ is

1
C(Z) = : A(Z)

For example, by letting A(z) be 1/(1 —z) we obtain the result that
1/(1 — z)? is the generating function of the numeric function (1, 2, 3, ...,

r,...). O
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Example 9.13 We wish to evaluate the sum
24224324+ 402

Let us first determine the generating function of the numeric function (02, 12,
22,32, ..., 7%, ...). Differentiating both sides of the identity

1
r—z=1+z+z2+z3+z“+~--+z’+~-
we obtain
(1—-7)2=1+22+322+423+'“+r2’_1+"'
It follows that
d z 2 2 2. .2 2.3 2. r—1
‘_1_;(1_2)2=1+22+3z +4'Z +'~'+r‘z + -
and that
d z 2 2 2. .2 2.3 2. 4 2
ZE(I z)2=0 + 1% 24222432 - 2244% - 2% 4+ 41?2

Thus, z(d/dz)[z/(1 — z)*], which is equal to [z(1 + z)]/1 — z)?, is the gener-
ating function of the numeric function (02, 12, 22, 32, ..., r2,...), and it follows
that [z(1 + z)]/(1 — z)* is the generating function of the numeric function (02,
0°+1%4 02 +12+2%, 0 +12+224+3% .., 0°+124+22 432 4+ + 72,
...). According to the binomial theorem,t the coefficient of z" in 1/(1 — z)* is

(—4)(—4—1)(—4—2) - (=4—r+1) 4x5x6xx(r+3)

r! (=1y r!
_r+ Dr+2)(r+3)
B 1-2-3

Therefore, the coefficient of z* in the expansion of [z(1 + 2)]/(1 — z)*is
r+1)(r+2) r=Drr+1) rir+1@2r+1

1-2-3 1-2-3 6

that is,

_ rir+ D2r+1)

12+22+32+,,,+r2 S

+ The binomial theorem is

n(n—-l)(n——Z)"'(n—r+1)zr

IT+2"=1+4+ 3 =

r=1

where the upper limit of the summation is n if n is a positive integer, and is co otherwise.
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*9.5 COMBINATORIAL PROBLEMS

The generating-function representation of numeric functions is most useful in
solving combinatorial problems. We shall present in this section some illustrative
examples. Consider the numeric function a such that

a, =C(n,r)
for a fixed n.t The generating function of a is
A(z) = C(n, 0) + C(n, )z + C(n, 2)z> + --- + C(n, r)z" + -+ + C(n, n)z"

Let us consider a roundabout way to select r objects from n objects. We can first
divide the n objects into two piles, one with k objects and the other with n — k
objects, for some fixed k less than n. We can then select i objects from the first
pile, where there are C(k, i) ways, and r — i objects from the second pile, where
there are C(n — k, r — i) ways, fori =0, 1, 2, ..., r. Thus, we have the equation

Cn,r)= i C(k, )C(n — k, r — i)
i=0

It follows that we can write a = d * e where
D(z) = C(k, 0) + C(k, 1)z + C(k, 2)z* + - -+ + C(k, k)z*
and
E(z)=C(n—k,0)+ C(n—k, )z + C(n — k, 2)z> + - + C(n — k, n — k)z"*
Repeating the argument a sufficient number of times, we obtain
Az)=(1 + 2" 9.5)

because the generating function of the numeric function (C(1, 0), C(1, 1), 0, 0, ...)
is 1 + z. Let us also point out a very simple combinatorial argument that can
also be used to derive (9.5). Consider the coefficient of the term z" in the expan-
sion of (1 + z)". In computing the product of the n factors 1 + z, each factor will
“contribute” either a 1 or a z. In particular, to make up the term z, r of the
factors contribute a z each and n — r of the factors contribute a 1 each. Conse-
quently, the coefficient of z" is the number of ways of selecting r of the n 1 + z
factors to make up the term z', which, of course, is equal to C(n, r). We show now
some results that can be derived directly from (9.5).

Example 9.14 Setting z to 1 in (9.5), we obtain
Cn,0)+Cn, 1)+ ---+Cnyr)+---+ Cn,n)=2"

That is, the number of ways to select none, one, two, ..., or n objects from n
objects is 2".

t We recall that C(n,r) = 1 forr = 0 and C(n, r) = O for r > n.
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Setting z to — 1 in (9.5), we obtain
Cn,0)—Cn, 1)+ C(n, 2) + -~ +(=1)’'C(n, r) + -~
o+ (=1)"C(n,n) =0
or
Cn,0)+Cn,2)+ Cn,4)+---=C(n, 1) + C(n, 3) + C(n, 5) + - -~

That is, the number of ways of selecting an even number of objects from n
objects is equal to the number of ways of selecting an odd number of objects.

a

Example 9.15 The relation
Cnrn=Cn—-—1,r+Cn—1r—-1) 9.6)

can be proved in several ways. By straightforward algebraic manipulation, we
obtain

n!
cin, r)=r!(n—r)!
__nt (n-r 1)
=)'\ n +n
(n—1)! (n—1)!

THe—r=10!" =D n—n!
=Cn—-1,r+Cn—-1,r-—1)

We can also prove (9.6) using a combinatorial argument: If we are to select r
objects from n objects, there are C(n — 1, r) ways to select r objects so that a
particular object is always excluded, and C(n — 1, r — 1) ways so that this
particular object is always included. Thus, (9.6) follows. The use of generating
functions provides a third proof of (9.6). Note that C(n, r) is the coefficient of
z" in (1 + 2)", which can be written as (1 4+ z)"~! + z(1 + z)"~!. Since the
coefficient of z" in (1 +2z)" ! is C(n— 1,r), and the coefficient of z* in
z(1 + 2" Yis C(n — 1, r — 1), (9.6) follows immediately. 0

We present now some further examples:

Example 9.16 Let (a,, a,, a,, ...) be a numeric function such that q, is equal
to the number of ways to select r objects from 10 objects among which one,
which will be denoted X, can be selected at most twice, one, which will be
denoted Y, can be selected at most thrice, and the others can be selected only
once. We claim that the generating function of a is

AZ) = +z+z2)1 +z+ 22 + 231 + 2)8
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Note that the coefficient of z" in A(z) is the number of ways to make up the
term 2" from the factors 1 + z + z?, 1 + z + 22 + 2%, and the eight factors
1 4 z. The contribution from the factor 1 + z + z? can be 1, z, or z2, corre-
sponding to selecting the object X zero times, once, or twice. The contribu-
tion from the factor 1 + z + z2 + z* can be 1 or z or z? or z3, corresponding
to selecting the object Y zero times, once, twice, or thrice. The contribution
of each of the eight factors 1 + z can be 1 or z, corresponding to selecting
each of the eight remaining objects zero times or once. O

Example 9.17 Let a, denote the number of ways of selecting r objects from n
objects with unlimited repetitions. Since each object can be selected as many
times as we wish, a, is equal to the coefficient of z" in

A+z+224+-)"

Note that the contribution from each of the factors 1 + z + z% + -+ will
correspond to the number of times one of the objects is selected. Since

(1+z+22+---)":<liz>"=(1—z)_"

we obtain
a,:(—l)'(_n)(_n_ - (=n—-r+1)
r!
_(n+r=1n!
Torln—1)!
=Cn+r—1,r)
This result is a result we derived earlier in Chap. 3. d

Example 9.18 Suppose we want to determine the number of ways in which
2t + 1 marbles can be distributed among three distinct boxes so that no box

will contain more than t marbles. We claim that the coefficient of z***! in

A)=(1+z+ 22+ + 293

will be our answer. Note that the coefficient of z#**! in A(z) is the number of
ways to make up the term z**! from the three factors 1 + z + z2 + - -+ + Z'.
The contribution from each factor 1 + z +z2 + -+ + z' can be 1, z, 23, ...,
or z* corresponding to having none, one, two, ..., or t marbles in a box. Since

1 — t+1\3
(1+z+z2+---+z')3=<1—z>
— 2

= (1 _ 3zt+l + 322z+2 _ 23z+3)(1 _ Z)—3 (97)
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the coefficient of z**! in (9.7) is the coefficient of z**! in (1 — z)”* minus
three times the coefficient of z* in (1 — z)~ 3. Thus, it is

C3+2t+1—-1,2t4+1)—-3C3+t—-1,1)
which is simplified as
CRt+3,2t+1)—3C(t+2,1) O
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PROBLEMS

9.1 A ping-pong ball is dropped to the floor from a height of 20 m. Suppose that the ball always
rebounds to reach half of the height from which it falls.

(a) Let a, denote the height it reaches in the rth rebound. Sketch the numeric function a.

(b) Let b, denote the loss in height during the rth rebound. Express b, in terms of a,. Sketch the
numeric function b.

(c) A second ping-pong ball is dropped from a height of 6 m. to the same floor at the same time

as the first ball reaches the highest point of its third rebound. Let ¢, denote the height the second ball
reaches in its rth rebound. Express c, in terms of a,.
9.2 In a process control system, a monitoring device measures the temperature inside a chemical
reaction chamber once every 30 s. Let a, denote the rth reading in degrees in centigrade. Determine
an expression for a, if it is known that the temperature rises from 100 to 120° at a constant rate in the
first 300 s and stays at 120° from then on.
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9.3 Let a be a numeric function such that g, is equal to the remainder when the integer r is divided by
17. Let b be a numeric function such that b, is equal to 0 if the integer r is divisible by 3, and is equal
to 1 otherwise.

(a) Let ¢, = a, + b,. For what values of r is ¢, = 0?7 For what values of ris ¢, = 1?

(b) Let d, = a,b,. For what values of r is d, = 0? For what values of r is d, = 1?

9.4 Let a be a numeric function such that
2 0sr=<3
=12 +5 r=4

(a) Determine S%a and S~ 2a.
(b) Determine Aa and Va.

9.5 We introduce the notation

A% = A(Aa)
A%a = A(A%a)
Ala = A(A'"'a)

(a) Let a be a numeric function such that
a=r>=2r" +3r+2

Determine Aa, A%a, A3a, A*a.
(b) Let a be a numeric function such that g, is a polynomial of the form

Ao+ oy r + oy rt 4+ e +oar*

Show that A**'a is equal to 0.
9.6 (a) Let ¢ = ab. Show that

Ac, = a,, ((Ab,) + b(Aa,)

(b) Let a and b be two numeric functions such that a, = r + 1 and b, = o for all r 2 0. Deter-
mine A(ab). ) .
(¢) Let a and b be two numeric functions. The quotient of a and b denoted a/b is a numeric
function whose value at r is equal to a,/b,.Let d = a/b. Show that
b(Aa,) — a,(Ab,
ad, — Ba) — a(8b)
b,b, .,
(d) Determine A(a/b) for the numeric functions a and b in part (b).
9.7 Let a be a numeric function. Let A~ 'a denote the accumulated sum of a. Are the two numeric
functions A(A~'a) and A~ '(Aa) the same?
9.8 Interest for money deposited in a savings account is paid at a rate of 0.5 percent per month, with
interest compounded monthly. Suppose $50 is deposited into a savings account each month for a
period of five years. What is the total amount in the account four years after the first deposit? Twenty
years after the first deposit?
9.9 Determine a * b in the following. Give either a sketch or a closed-form expression of the resulting
numeric function, whichever is more convenient.

1 0<rg2
(@) a, = 3
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(b) a =1 for all r

1 r=1

2 r=3

b, = 3 r=35

-6 r=17
0 otherwise

(c) a =2 forallr
b = 0 0<r<g2

Tl rz3

9.10 Let a, b, and ¢ be numeric functions such that a * b = ¢. Given that

1 r=0
a = {2 r=1

0 r=2

1 r=0
Cc =
"0 rx1

determine b.

9.11 Let
1 r=0
_ 3 r=1
“=10 r=2
0 r=3

c, =5 for all r

r

Determine b so thata * b = c.
9.12 (a) Every particle inside a nuclear reactor splits into two particles in each second. Suppose one
particle is injected into the reactor every second beginning at ¢ = 0. How many particles are there in
the reactor at the nth second?

(b) When a particle splits into two, one of them is actually the original particle and the other is
a newly created particle. Suppose a particle has a lifetime of 10 seconds. That is, a particle created in
the Oth second will vanish after the 10th second. Repeat part (a) and assume that all injected particles
are newly created.
9.13 For a fee of $1000, a radio station will provide a store with 10 min of commercial time each day
for five consecutive days and then 2 min of commercial time each day for the next five consecutive
days. Suppose that every minute of commercial time on a particular day will produce a total sale of
$500 on that day and a total sale of $500 x 27" on the nth day from that day.

(a) Suppose a fee of $1000 is paid to the radio station on the Oth day. Determine the numeric
function a, where aq, is the total sale on the rth day.

(b) Suppose a fee of $2000 is paid to the radio station daily for 10 consecutive days starting on
the Oth day. Determine the numeric function b where b, is the total sale on the rth day.

9.14 Let a, b, and ¢ be three numeric functions:

a=3r—2
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(a) Does a dominate b asymptotically? Does a dominate ¢ asymptotically? Does b dominate a
asymptotically? Does b dominate ¢ asymptotically? Does ¢ dominate a asymptotically? Does ¢
dominate b asymptotically ?

(b) Does a + b dominate a asymptotically? Does a + b dominate ¢ asymptotically?

(c) Does ab dominate a asymptotically? Does a dominate ab asymptotically? Does ab dominate
¢ asymptotically? Does ¢ dominate ab asymptotically?

(d) Does Aa dominate b asymptotically?

(e) Does the accumulated sum of a dominate ¢ asymptotically?

9.15 Let

(a) Does a dominate b asymptotically ?
(b) Does b dominate a asymptotically?
(¢) Does axb dominate a asymptotically?
(d) Does axb dominate b asymptotically?

9.16 Let

(a) Show that a is O(r*).
(b) Show that a is (r3/3) + O(r?).
(c) Let b be a numeric function such that b is O(r3). It is necessary that b is (r*/3) + 0(r?)?
(d) Let b be a numeric function such that b is (r3/3) + O(?). Is it necessary that b is O(r*)?
9.17 Simplify the expression [In r + O(1/n)][n + O(\/;)].
9.18 Let
a=Inr

Show that for ¢ > 0, a is O(r%).
9.19 Given a numeric function a, let

b < a+a,+a,+ +a,, r=2
- 0 r#2

If a is O( /), show that bis O(,/r log r).
9.20 Let
Nog3,2r1—1 2 i
a= 3 logz(—> r
3

2 4
=log, r+logy| =) r+log)|=)r+--
3 9
Show that a, is O(log? r).

9.21 After careful analysis, a student concluded that a certain numeric function a is O(r log r). Upon
hearing that, her roommate reminded her that she had forgotten to specify the base of the logarithm.
Had she really forgotten something important?
9.22 (a) The time complexity of algorithm A is O(r?), and that of algorithm B is O(r? In r). Can we
conclude that algorithm A is superior to algorithm B?

(b) The time complexity of algorithm A is O(r?), and that of algorithm B is Q(r? In r). Can we
conclude that algorithm A is superior to algorithm B?

(¢) The time complexity of algorithm A is ©(r?), and that of algorithm B is ©(r? In r). Can we
conclude that algorithm A is superior to algorithm B?



DISCRETE NUMERIC FUNCTIONS AND GENERATING FUNCTIONS 303

9.23 Two engineers were assigned the task of designing integrated circuit chips. Let a, denote the
total area of a chip that contains r transistors. For engineer A’s design g, is found to be O(r*). For
engineer B’s design, a, is found to be Q(ﬁ). Consequently, the manager concludes that when the
number of transistors on a chip increases, A’s design would occupy a large area and is therefore bad,
while B’s design would occupy a small area and is therefore good. Does he know what he is talking
about?
9.24 A professor took his students out for beer on a Friday afternoon. After a couple of drinks, he
declared: “ The total amount of beer you are going to consume is big of the size of my wallet,
and is big of your thirst.” Granting the professor the privilege of abusing mathematical
terminologies ever so slightly, can you fill in the blanks to make the statement meaningful?
9.25 Find a simple expression for the generating function of each of the following discrete numeric
functions:

@1, =23 —-4,5 —6,...

(b) 1,2/3,3/9,4/27, ..., (r + 1)/3", ...

() 1,1,2,2,3,3,4,4,...

dO0x1,1x22x33x4,...

(€) 0x5%1 x542x5%...,rx5,...
9.26 Determine the generating function of the numeric function a,,where

2 if r is even
*=1-2  ifrisodd
9.27 Determine the discrete numeric function corresponding to each of the following generating

functions:
1

(a) Az) =

T1-23
(b) AQ) =1 +2r+(1-2r
(1 + 2)?
© 40 = ¢
Ry
25
@A e
VA -
N A = 50539
1+ 22
(g) A(z) = P
1
(h) A(z) =

(1 =21 =231 =23
9.28 (a) Let a, denote the number of ways a sum of r can be obtained when two indistinguishable
dice are rolled. Determine A(z).

(b) Let b, denote the number of ways a sum of r can be obtained when a single die is rolled once
and then two indistinguishable dice are rolled once. Determine B(z).
9.29 Let a, denote the number of ways to seat 10 students in a row of r chairs so that no two
students will occupy adjacent seats. Determine the generating function of the discrete numeric func-
tion (ay, a,, a,, ..., a,,...).
9.30 The lifespan of a rabbit is exactly 10 years. Suppose that there are two newborn rabbits at the
beginning, and the number of newborn rabbits in each year is two times that in the previous year.
Determine the number of rabbits there are in the rth year.
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9.31 Let a, denote the number of ways to select r balls from an infinite supply of red, blue, and white
balls with the constraint that the number of red balls selected is always an even number. Determine
the generating function of the numeric function a.

9.32 In how many ways can 3r balls be selected from 2r red balls, 2r blue balls, and 2r white balls?

9.33 Let a, denote the number of ways to select r balls from 100 red balls, 50 blue balls, and 50 white
balls with the constraints that the number of red balls selected is not equal to two, the number of blue
balls selected is not equal to three, and the number of white balls selected is not equal to four.
Determine the generating function of the numeric function a.

9.34 A set of r balls is selected from an infinite supply of red, blue, white, and yellow balls. A selection
must satisfy the condition that either the number of red balls is even and the number of blue balls is
odd, or the number of white balls is even and the number of yellow balls is odd. Let a, denote the
total number of such selections.

(a) Determine the generating function A(z).

(b) Find a closed-form expression for a,.Evaluate the expression for r = 23.

9.35 Let a, denote the number of ways to divide r identical marbles into four distinct piles so that
each pile has an odd number of marbles that is larger than or equal to three.

(a) Determine A(z).

(b) Determine a closed-form expression for a,.

(o))

(b) If we write down all the combinations of n letters {1, 2, ..., n}, that is, all I-combinations, all
2-combinations, how many times does each letter occur?

9.36 (a) Determine the sum

9.37 Determine the sum

C(n, 0) + 2C(n, 1) + 22C(n, 2) + - + 2"C(n, n)

9.38 Determine the sum

(G~ G )+ -+ ()

where k < nand k < m.
9.39 (a) Let

A)=(1+ 2"+ 200 +2>" '+ 4+ 21+ 2> 4+ 2"1 + 2)

2n + 1
(n > 0Lr<n
r

a, =
n+1 - " n+15r2n+1
r r—n-—1 -

0 otherwise

Show that
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() + () <+ () -C)

(b) Show that the generating function for a, where

o= ()

9.40 (a) Show that

is (1 — 4z)~ 12,



CHAPTER

TEN

RECURRENCE RELATIONS AND
RECURSIVE ALGORITHMS

10.1 INTRODUCTION

Suppose we ask a friend the age of his oldest daughter. He could tell us directly
that she is 19 years old. Or he could tell us that she is 6 years older than his
second daughter. If we ask for the age of the second daughter, instead of telling
us that she is 13 years old, he might tell us that she is 5 years older than his third
daughter. In turn, he could tell us that his third daughter is 2 years older than his
only son. When he tells us that his only son is 6 years old, we would have no
difficulty in figuring out that his third daughter is 8 years old, his second daugh-
ter is 13 years old, and his oldest daughter is 19 years old.

Let us consider another example. Suppose we ask for instructions to get from
our house to the railroad station. We are told, “ Go on Prospect Avenue, then go
east on Green Street. After passing the public library, go onto Springfield Avenue
and then go north on Neil Street. At the bus depot, turn right at the traffic light
onto University Avenue. At the second traffic light, turn left and you’ll see the
railroad station.” This, of course, is a perfectly clear way to instruct someone to
go from our house to the railroad station. However, there is an alternative way to
give the instruction, which is simply, “ Go to the bus depot and turn right at the
traffic light onto University Avenue. At the second traffic light, turn left and
you’ll see the railroad station.” We note that such an instruction consists of two
parts: one part tells us how to go from the bus depot to the railroad station
explicitly, and the other simple and concise part makes use of our knowledge of
how to get from our house to the bus depot. Suppose we are not sure how to get
from our house to the bus depot. In that case, we can be further instructed to

306
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“Go to the public library and onto Springfield Avenue. Then go north on Neil
Street to the bus depot.” Needless to say, either we know how to get from our
house to the public library, or we should ask for further instruction.

The reader has undoubtedly realized what we are trying to say. In the first
example, instead of telling us the age of his oldest daughter directly, our friend
chose to tell us the age of his oldest daughter in terms of the age of his second-
oldest daughter. Then, instead of telling us directly the age of his second-oldest
daughter, he chose to tell us the age of his second-oldest daughter in terms of the
age of his third-oldest daughter, and so on. In the second example, instead of
spelling out explicitly all the details of some instruction, we specified the instruc-
tion partly in terms of knowledge we already have. We can make several observa-
tions about these two examples. First, using our prior knowledge can be a
concise way to give information or instruction; for example, in directing someone
to the railroad station, a great deal of information can be compressed into the
simple statement, “ Go to the bus depot.” Secondly, we do need to do some work
to make use of the knowledge we already have. In the first example, at a certain
point, our friend must tell us directly the age of one of his children so that we can
determine the ages of the other children. In the second example, we need to find
out how to get to the public library before we can use the given instruction on
how to get from there to the railroad station. Third, we might try to refer to some
prior knowledge in successive steps (the age of our friend’s son, that of his
third-oldest daughter, and so on, or how to go to the public library, how to go to
the bus depot, and so on.) Such a chain of references can only be terminated
when we reach a point where we know explicitly what to do without referring to
other prior knowledge.t In this chapter, we shall apply what we have just learned
first to the specification of discrete numeric functions, and then to the specifi-
cation of algorithms.

10.2 RECURRENCE RELATIONS

Consider the numeric function a = (3°, 3!, 32, ..., 3, ...). Clearly, the function can
be specified by a general expression for a,, namely,

a =73 r=0

+ An American professor has written a paper in English, his native language, and wishes to have
it published in a French journal. Since he knows no French, he asked his French colleague, Professor
Bestougefl, to translate the paper into French for him. After the translation was completed, the
American professor felt that he should include a footnote in the paper to acknowledge his colleague’s
contribution. He wrote the footnote, “The author wishes to thank Professor Bestougeff for trans-
lating this paper into French for him,” in English, and asked Professor Bestougeff to translate it into
French for him, which the professor gladly did. It then occurred to the American professor that he
should also acknowledge Professor Bestougeff for translating the footnote for him. So, he wrote
another footnote, “The author wishes to thank Professor Bestougeff for translating the preceding
footnote into French for him,” he then asked Professor Bestougeff to translate that into French, and
copied the French translation twice as two additional footnotes. His problem was completely solved!
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As was pointed out in Chap. 9, the function can also be specified by its generating
function, namely,

AD=1"3;
According to our discussion in Sec. 10.1, we note that there is still another way to
specify the numeric function. Since the value of a, is three times the value of a, _,
for all r, once we know the value of a,_, we can compute the value of q,. The
value of a,_, can, in turn, be computed as three times the value of a,_,, which,
again, is equal to three times the value of a,_;. Eventually, we need the value of
a,, which is known to be 1. Thus, we note that the relation

a, = 3ar~—1

together with the information that a, = 1 also completely specifies the numeric
function a.

As another example, consider the sequence of numberst known as the Fibon-
acci sequence of numbers. The sequence starts with the two numbers 1, 1 and
contains numbers that are equal to the sum of their two immediate predecessors.
A portion of the sequence is

1,1,2,3,5,8, 13, 21, 34, ...

It is quite difficult in this case to obtain a general expression for the rth number
in the sequence by observation, which, incidentally, is

1 (1+ﬁ>’“ 1 (1—ﬁ)'+1

ar = ——| — _——
J3\ 2 J3\ 2

Nor is it obvious what the generating function for the numeric function is.

Incidentally, it is

1

—z—2z

A(z) = I

On the other hand, the sequence can be described by the relation
a, =04, + ay—2

together with the information a, = 1 and a; = 1.

For a numeric function (a,, 4,, a5, ..., 4,, ...), an equation relating a,, for
any r, to one or more of the a;’s, i < r, is called a recurrence relation. A recurrence
relation is also called a difference equation, and those two terms will be used
interchangeably. In many discrete computation problems, it is sometimes easier
to obtain a specification of a numeric function in terms of a recurrence relation
than to obtain a general expression for the value of the numeric function at r or a
closed-form expression for its generating function. It is clear that according to the

t Clearly, a numeric function can be viewed simply as a sequence of real numbers, and conversely.
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recurrence relation, we can carry out a step-by-step computation to determine a,
from a,_,, a,_,, ..., to determine a,,, from a,, a,_,, ..., and so on, provided
that the value of the function at one or more points is given so that the computa-
tion can be initiated. These given values of the function are called boundary
conditions. In the first example above, the boundary condition is a, = 1, and in
the second example above, the boundary conditions are a, = 1 and a, = 1. We
thus conclude that a numeric function can be described by a recurrence relation
together with an appropriate set of boundary conditions. The numeric function is
also referred to as the solution of the recurrence relation.

One step beyond determining the values of a numeric function in a step-by-
step computation according to a given recurrence relation is to obtain from the
recurrence relation either a general expression for the solution or a closed-form
expression for its generating function. Unfortunately, no general method of solu-
tion for handling all recurrence relations is known. In the following, we shall
study a class of recurrence relations known as linear recurrence relations with
constant coefficients.

10.3 LINEAR RECURRENCE RELATIONS WITH CONSTANT
COEFFICIENTS

A recurrence relation of the form
Coa,+Cia,_+Cya,_,+ "+ Cya,_,= f(r) (10.1)

where C;’s are constants, is called a linear recurrence relation with constant coeffi-
cients. The recurrence relation in (10.1) is known as a kth-order recurrence rela-
tion, provided that both C, and C, are nonzero. For example,

2a,+3a,_,=2"
is a first-order linear recurrence relation with constant coefficients. Also, both
3a, — 5a,_, +2a,_,=r*+5 (10.2)
and
a+7a,_,=0

are second-order linear recurrence relations with constant coefficients. In this
chapter we shall restrict our discussion to linear recurrence relations with con-
stant coefficients both because we frequently encounter this class of recurrence
relations and know how to handle them quite well.

Consider the recurrence relation in (10.2). Suppose we are given that a; = 3
and a, = 6, we can compute as as

~1
a5=—3[~5Sx6+2x3—(52+5]=18
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we can then compute a4 as

1 119

a6=—3—[—5x18+2x6—(62+5)]=T
and so on. Also, we can compute

-1
a2=—2—[3x6—5x3—(42+5)]=9

-1
a1=7[3x3—5x9—(32+5)]=25
a0=22—1[3x9—5x25—(22+5)]=%7

and so on. We conclude that (10.2), together with the values a; = 3 and a, = 6,
completely specifies the discrete numeric function a.

In general, for a kth-order linear recurrence relation with constant coeffi-
cients as shown in (10.1), if k consecutive values of the numeric function a, a,,_,,
k41> -+ Ay_1 are known for some m, the value of a, can be calculated
according to (10.1), namely,

1
am = — ‘C_ [Ciam-1 + Caap 2+ + Cray,_ — f(m)]
0
Furthermore, the value of a,,. ; can be computed as
1
Im+1 = — = [Ciam + Crap— 1+ + Ciy sy — f(m+ 1)]
0

and the values of a,,,,, a,,+3, ... can be computed in a similar manner. Also, the
value of a,,_,_, can be computed as

1
Ap—k-1 = — C. [Cotp-1+Crap_2+ 4+ Cy_yp_y— f(m—1)]
k
and the value of a,,_,_, can be computed as
1
Ap_y-2 = — C. [Cotp-—2+Crap_ 3+ + Ch 1y 4y — f(m—2)]
k

The values of a,, __3, G, _x_4, ... can be computed in a similar manner. Indeed,
for a kth-order linear recurrence relation, the values of k consecutive a;’s are
always sufficient to determine the numeric function a uniquely. In other words,
the values of k consecutive a;s constitute an appropriate set of boundary condi-
tions.

On the other hand, for a kth-order linear recurrence relation with constant
coefficients, fewer than k values of the numeric function will not be sufficient to
determine the numeric function uniquely. For example, let

a+a,_,+a,_,= (10.3)
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If we are given that a, = 2, we can find many numeric functions that will satisfy
the recurrence relation as well as the given boundary condition. Thus,

2,0,2,2,0,2,2,0,2,2,0,...
2,2,0,2,2,0,2,2,0,2,2,...
2,5 -3,2,5 -3,2,5 -3,2,...

are all possibilities. Yet, more than k values of the numeric function might make
it impossible for the existence of a numeric function that satisfies the recurrence
relation and the given boundary conditions. For example, for the recurrence
relation in (10.3), if we were given that

ap =2 a, =2 a, =2

then obviously ay, a, and a, do not satisfy the recurrence relation. Consequent-
ly, no a can satisfy (10.3) and the boundary conditions.

The values of k nonconsecutive a;’s might or might not constitute an appro-
priate set of boundary conditions, depending on the specific recurrence relation
we have. We shall not study the problem of what constitutes an appropriate set
of boundary conditions here, since it is not a significantly important one. See,
however, Prob. 10.8.

We should point out that if a kth-order recurrence relation is not a linear
recurrence relation with constant coefficients, k consecutive values of the numeric
functions might not specify uniquely a solution. For example, consider the recur-
rence relation

a*+a,_;=5

Given that a, = 1, we note that

1,23 ...
1,2, /3, ...
1, =2,/7, ...

are all solutions to the recurrence relation that satisfy the boundary condition.

We shall restrict our discussion to the solution of linear recurrence relations
with constant coefficients. There is a significant advantage to restrict ourselves to
this class of recurrence relations. Since we know that for a given set of boundary
conditions the solution to a linear recurrence relation with constant coefficients is
unique, as long as we are able to find a numeric function that satisfies the
recurrence relation as well as the boundary conditions, it is the solution we are
looking for. Such an argument should remove some of the “mystery” about the
solution procedure we are going to present. We shall determine the solution by
“guessing” what it will be. The justification for guessing is simply that it works:
when the procedure yields a solution to the recurrence relation, it will be the
correct solution.
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104 HOMOGENEOUS SOLUTIONS

The (total) solution of a linear difference equation with constant coefficients is the
sum of two parts, the homogeneous solution, which satisfies the difference equation
when the right-hand side of the equation is set to 0, and the particular solution,
which satisfies the difference equation with f(r) on the right-hand side.t In other
words, the discrete numeric function that is the solution of the difference equation
is the sum of two discrete numeric functions—one is the homogeneous solution
and the other is the particular solution. Let a® = (ai, a{", ..., a, ...) denote the
homogeneous solution and a® = (a¥, a{?, ..., a', ..)) denote the particular
solution to the difference equation. Since

Cod +Cia” + -+ Cra”, =0 (10.4)
and
Coa” + Cyal” + - + Cra? = f(r)
we have
Co(@” + a®?) + Cy(a”, + aP ) + -+ + Cy(a™ + ai)) = f(r)

Clearly, the total solution, a = a® + a® satisfies the difference equation.

At this point, the reader is probably somewhat puzzled by the fact that we
are interested in the homogeneous solution to the difference equation. In the first
place, it seems that the particular solution would be the solution we seek. In the
second place, the homogeneous solution does not even satisfy the given difference
equation. [ Note that the right-hand side of (10.4) is set to 0.] However, we recall
that many discrete numeric functions satisfy a given difference equation, but only
one of them satisfies the given boundary conditions at the same time. As it will be
seen later in Sec. 10.6, the particular solution alone will not, in general, satisfy the
boundary conditions, while we can adjust the homogeneous solution so that the
total solutions will satisfy the difference equation as well as the boundary condi-
tions.

A homogeneous solution of a linear difference equation with constant coeffi-
cients is of the form Ao}, where o, is called a characteristic root and A is a
constant determined by the boundary conditions. Substituting Ao for a, in the
difference equation with the right-hand side of the equation set to 0, we obtain

Coda + CiAa’ ™' + Co A" ™2 + -+ + CLAd ™* =0
This equation can be simplified to

Codk + Cio* '+ Crab" 24+ C,=0

1 For a reader with previous exposure to the topic of differential equations, the analogy between
the solution of linear difference equations with constant coefficients and that of linear difference
equations with constant coefficients should be quite obvious. Indeed, that is the reason we begin to
use the phrase linear difference equations with constant coefficients here instead of adhering to the
phrase linear recurrence relations with constant coefficients all the time.
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which is called the characteristic equation of the difference equation. Therefore, if
a, is one of the roots of the characteristic equation (it is for this reason that o, is
called a characteristic root), Aa is a homogeneous solution to the difference
equation.

A characteristic equation of kth degree has k characteristic roots. Suppose
the roots of the characteristic equation are distinct. In this case it is easy to verify
that

a? = Aoy + Aoy + o+ Ao
is also a homogeneous solution to the difference equation, where a,, a5, ..., o
are the distinct characteristic roots and 4,, 4,, ..., 4, are constants which are to
be determined by the boundary conditions.t

Example 10.1 Let us revisit the example of the Fibonacci sequence of
numbers discussed in Sec. 10.2. The recurrence relation for the Fibonacci
sequence of numbers is

a=4a_,+4a,,
The corresponding characteristic equation is
a?—a—1=0
which has the two distinct roots

IR TSV I V.
)

oy 2 = )

It follows that

2

a? = A, (#)r + A2<_1___\L§>r

is a homogeneous solution where the two constants A, and A4, are to be
determined from the boundary conditions a, = 1 and a, = 1. O

Now suppose that some of the roots of the characteristic equation are multi-
ple roots. Let a, be a root of multiplicity m. We shall show that the correspond-
ing homogeneous solution is

(Alrm_l +A2rm—2+...+Am_2r2+Am-1r+Am)a;

where the A4;’s are constants to be determined by the boundary conditions. It is
clear that A, «} is a homogeneous solution of the difference equation in (10.1). To
show that A4, _,ra] is also a homogeneous solution, we recall that «; not only is a
root of the equation

Cod + Cya" '+ Coof 24 4 Cof ¥ =0 (10.5)

t The question of the uniqueness of the solution will be discussed later.
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but also is a root of the derivative equation of (10.5),
Cord '+ Cir— Do 24+ Cylr — 2" 3+ + Cr — k)" * 1 =0 (10.6)

because a, is a multiple root of (10.5). Multiplying (10.6) by 4,,_ ,« and replacing
o by a,, we obtain

CoAp_roy + CiA,_ (r — Do~ !
+ Cy Ay y(r—20 %+ + CAp_(r— k) k=0
which shows that 4,,_ra] is indeed a homogeneous solution.

The fact that o satisfies the second, third, ..., (m — 1)st derivative equations
of (10.5) enables us to prove that A,,_,r%a}, A,_3ra}, ..., A;r™ o, are also
homogeneous solutions in a similar manner.

Example 10.2 Consider the difference equation:

a +6a,_,+12a,_,+8a,_;=0

The characteristic equation is

o3+ 60>+ 120 +8=0
Thus,
al = (A;r* + Ayr + A3)(=2)

is a homogeneous solution since —2 is a triple characteristic root. Od

Example 10.3 Consider the difference equation
4a, — 20a,_, + 17a,_, —4a,_3; =0
The characteristic equation is
40 — 200* + 170 — 4 =0
and the characteristic roots are 4, 4, 4. Consequently, the homogeneous solu-
tion is
a = (Ayr + A)®)" + A;(4) O

10.5 PARTICULAR SOLUTIONS

There is no general procedure for determining the particular solution of a differ-
ence equation. However, in simple cases, this solution can be obtained by the
method of inspection. As will be demonstrated in the examples in this section, we
first set up the general form of the particular solution according to the form of
f(r), and then determine the exact solution according to the given difference
equation. Consider the difference equation

a, + 5a,_, + 6a,_, = 3r? (10.7)
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We assume that the general form of the particular solution is
Pr’ + P,r+ P, (10.8)

where P,, P,, and P, are constants to be determined. Substituting the expression
in (10.8) into the left-hand side of (10.7), we obtain

P,r2 + Pyr + Py + SP,(r — 1) + 5P,(r — 1) + 5P,
+ 6P (r — 2)* + 6P,(r — 2) + 6P,

which simplifies to

12P,r* — (34P,; — 12P,)r + (29P, — 17P, + 12P,) (10.9)
Comparing (10.9) with the right-hand side of (10.7), we obtain the equations
12P, =3

34P, — 12P, =0
29P, — 17P, + 12P, =0
which yield

I~
s
-

P, = P, =1

P; =

N

8

N
N
N
o

Therefore, the particular solution is
a? =42 + Hr + H3
In general, when f(r) is of the form of a polynomial of degree ¢ in r
Fir'+ For'™ '+ -+ Fir+ Fiyy
the corresponding particular solution will be of the form

Pr+P,rr '+ +Pr+P,,

Example 10.4 Consider the difference equation

a,+5a,_,+6a,_,=3r"-2r+1 (10.10)
The particular solution is of the form

P,r* + P,r + P; (10.11)
Substituting (10.11) into (10.10), we obtain
P,r? 4+ P,r+ Py + 5P (r — 1)> + 5P,(r — 1) + 5P,
+ 6P, (r —2)?> + 6P,(r —2) + 6Py = 3r* — 2r + 1

which simplifies to

12P,r? — (34P, — 12P)r + (29, — 17P, + 12P;) = 3r2 — 2r + 1

(10.12)
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Comparing the two sides of (10.12), we obtain the equations
12P, =3
34P, — 12P, =2
29P, — 17P, + 12P, =1
which yield

Example 10.5 Consider the difference equation
a,—5a,_;+6a,_,=1 ' (10.13)

Since f(r) is a constant, the particular solution will also be a constant P.
Substituting P into (10.13), we obtain

P—-5P+6P=1
That is,
2P =1
or

1
a? =3 a

As another example, consider the difference equation
a, +5a,_,+6a,_,=42 -4 (10.14)
We assume that the general form of the particular solution is
P4 (10.15)
Substituting the expression in (10.15) into the left-hand side of (10.14), we obtain
P4 + 5P4""' + 6P4""?
which simplifies to
2lpgr (10.16)
Comparing (10.16) with the right-hand side of (10.14), we obtain
P =16
Therefore, the particular solution is

a? =16 - 4"
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In general, when f(r) is of the form f, the corresponding particular solution
is of the form Pf', if § is not a characteristic root of the difference equation.
Furthermore, when f(r) is of the form

(Fyrt+ For' ™ o+ Fyr + F )
the corresponding particular solution is of the form
(Pyr'+ Pyr'™ '+ -+ Pr+ P, B
if B is not a characteristic root of the difference equation. Consider the following
example.
Example 10.6 Consider the difference equation
a,+a,_, =3r2" (10.17)
The general form of the particular solution is
(Pyr + P2 (10.18)
Substituting (10.18) into (10.17), we obtain
(Pyr+ P2 + [Py(r— 1)+ P,J2" 1 = 3r2"

which simplifies to

3P 12" + (—%P, + 3P,)2" = 3r2" (10.19)
Comparing the two sides of (10.19), we obtain the equations
3P, =3
—4P, +3P, =0

Thus,

and the particular solution is
al? = (2r + %2 O
For the case that 8 is a characteristic root of multiplicity m — 1, when f(r) is
of the form
(Fur'+ For' ' 4 -+ For + F, )
the corresponding particular solution is of the form
NPyt + Pyt e Por 4+ P )

Let us examine the following examples.

Example 10.7 Consider the difference equation

a,—2a,_, =32 (10.20)
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Because 2 is a characteristic root (of multiplicity 1), the general form of the
particular solution is

Pr2r (10.21)
Substituting (10.21) into (10.20), we obtain
Pr2r —2P(r—1)2r" ' =3.2r

that is,
P =3-2
or
P=3
Thus, the particular solution is
a? = 3r2" O

Example 10.8 For the difference equation
a,—4a,_, +4a,_,=(r+ 12 (10.22)

since 2 is a double characteristic root, the general form of the particular
solution is

r¥(Pyr + P)2’ (10.23)
Substituting (10.23) into (10.22), we obtain, after simplification:
6P, r2" =r2"
(—6P, + 2P,)2" =2

which yield
P,=f P,=1
Thus, the particular solution is
r
alP =r? (— + 1>2' O
6
Example 10.9 Consider the difference equation
a=a,_,+7 (10.24)

Since 1 is a characteristic root of the difference equation and 7 can be written
as 7 - 1", the general form of the particular solution is Pr. (The reader should
find out what happens if we assume the general form of the particular solu-
tion to be P instead.) Substituting al” = Pr into (10.24), we obtain

Pr=Pr—-1)+7
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that is,
P=7 O
Example 10.10 For the difference equation
a—2a,_,+a,_,=17
we let al” = Pr?. We ask the reader to carry out the substitution to confirm
that P = 1. O
Example 10.11 Consider the difference equation
a—5%a,_{+6a,_,=2"+r

The general form of the particular solution is

Pir2"+ P,r + P,

(Note that 2 is a characteristic root of the difference equation.) Substitution
and comparison will yield

P =-2 P2=% P3=%
and
al = =2t gr+ 3 0

10.6 TOTAL SOLUTIONS

Finally, we must combine the homogeneous solution and the particular solution
and determine the undetermined coefficients in the homogeneous solution. For a
kth-order difference equation, the k undetermined coefficients A4,, A,, ..., 4, in
the homogeneous solution can be determined by the boundary conditions, a,,,
Gro+1> -5 Gyo+x—1, fOr any ry. Suppose the characteristic roots of the difference
equation are all distinct. The total solution is of the form

a, = Ao + Aoy + 0 + Ao+ plr)

where p(r) is the particular solution. Thus, for r =ry, ro + 1,..., 7o + k — 1, we
have the system of linear equations:

a,, = Ao + Ao + - + Ao + plro)
Grpas = AEP* T+ A2 o A0+ plrg + 1) (10.25)
Aori—1 = A @R 4 AyaPtt 4 A 0T 4 p(rg + k— 1)

These k linear equations can be solved for 4,, A4,, ..., 4,. For example, for the
difference equation in (10.14), the total solution is

a, = A,(=2 + Ay(=3) + 16 - 4
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Suppose we are given the boundary conditions a, = 278 and a3 = 962. Solving
the equations

278 = 44, + 94, + 256
962 = —8A, — 274, + 1024

we obtain

Thus,
a,=(-2)+2(-3)+16-4"

is the total solution of the difference equation.

One might question how we can be sure that solutions of the k equations in
(10.25) are always unique. It can be shown mathematically that this is indeed the
case.t However, in Sec. 10.2, recall that we demonstrated the uniqueness of the
solution of a kth-order linear recurrence relation with constant coefficients for
any given boundary conditions consisting of k consecutive values a,, a, 4, ...,
a,,+-1- Consequently, the uniqueness of the solution of the recurrence relation
guarantees the uniqueness of the solutions of the k equations in (10.25). On the
other hand, if we are given the value of the numeric function at k not necessarily
consecutive points, although we can set up k equations for the undetermined
coefficients A4,, A,, ..., A, similar to that in (10.25), since the solution of the
recurrence relation might not be uniquely specified by such boundary conditions,
it is not always the case that these equations can be solved uniquely.

When the characteristic roots of the difference equation are not all distinct, a
derivation similar to the foregoing can be carried out. Again, the undetermined
coefficients in the homogeneous solution can be determined uniquely by the value
of the numeric function at k consecutive points.

10.7 SOLUTION BY THE METHOD OF
GENERATING FUNCTIONS

Instead of solving a difference equation for an expression for the value of a
numeric function as we did above, we can also determine the generating function
of the numeric function from the difference equation. In many cases, once the
generating function is determined, an expression for the value of the numeric
function can easily be obtained.

Consider the recurrence relation

a,=3a,_,+2 r=1 (10.26)

with the boundary condition a, = 1. Let us point out that in (10.26) we write
down explicitly (for the first time in this chapter) that the recurrence relation is

t See, for example, chap. 3 of Liu [5].
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valid only for » 2 1, a fact we knew implicitly all along. Note that for r = 0, the
recurrence relation becomes

ao=3a_1+2

Since a_, is not defined, we cannot assume that the recurrence relation is valid
for r = 0. In general, for a given kth-order difference equation that specifies a
numeric function, we should know for what values of r the equation is valid.
First, we note that the equation is valid only if r = k because, for r < k, the
equation will involve a_;’s, which are not defined. Furthermore, in many cases, a
difference equation arises from a physical problem in which the value of g; is
meaningful only for i = ¢, for some ¢ larger than or equal to 0. In that case, the
difference equation is valid only forr — k = ¢.
Multiplying both sides of (10.26) by z", we obtain

arz’ = 3(1'_12’ + 22" r=1 (1027)

Summing (10.27) for all r, r = 1, we obtain

Q0 2] 2]
Y azr=3)Y a_ 2 +2)
r=1 r=1 r=1

Note that
Y a2 = Az) — a,
r=1
Y a,_Z=z) a2 =zA(2)
r=1 r=1
e o) . z
,;1 = 1 -z
We obtain
A(z) — ag = 3z4(2) + l—z
That is,
(1 -3940 = ;7 +1
which simplifies to
1
(1 — 32)A(z) = —=%
1—z
or
1+:z
AQ) = ——————
@ =02
2 1

1-3z 1-2



322 CHAPTER TEN

Consequently, we have
a=2-3-1 r=0

We state now a general procedure for determining the generating function of
the numeric function a from the difference equation

Coa,+Cia,-y+Cya,_ 5+ -+ Cya,_ = f(r)
which is valid for r = s, where s > k. Multiplying both sides of this equation by z"

and summing from r = s to r = o0, we obtain

Y (Coa,+Cia,_y + Cra,_5+ -+ Cra,_ )" = Z [z

Since
COarZr = Co[A(Z) — dg — a2 — 0222 —_ e — a§flzs— 1]

Z Clar—lzr = Clz[A(Z) —Qag — a4,z — a222 —_— e — as_zzs—Z]
Z Ckar—kzr = Cka[A(Z) — Qg — az — 0222 — e as*k—lzs_kil]
we have

A) : S 1

)= . r)z
Cot Crit 1 CA L%

+ Colap + ayz+ayz>+ - +a,_,z7 Y

+ Ciz(ag + a1z + a2z + - +a,_,z°?)

o

+ CyzMag +ajz+az2 + - + as_k_lzs—k—l):|

We have more illustrative examples:

Example 10.12 Suppose we toss a coin r times. There are 2" possible
sequences of outcomes. We want to know the number of sequences of out-
comes in which heads never appear on successive tosses. Let a, denote the
number of such sequences. To each sequence of r — 1 heads and tails in
which there are no consecutive heads, we can append a tail to obtain a
sequence of r heads and tails in which there are no consecutive heads. To
each sequence of r — 2 heads and tails in which there are no consecutive
heads, we can append a tail and then a head to obtain a sequence of r heads
and tails in which there are no consecutive heads. Moreover, these exhaust
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all sequences of r heads and tails in which there are no consecutive heads. We
thus have the recurrence relation

a=a,_,+a,_, (10.28)

Note that a; = 2 and a, = 3. The value of a, has no physical significance,
and a reasonable choice of its value is 0. In this case, the difference equation
is not valid for r = 2, and is only valid for r = 3.

We now proceed to show how we can obtain A(z) from (10.28). Multi-
plying both sides of (10.28) by z" and summing from r =3 to r = o0, we
obtain

oo}

2]
r
2=y a_+ Y a,_,z
r=3 r=3

M8

3

]

r

That is,
A(z) —ayz® — ayz — ag = z[A(z) — a,z — ay] + z*[A(z) — a,]

which simplifies to

Writing A(z) as
AD = 1+ (5+3/5/10 (=5+3/5)10
L= [0 +/3521z 1-[(1 =52
we see that
0 r=0
a, = 5+3\/§<1+\/§>'_—5+3\/§<1—\/§>’ o1
10 2 10 2 =

Since the value of a, has no physical significance, we can choose to set a,
to 1 instead of 0, so that the difference equation in (10.28) is valid for r = 2.
In that case, we can multiply both sides of (10.28) by z" and sum from r = 2
to r = co. We obtain

i az = i a,_z" + i a,_,z
r=2 r=2 r=2
That is,
A(2) — ayz — ag = z[A(2) — ap] + 22 A(2)
or

14z
2

A(Z)=1—z—z
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which yields

a=5+13\/§<1+2\/§>'_—5T03\ﬁ<1—ﬁ>' v20 O

" 2
Example 10.13 We shall solve the difference equation in Example 10.11 by
determining first the generation function A(z). For the difference equation
a—5,_+6a,_,=2"+r r=2

with the boundary conditions a, = 1 and a, = 1, since

2 47 =5 a7 +6% a 2=} 2"+ ) 17
r=2 r=2 r=2 = =
we obtain
5 4z2 1
A(2) — ag — ayz — 5z[A(z) — ao] + 62°A(z) = 1277 (1—2?7 1

which simplifies to
1 — 8z + 2722 — 3523 + 1424
(1 —2)%(1 — 22)*(1 — 32)

54 . 1/2 3 2 N 17/4
T1l—z (1-2?% 1-=2z (1-=22% 1-3z

A(z) =

Consequently, we have

S
Il

1 17
Fo D) =32 =2 DY Y

Bl BHlw

r 17
+o =252 — 3

2 4
We strongly suggest that the reader follow the derivation carefully as a
review of the relationship between a numeric function and its generating
function. O

Example 10.14 Consider a certain nuclear reaction inside of a reactor con-
taining nuclei and high- and low-energy free particles. There are two kinds of
events: (1) A high-energy particle strikes a nucleus and is absorbed, causing it
to emit three high-energy particles and one low-energy particle; and {(2) a
low-energy particle strikes a nucleus and is absorbed, causing it to emit two
high-energy particles and one low-energy particle. We assume that every free
particle causes an event 1 us after it is emitted. Suppose a single high-energy
particle is injected at time 0 into a system containing only nuclei. We want to
determine the numbers of high-energy and low-energy particles in the system
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at time equal to r us. Let a, and b, denote the number of high-energy and
low-energy particles at time r, respectively. We have

a,=3a,_, +2b,_,
(10.29)
br=ar—1 +br—1

Note that these are two simultaneous difference equations for the numeric
functions a and b. The equations are valid for r > 1, and we have the bound-
ary conditions

a, =1 by=0
From (10.29) we obtain
3a, 2"+ ) 2b,_,z

r=1

M8
Q

0
r —

2 =

=1

Y bzr=3 a_z+ Y b_,z
r=1 r=1

or

A(z) — 1 = 3zA(z) + 2zB(2)

(10.30)
B(z) = zA(z) + zB(2)

Solving (10.30) for A(z) and B(z), we obtain
-z __B+/36 (-3
—dz+22 12+ 3 1-2-/3)

B(z) = z _ \/3/6 _ \/3/6
l—dz+2 12+ Bz 1-2-./3):

A(z) = N

It follows that

a,=3+T‘/§(z+ﬁ)'+3"Tﬁ(z—ﬁ)'

b,

%(Hﬁ)’—%(z—ﬁ)’ O

We demonstrated in Example 10.14 how we can solve a set of simultaneous
difference equations by the technique of generating functions. From a set of simul-
taneous difference equations relating several numeric functions we can obtain a
set of simultaneous (algebraic) equations relating their generating functions.
These equations can then be solved for closed-form expressions for the generating
functions.
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10.8 SORTING ALGORITHMS

Let us return to the simple example in Sec. 10.2 in which we showed that the
numeric function (3%, 3!, 32,..., 3", ...) can be specified by the recurrence relation

a, =3a,_, (10.31)

together with the boundary condition a, = 1. Equation (10.31) is a recursive
specification of the value of a at r. It says that if a,_, is known, then a, can be
computed as three times a,_,. However, if a,_, is known, then a,_, can be
computed as three times a,_,; if a,_5 is known, then a,_, can be computed as
three times g, _3; and so on. Consequently, knowing a, is sufficient to determine
a, for any r. Recalling our discussion in Sec. 10.1, we realize that such a point of
view is not restricted to the description of numeric functions. It also suggests a
concise and powerful way to describe computing algorithms. We present in this
section some examples from the problem of sorting. As we discussed in Sec. 8.2,
by sorting the n numbers that are stored in n registers x,, x5, ..., x,, We mean to
rearrange the contents of the registers so that the rearranged contents of registers
Xy, X5, ..., X, are in ascending order. A sorting procedure consists of a sequence
of comparison steps, each of which compares the contents of registers x; and x;
and places the smaller number in x; and the larger in x;. We shall denote a
comparison step by A(x;, x;).

We present first a sorting algorithm from Sec. 8.2; BUBBLESORT. However,
our description of this algorithm will be different from that in Sec. 8.2 in that we
shall show a recursive specification of the algorithm.t We introduce some nota-
tions that will enable us to give a “symbolic” specification of the algorithm. Let
S(xy, X5, ..., x,) denote algorithm BUBBLESORT that sorts the numbers in
registers x,, x,, ..., X, in ascending order, and let M(x,, x,, ..., x,) denote the
algorithm LARGEST?2 presented in Sec. 8.2 that places in register x, the largest
number among the numbers in registers x,, x,, ..., x,. We have

S(X1y Xgyeees Xp) 2 M(X1, Xgs ovy X)S(X1, Xas oovs Xyet) (10.32)

The symbol £ means “is defined to be” and the concatenation of the symbols of
procedures means sequential execution of the corresponding procedures from left
to right. Note that M(x,, x,, ..., x,) can be defined as

M(xl’ X2 eees X,,) £ A(xl’ XZ)A(xZ’ x3) e A(xn—Z’ Xn - I)A(xn— 1> X,,)
which is exactly the specification of algorithm LARGEST?2 in Sec. 8.2. The rela-
tion in (10.32) can be written as
S(xl’ X2y eens xn) 4 A(xh xZ)A(XZ ) X3) e
A(xn—z > Xp— 1)A(xn— 1> xn)S(xl’ X5 oeny Xy 1)
t We remind the reader that the bubble sort algorithm presented here is the same as that
presented in Sec. 8.2 in that it consists of exactly the same sequence of comparison steps. The only

difference is the way the comparison steps are specified. In general, an algorithm can be described in
different ways, most notably, nonrecursively and recursively.
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which is a symbolic description of algorithm BUBBLESORT. With the boundary
condition

S(x1, X,) a A(xy, X5)

our recursive specification of the algorithm is completed.
As an explicit example, we note that

S(xy, X3, X3, X4) = A(xy, x5)A(x,, x3)A(xs, x4)S(xy, X5, X3)

>

A(xy, X5)A(x,, X3)A(x3, X4)A(x 1, X5)A(x,, X3)S(xy, X5)

A(xy, x2)A(x,, X3)A(x3, x4)A(X1, X2)A(X,, X3)A(xy, X,)

>

Let a, denote the number of comparison steps the bubble sort algorithm
takes to sort n numbers. According to (10.32), we have

a,=m—-1+a,_, (10.33)

Solving the recurrence relation in (10.33) and using the boundary condition a, =
0, we obtaint

nn—1)
a,=——"
2

We present now another sorting algorithm known as the Bose-Nelson algo-
rithm, due to R. C. Bose and R. J. Nelson (see Bose and Nelson [2]), which we
shall denote T(x,, x,, ..., x,). To simplify our discussion, we assume that the
number of numbers to be sorted is a power of 2. Let P[(xy, X5, ..., X,), (X, 415
Xp4+25---» X2,)] denote an algorithm that will arrange the numbers in registers x,,
X5, ..., X5, in ascending order given that the numbers in registers x,, x,, ..., X,
have already been arranged in ascending order, as have the numbers in registers
Xpt1s Xnt2s---» X2y Clearly,

TOXy, Xgsees X2) 2 T, Xzs eves X)) T(Xps 15 Xnazsenns X2p)
Pl(x1, Xg5eoes Xp)y (Xpa1s Xpa2s--es X2n)]  (10.34)

In other words, to sort the 2n numbers in registers x;, X,, ..., X5,, We can first
sort the n numbers in x,, x,, ..., X,, and the n numbers in X, ., X,42,...> X2,
and then combine these two sorted sequences into one. The algorithm P[(x,, x,,
vy Xp)s (Xt 15 Xns25---» X2,)] can be defined recursively as:

PL(x1, X2, ovvs Xp)y (Xpa 15 Xnt25 oo o5 X24)]
2 Pl(xy, X3, .-y Xp2)s (Xna 15 Xna2soees x3n/2)]
PLXp2+15 Xmz 425 -5 X (X3m2 415 X3m2 425 -+ X2n)]
PLXp2+15 Xmz 425 o5 Xnh (Xns 15 Xnt2s o5 X3n2)] (10.35)

+ See Prob. 10.10.
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Note that P[(x;, X3, ..., Xp2)s (Xp41> Xps25 --+5 X3,2)] places the smallest n/2
numbers, among the 2n numbers in the registers, in registers x;, x,, ..., X, in
ascending order. Similarly, P[(X,/2+1, Xp2+25 -++> X2nh (X3m/2+ 1> X3m24+25 -++> X2n)]
places the largest n/2 numbers, among the 2n numbers in the registers, in registers
X3p2+1> X3m2+25 --+» X2, in ascending order. Finally, P[(x,5+1, Xp2+25 «+-» Xn)
(Xp+15 Xpt+25 ---» X3n2)] places the remaining n of the 2n numbers in registers
Xp2+1> Xp2+25 -++» X342 in ascending order. Applying the relations in (10.34) and
(10.35) repeatedly, we can express T(x;, x,, ..., X,), h =2', as a sequence of
procedures of the forms T(x;, x;) and P[(x;), (x;)]. However, both of T(x;, x;) and
P[(x;), (x;)] are equal to A(x;, x)).
For example, we note that

T(xy, x5, X3, X4) = T(xy, x3)T(x3, X4)P[(xy, X5), (x3, X4)]

Since
T(x,, X,) & A(x,, X,)
T(x3, x4) £ A(x3, Xx4)
and
P(xy, x3), (x3, x4)] £ P[(xy), (x3)]P[(x2), (xa)]P[(x2), (x3)]
£ A(xy, x3)A(xz, x4)A(X2, x3)
we have

T(xy, x5, X3, X4) £ Alxy, x5)A(x3, x)A(xy, X3)A(X,, x4)A(X,, X3)

as a complete specification of an algorithm that sorts four numbers stored in the
registers x,, x,, X3, X4.
Let ¢, denote the number of comparison steps that P[(x,, X,, ..., X3/), (X2r41»

X3r42,..45 X2r+1)] takes. According to the relation in (10.35), we have
¢ =3¢, (10.36)
Solving (10.36) with the boundary condition ¢, = 1, we obtain
c, =73
Let d, denote the number of comparison steps the procedure T(x;, X, ..., X3,)

takes. According to the relation in (10.34), we have

dr = 2dr—1 + cr—l

or
d=2d_,+3! (10.37)
Solving (10.37), we obtain
d =B2+3
From the boundary condition d, = 0, we determine that B = — 1. Thus,

d =3 -2
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(a) Figure 10.1

Another algorithm is known as the odd-even merge, due to K. E. Batcher (see
Batcher [1]), which we shall denote U(x,, x,, ..., x,). Again, we assume that n is
a power of 2. Let

U(X1y Xaseevs X20) 2 UKL Xgy oy X)U(Xps 1> Xns2s oves Xa)
Bl(xy, X3, .o Xp)s (Xps 15 Xnt25 005 X2,0]  (10.38)
where the algorithm B is defined to be
B[(xy, X3, X3, X5 o5 Xap), (V15 V25 V35 Vas -5 Y2u)]
2 B[(x, X3, X5, ooy Xauo 1) (V1 V35 Vs os Van-1)]
B[(x3, X4, X6 -5 Xau) (V2 Vas Yoo -+ Vau)]
Alxy, x3)A(x4, x5)A(Xe, X7) "+ A(X 2y, V1)
A2, Y3)Aa, ¥s) " AY2n-25 Yan-1) (10.39)

It is not immediately obvious that the algorithm defined in (10.39) indeed
merges two sorted sequences of numbers into one. We present first an illustrative
example before we proceed to verify the validity of the algorithm. Suppose eight
numbers, 2, 3, 6,7, 1, 4, 5, 8, are stored in registers x,, X,, X3, X4, V1, V2, V3> Va,
as shown in Fig. 10.1a, such that the numbers in registers x;, x,, X3, X, are in
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ascending order, and the numbers in registers y,, y,, V3, y4 are in ascending
order. According to (10.39),

B[(xy, x2, X3, X4), (V1> Y2, V3> V)]
= B[(xy, X3), (1, ¥3)I1B[x3, X4), (2, ya)JA(X;, X3)A(X4, y1)A(Y2, V3)

B[(x,, x3), (¥, y3)] arranges the numbers in x,, x3, y;, y; in ascending order, and
B[(x,, X4), (2, y4)] arranges the numbers in x,, x4, y,, y4 in ascending order as
shown in Fig. 10.1b. Finally, A(x,, x,) arranges the numbers in x,, x3; A(xy, ¥;)
arranges the numbers in x,, y,; and A(y,, y,) arranges the numbers in y,, y; in
ascending order as shown in Fig. 10.1c.

To verify the validity of (10.39), we want first to show that after the execution
of B[(xy, X3, X5 -+ Xzu—1)s (V15 Y35 Vs» -5 Van—1)] @and Bl(x2, X4, X6, -5 X20),
(YZ,YM Ye> ""yZn)]:

1. The number in x, is the smallest of the 4n numbers.

2. The number in y,, is the largest of the 4n numbers.

3. The two numbers in x,; and x,;,,, | £i<n—1, are the 2ith and the
(2i + 1)st smallest of the 4n numbers; the two numbers in x,, and y, are the
2nth and the (2n + 1)st smallest of the 4n numbers; and the two numbers in y,;
and y,;,,, 1 £i<n— 1, are the (2n + 2i)th and (2n + 2i + 1)st smallest of the
4n numbers.

If this is indeed the case, the comparisons A(x,, x3)A(x4, Xs) "+ AVan-25 Yan-1)
will yield a sorted sequence of 4n numbers.

The reader can easily ascertain that (1) and (2) are obvious. To show that (3)
is true, we shall only show that the two numbers in x,; and x,;,,, | Si<n—1,
are the 2ith and the (2i + 1)st smallest of the 4n numbers. The other two cases
can be shown in a similar manner.t Consider the number that is in x,; after the
execution. This number is larger than exactly i — 1 of the numbers that were in
Xy X4s Xgs-eosXoms VasrVas Ves--+» Van- Assume that this number is larger than k
of the numbers that were in x,, x4, X, ..., X,,, and is larger than i — k — 1 of
the numbers that were in y,, y4, Vg, --., V2,. That is, this number is larger than
the numbers that were in x,, x4, X4, ..., X5, and those that were in y,, y4, Vs,

.+» Yai-k-1,- In other words, this number is larger than the numbers that were in
Xy, X3, X3, Xq, ..., X5; and those that were in yy, y,, y3, Y4, ..oy Vai-k-1)- NOW,
if this number was in x,,,, it is also larger than x,, ., and it might or might
not be larger than the number that was in y,;_,_,,+,. On the other hand, if this
number was in y,;_,,), it is also larger than y,;_,,_,, and it might or might not
be larger than the number that was in x,,, ;. Consequently, we can conclude that
this number is larger than 2i — 1 or 2i of the 4n numbers in the registers.

In a similar way, let us consider the number that is in x,;,, after the execu-

+ We do not really have three cases in (3). It is only because of the notation we have chosen that
we have to make three parallel statements.
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tion. Assume that this number is larger than k of the numbers that were in x,, x3,
.oy X241, and is larger than i — k of the numbers that were in y,, y3, ..., Von—1-
That is, this number is larger than the numbers that were in x,, x5, ..., X5k_ 1
and is larger than the numbers that were in y,, ys, ..., V2i-x—1- Thus, this
number is larger than the numbers that were in x;, X,, X3, ..., X252, X2, 1, and
those that were in yy, Y5, V3, -.» Yag-k-2> Y2ii—k —1- NOw, if this number was in
Xyk+ 1, it is also larger than the number that was in x,,, and it might or might not
be larger than the number that was in y,;_;,. If this number was in y,;_;) 4, it is
larger than the number that was in y,;_;, and it might or might not be larger
than the number that was in x,,. Consequently, we can conclude that this
number is larger than 2i — 1 or 2i of the 4n numbers in the registers.

We now complete the proof of (3) by noting that if the number in x,; is the
2ith smallest number, then the number in x,;,, must be the (2i + 1)st smallest
number, and vice versa.

Let ¢, denote the number of comparison steps the algorithm B[(x,, x,, ...,
X2, V1, Y2, --+» ¥2.)] takes. According to the relation in (10.39), we have

¢ =2c_1+(2" -1 (10.40)
Solving (10.40), with the boundary condition ¢, = 1, we obtain
¢, =r2"+1

Let d, denote the number of comparison steps the algorithm U(x,, x,, ..., x3,)
takes. According to the relation in (10.38), we have

dr = 2dr—1 + Cro1
or
d=2d,_,+@r—12""+1 (10.41)

Solving the recurrence relation in (10.41), with the boundary condition dy, = 0, we
obtain

d=r*—-r+422-1

*10.9 MATRIX MULTIPLICATION ALGORITHMS

As another illustration of recursive algorithms, we consider a problem on matrix
multiplication. Let A and B be two 2 x 2 matrices.

a a
A=[ 11 12]
az, ap;

by, blz]
B =
,:bu by,
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The product A and B, denoted C, can be computed as
C=AB=[C“ ch:l
€21 C22

€1y =day1byy + a1 by,

where

€12 =ay;by, + a5, by,
€1 =dy,byy + a5 by,
€22 =ay1by; + a3, b,

We note immediately that such a computation requires four addition operations
and eight multiplication operations. Let d, denote the cost of an addition oper-
ation, and d, denote the cost of a multiplication operation. The total cost of
multiplying two 2 x 2 matrices is

4d, + 8d,

i

Once again, one may ask if there is a “better” algorithm to multiply two
2 x 2 matrices? As it turns out, an alternative algorithm can do so. (Later, we
shall determine if this alternative algorithm is indeed a better algorithm.) The
alternative algorithm computes the first seven intermediate results:

my = (ay, + a,)by; + by,)

my = (ay; — az)(byy + by)

my =(ay; —a )by, + by,)

my = (ay + ayz)bz, (10.42)
ms = (a; + a)by,

Mg =ay (b, — b;,)

m; = a,,(b,; — by,)

These intermediate results can then be used to compute the entries of the matrix
C:

Ciy=my +my, —my + my
Ciy; =My + Mg
Cyy =Mms +my
Cry =My — M3y — Ms + Mg

A quick count indicates that such an algorithm requires 18 addition operations
and 7 multiplication operations. Thus, the total cost is

184, + 7d,
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It is far from obvious that such an algorithm is superior to the first algorithm,
which is the classical matrix multiplication algorithm. As a matter of fact, one
would immediately point out that the first algorithm requires 12 arithmetic oper-
ations, while the second one requires 25 arithmetic operations. On the other
hand, an advocate of the second algorithm might argue that the second algorithm
will be less expensive than the first if a multiplication operation is significantly
more expensive than an addition operation. One might point out that such an
argument is unrealistic because, in practice, costs for multiplication and addition
are about the same. However, before we conclude prematurely that this is an
empty exercise in algorithm design, let us consider the more general problem of
multiplying two n x n matrices A and B. To simplify our discussion, we shall
assume that n is a power of 2. One recalls that computing the product of two
n x n matrices by the classical multiplication algorithm requires n* multiplication
operations and n*(n — 1) addition operations, that is, a total of 2n* — n? arith-
metic operations. (The ijth entry of the product is computed as ZZ=1 ay by;,
which requires n multiplication operations and (n — 1) addition operations.) We
recognize that the second algorithm presented above can be used to multiply two
n x n matrices. Given two n x n matrices A and B, we can partition them into
(n/2) x (n/2) submatrices:

where a,y, a,,, a5, 855, byy, byy, by, bay, €4y, €15, €3y, and ¢y, are all
(n/2) x (n/2) submatrices. We can then compute

m; =(a;, +a,,)(b;; +b,,)
m, =(a,, —a,,)(b,; +b,,)
m; =(a;, —a, )b, +b,,)
m, =(a;; +a;,b,,
m;s = (ay; + a,,)by,
mg =a; (b, —b,,)

m, = a,,(b,; — by,)

+ We use boldface type to indicate that these are matrices.
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Note that these are repetitions of the relations in (10.42). We merely replaced the
roman letters by boldface ones to emphasize that m;, m,, ..., m,, a,,, ..., a,,,
by, ..., by, are all matrices. Of course, in these equations all multiplications are
multiplications of (n/2) x (n/2) matrices, and all additions are additions of
(n/2) x (n/2) matrices. Finally, we can compute

€y =m; +m, —my +my

€, =m, + mg

€y =ms + M,

Cy; =M; — M3 — My + Mg
We note that the total cost of multiplying A and B is 7 matrix multiplications
and 18 matrix additions (of (n/2) x (n/2) matrices). If we use the classical method

to carry out multiplication of (n/2) x (n/2) matrices, the total number of arith-
metic operations will be

n\> n\? n\?> 7 11
o2} (2 L RN S L "
e[ 25) -G e (5) <3 e

which is superior to 2n* — n? for large n. However, we can do better than that by
employing our new multiplication algorithm recursively to compute the products
of the submatrices. In other words, to compute the product of two n x n
matrices, we need to perform 7 multiplications and 18 additions of (n/2) x (n/2)
matrices, while each of the multiplication operations of (n/2) x (n/2) matrices, can
be performed with seven multiplications and 18 additions of (n/4) x (n/4)
matrices, and so on. Let f, denote the total number of arithmetic operations
required to multiply two 2" x 2" matrices. We have

fi=T_, +18-2¥7"2 r>1 (10.43)
with the boundary condition f, = 1. Solving (10.43), we obtain
fi=7-7- 1_38_ 4"
Thus, forn = 2",
fo=T7 T 1B 2 =28 _ 18 2

Since the time complexity of the algorithm presented above is ®(n?-8!), the
time complexity of the matrix multiplication problem is O(n?8!).

10.10 REMARKS AND REFERENCES

See Levy and Lessman [4] on the subject of finite-difference equations. See also
chaps. 2 and 3 of Liu and Liu [6]. The sorting algorithms discussed in Sec. 10.8
have two distinct features: (1) They are nonadaptive in the sense that the sequence
of comparison steps in an algorithm is predetermined and does not vary in
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accordance with the outcome of any particular comparison step. (2) No addi-
tional registers for storing intermediate results is needed. We note that in a
nonadaptive algorithm, some of the comparison steps can be carried out simulta-
neously. [For example, A(x;, x,) and A(x;, x,) can be carried out simultaneously
while A(x,, x,) and A(x,, x3) cannot be.] Consequently, there is the possibility of
speeding up the computation by parallel processing. The advantage of algorithms
that do not use additional storage registers is obvious when the number of items
to be sorted is large. For a most complete discussion on sorting algorithms and
related topics, see chap. 5 of Knuth [3].

The matrix multiplication algorithm presented in Sec. 10.9 is due to Strassen
[8]. See Prob. 10.38 for an algorithm that uses 7 multiplication operations and 15
addition operations. Note, however, that the time complexity of such an algo-
rithm would still be ®@(n?-8'). To reduce the exponent of n from 2.81 to a smaller
number, one’s immediate reaction would be to search for a multiplication algo-
rithm for 3 x 3 matrices that uses 21 or fewer multiplication operations.
However, no such algorithm has so far been discovered. Surprisingly, multiplica-
tion algorithms for larger matrices that lead to improvement on the exponent of
n have been discovered. For example, Pan [7] shows that we can multiply two
48 x 48 matrices using 47,216 multiplication operations, which reduces the expo-
nent to 2.78.

1. Batcher, K. E.: Sorting Networks and Their Applications, AFIPS Proc. of the 1968 SJCS, 32:
307-314 (1968).
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PROBLEMS

10.1 Solve the following recurrence relations:
(a) a, — 7a,_, + 10a,_, = 0, given that a, = 0 and a, = 3.
(b) a, —4a,_, + 4a,_, = 0, given that a, = 1 and a, = 6.
10.2 Solve the following recurrence relations:
(@) a,— 7a,_, + 10a,_, = 3", given that a, = 0 and a, = 1.
(b) a, + 6a,_, + 9a,_, = 3, given that a; = 0and a, = 1.
(¢) a,+a,_, +a,_,=0,given that a, = 0 and a, = 2.
10.3 Solve the following recurrence relations:
(@) @, —a,_, —a,_,=0,giventhat gy = l and a, = 1.
(b) a, —2a,_, +2a,_, —a,_3=0,giventhat a, = 2,a, = l,and a, = 1.



336 CHAPTER TEN

10.4 Given that a, = 0, a, = 1, a, = 4, and a, = 12 satisfy the recurrence relation
a+Ca,_,+Cya,_,=0

determine a, .
10.5 The solution of the recurrence relation

Coa, + Cia,_, + Cza,_,=f(r)

3 +4 42
Given that f(r) = 6 for all r, determine C,, C,,and C,.

10.6 The solution of the recurrence relation

a,=Aa,_, +B¥ rzl

a,=C2 + D3*! rz0

Given that a, = 19 and a, = 50, determine the constants A4, B, C, and D.
10.7 Let

4a,+ Cia,_ + Cya,_, =f(r) rz2

be a second-order linear recurrence with constant coefficients. For some boundary conditions a, and
a,, the solution of the recurrence is

1—=2r+3-2"
Determine a,, a,, C,, C,, and f(r). (The solution is not unique.)
10.8 Consider the recurrence relation
a,=a._, —a,_,
(a) Solve the recurrence relation, given that a, = 1and a, = 0.
(b) Can you solve the recurrence relation if it is given that a, = 0 and a; = 0?
(c) Repeat part (b) if it is given that a, = 1 and a3 = 2.
10.9 (a) Determine the particular solution for the difference equation
a, —3a,_,+2a,_,=2"
(b) Determine the particular solution for the difference equation
a—4a,_, +4a,_,=2"
10.10 (a) Determine the particular solution for the difference equation
a,—2a,_, =f(r)

where f(r) = 7r.
(b) Repeat part (a) for f(r) = 7r%.
(c) Determine the particular solution for the difference equation

a,—a,_,=7r

(d) Repeat part (c) if f(r) = 7r%.
(e) Let
Coa,+Cia,_y + -+ Cya,_, =[(r)
be a difference equation with a characteristic root 1. Let f(r) = r. What can be said about the general
form of the particular solution a{”?
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10.11 (a) Solve the recurrence relation
a,+3a,_, +2a,_,=f(r)
where

1 r=2
0 otherwise

f(r)={

with the boundary condition a4 = a; = 0.
(b) Repeat part (a) for
1 r=>5
S =

0 otherwise
(¢) Consider the recurrence relation
Coa,+Cia,_ +Cya,_,+ -+ Cya,_,=f(r)

Let &, denote the solution of the recurrence relation for f(r) = f(r) with the boundary conditions

dg=4a,=a,=""=a,_, =0. Let a, denote the solution of the recurrence relation for f(r) = f(r)
with the boundary conditions &, = &, = , = - - = &,_, = 0.Given that f(r) = Ofor r < k, and
~ 0 0sr=si-1
J =1 =,
Joe=0 rzl

for some fixed I, what can we conclude about a,and a,?
10.12 (a) Consider the recurrence relation
Coa, +Cia,_y + Cra, 5+ -+ Cra,_, =f(r)

Let a, denote the solution of the recurrence relation for f(r) = f(r) with the boundary conditions
dy=8,=a,="-=a,_, =0. Let &, denote the solution of the recurrence relation for f(r) = f(r)
with the boundary conditions a, = a, = a, = -+ = a,_, = 0. Show that a, = a, + 4, is the solution
of the recurrence relation for f(r) = f(r) + f(r) with the boundary conditions @, =a, =d, = -*- =
a,_, = 0, provided that f(r) = f(r) = Ofor r < k.

(b) Solve the recurrence equation

a,+ 5a,_, +6a,_,=f(r)

where

6 otherwise

0 =0,1,5
f(r)={ ’

given that ay = a, = 0.

10.13 Gossip is spread among r people via telephone. Specifically, in a telephone conversation
between A and B, A tells B all the gossip he has heard, and B reciprocates. Let a, denote the
minimum number of telephone calls among r people so that all gossip will be known to everyone.

(a) Show thata, = 1,a, =3,and a, = 4.

(b) Show that

aré r—1 +2
(c) Show that
a, <2r—4 forr>4

[Indeed, it can be shown that a, = 2r — 4. See B. Baker and R. Shostak, Gossips and Telephones.
Discrete Mathematics, 2: 191-193, (1972).]



338 CHAPTER TEN

10.14 Let g, denote the number of partitions of a set of r elements. Show that

Lo (r
ar+1= Z . ai
i=o \!

10.15 Consider an air-traffic-control system in which the desired altitude of an aircraft, a,, is com-
puted by a computer every second and is compared with the actual altitude of the aircraft, b,_,
determined by a tracking radar 1 second earlier. Depending on whether a, is larger or smaller than
b,_,, the altitude of the aircraft will be changed accordingly. Specifically, the change in altitude at the
rth second, b, — b, _ |, is proportional to the difference a, — b,_,. That is,

br - br-—l = K(ar - br—l)

where g, = 1.

where K is a proportional constant.

. . 3)\?
(a) Determine b,, given that a, = 1000 <§> ,K=3and b, =0.

3’
11000(5) 0<r<9

a,: < 3 10
‘1000(—) r=10
2
K =3,and b, = 0.

10.16 The Tower of Hanoi problem. r circular rings of tapering sizes are slipped onto a peg with the
largest ring at the bottom, as shown in Fig. 10P.1. These rings are to be transferred one at a time
onto another peg, and there is a third peg available on which rings can be left temporarily. If, during
the course of transferring the rings, no ring may ever be placed on top of a smaller one, in how many
moves can these rings be transferred with their relative positions unchanged?

(b) Determine b,, given that

]

=

Figure 10P.1

10.17 Consider the multiplication of bacteria in a controlled environment. Let g, denote the number
of bacteria there are on the rth day. We define the rate of growth on the rth day to be a, — 2a,_,. If it
is known that the rate of growth doubles every day, determine a,, given that a;, = 1.
10.18 Consider the operation of a factory whose average profit in every two successive months is
equal to the average new order in that period. Let a, denote the new order received and b, denote the
monthly profit in the rth month.

(a) Given that a, = 2" for all r 2 0 and b, = 0, determine b,.

(b) Repeat part (a) for

2 0<r<9
=20 210
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10.19 A particle is moving in the horizontal direction. The distance it travels in each second is equal
to two times the distance it traveled in the previous second. Let a, denote the position of the particle
in the rth second. Determine a,, given that a, = 3 and a; = 10.

10.20 Consider the following algorithm for sorting r numbers for r = 2.
(a) Use 2r — 3 comparisons to determine the largest and second largest of the r numbers.
(b) Recursively, sort the remaining r — 2 numbers.

Let a, denote the number of comparisons used for sorting r numbers. Determine a,.

10.21 Let g, denote the number of edges in a complete graph on r vertices.
(a) Derive a recurrence relation for a,in terms of a,_,.
(b) Solve the recurrence relation.

10.22 Let a, be the number of subsets of the set {1, 2, ..., r} that do not contain two consecutive
numbers. Determine a, .

Hint: Among the a, subsets, how many of them do not contain the number r? How many of
them contain the number r?

10.23 Consider the problem of covering a rectangular strip of length n with two types of domino. A
blue domino has length 2, while an orange domino has length 1. Assuming you have sufficient
dominoes of each type, how many different ways can the strip be covered?

10.24 How many r-digit binary sequences that have no adjacent Os are there?

10.25 Let a, denote the total assets of a bank at the end of the rth month which is equal to the sum of
the total deposit in the rth month and 1.1 times the total assets at the end of the (r — 1)st month.
Given that the total deposit is a constant 100 (in thousands of dollars), determine aq, if a, = 0.

10.26 Let a, denote the total dollar assets of a company in the rth year. Clearly, a, — a,_, is the
increase in assets during the rth year. If the increase in assets during each year is always five times the
increase during the previous year, what are the total assets in the rth year? It is given that a, = 3 and
a =7.

10.27 Let a, denote the number of nonoverlapping regions into which the interior of a convex r-gon
is divided by its diagonals. Suppose no three diagonals meet at one point.
(a) Show that

_ (r—1r—2)r—-3)

a4 =4y = 6 +r—2 r23
anday=a, =a,=0.

(b) Determine A(z).

(c) Determine a, from A(z).

10.28 There are two kinds of particles inside a nuclear reactor. In every second, an « particle will split
into three B particles, and a f particle will split into an « particle and two g particles. If there is a
single a particle in the reactor at t = 0, how many particles are there altogether at t = 100?

10.29 How many spanning trees does the ladder graph in Fig. 10P.2 have?

Hint: Let a, denote the number of spanning trees the ladder graph of r steps has. Let b, denote
the number of spanning trees that include the first step the ladder graph of r steps has. Express a, in
terms of a,_, and b,. Express b, in terms of a,_, and b, _,.

1 2 3 4 r—1 r  Figure 10P.2
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10.30 Let d, denote the number of ways of permuting r integers {1, 2, ..., r} so that the integer i will
not be in the ith positionfor 1 £i < r.
(a) Use a combinatorial argument to show that

dr = (r - 1)(dr-l + dr—z)
(b) Show that

satisfies the recurrence relation in part (a).

10.31 A sequence of binary digits is fed to a counter at the rate of 1 digit/s. The counter is designed to
register 1 s in the input sequence. However, it is so slow that it is locked for exactly 7 s following each
registration, during which time the input digits are ignored. Let a, denote the number of binary
sequences of length r at the end of which the counter is not locked. Find the difference equation
which a, satisfies, the boundary conditions, and the generating function A(z).

10.32 For the graph in Fig. 10P.3, determine the number of directed paths of length n that start from
vertex a and end at vertex d.

Figure 10P.3

10.33 (a) Let A(z) denote the generating function of a numeric function a. Show that

ay = lim A(2)

z=0

(This result is known as the initial-value theorem.)
(b) Check the initial-value theorem for the numeric function a, where a, = 2"*for all r.

10.34 Solve the difference equation
a} —2at =1

given that g, = 2.

Hint: Letb, = a?.
10.35 Solve the difference equation

ra, +ra,_, —a,_, =2

given that g, = 273.

Hint: Letb, =ra,.
10.36 (a) Solve the difference equation

a}—2a,_,=0

given that g, = 4.
Hint: Let b, = 1g a,, where Ig denotes logorithm base 2.
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(b) Solve the difference equation

ar=\/ar—l+\/ar—2+\/ar—3+ﬁ

given that a, = 4.
Hint: Compute a? .

10.37 Solve the difference equation
a,—ra,_, =r! forr=1
given that a, = 2.
Hint: Letb, = a,/r!.

10.38 The product of two 2 x 2 matrices A and B can be computed using 7 multiplications and 15
additions. We compute first the following intermediate results:

Sy =0y, + az, m; =S$,S¢ ty=m; +m,
Sz =5, — a4y, my =ay by, =1t +my
S3 =4y — 4y my =a, by,

S =412 — 5, my = S357

ss=by; — by, ms = SSs

S¢ =byy — 55 Mg =54b;,

S;="by; — by, My =43, Sg

5§ =S¢ — by,
The elements of the product matrix C can then be computed as:
Cip =My + my
Cip =1t +ms+ mg
Cyy =1l —my
€y =ty + my

Confirm that these equations yield the correct results.



CHAPTER

ELEVEN
GROUPS AND RINGS

11.1 INTRODUCTION

Consider the operation of a vending machinet that delivers a pack of gum when
two dimes are deposited, a candy bar when a dime and a quarter are deposited,
and a pack of cigarettes when two quarters are deposited. Let
A = {dime, quarter} and B = {gum, candy, cigarettes}. The operation of the
vending machine can be described formally as a function from 4 x A to B, which
is shown in Fig. 11.1a. The table in Fig. 11.1a can be set up in an alternative way
as that shown in Fig. 11.1b, where the rows indicate the first coin deposited and
the columns indicate the second coin deposited.

As another example, suppose that the hair color of a child is determined by
that of her parents, as shown in Fig. 11.2. Clearly, the relationship between the
hair color of a child and that of her parents can be described by a function from
A x Ato A, where A = {light, dark}.

Let 4 and B be two sets. A function from A x A4 to B is called a binary
operation on the set A. We shall encounter most frequently functions from 4 x A
to A. A function from A x A to A is said to be a binary operation that is closed.
In the example of the vending machine, a binary operation on the set {dime,
quarter} was defined. This binary operation is not a closed operation. In the
example of the hair color of children, a binary operation on the set {light, dark}
was defined. Moreover, this binary operation is closed. Intuitively, a binary oper-
ation specifies a way in which two elements are “combined” to yield a third
element.

+ To be precise, we describe here only the operation of a vending machine when two coins, which
are dimes and quarters, are deposited. The operation of real vending machines is less restrictive.

342



GROUPS AND RINGS 343

st 2nd coin
s
depos-
Coins Merchandise coin Fi’ted
deposited delivered deposited dime quarter
(dime, dime) gum dime gum candy
(dime, quarter) candy quarter candy cigarettes
(quarter, dime) candy
(quarter, quarter) cigarettes Merchandise delivered
(a) (b)
Figure 11.1
Mother
Father light dark
light light dark
dark dark dark
Child Figure 11.2

A binary operation can be described using functional notation. That is, let
the function from A x A to A be named f. Clearly, f(a,, a;)t will denote the
image of the ordered pair (a,, a,) in A x A. An alternative way is to write
f(a;, a,) as a, fa,.] In this case, instead of the customary letter names for func-
tions, we use “operator symbols” such as ¥, *, +, -, [, @D, ... as the names of
binary operations on a set. Thus, we can write

*(a,, a,) + (dime, quarter) [(light, dark)

or
a, % a, dime + quarter light [J dark

The definition of a binary operation can be extended immediately. A ternary
operation on a set A4 is a function from (4 x A) x A4 to B for some set B, and an
m-ary operation on a set A is a function from A™ to B for some set B.§

A set together with a number of operations on the set is called an algebraic
system. We shall use a notation such as (4, %, *, []) for an algebraic system,
where A is a set, and v, *, and [] are operations on 4. Our examples of the
vending machine and the hair color of children are both examples of algebraic
systems with one operation. Consider a self-service snack bar with two vending
machines. We can describe the items one can purchase by the algebraic system
({dime, quarter}, ¥, %), where the binary operations y and * are described in

t To be precise, we should write f[(a,, a,)]. However, there is no confusion in our notation.
1 f(a,, a,) is referred to as the prefix notation, and a, fa, is referred to as the infix notation.

§ We write A™ to denote (4 x A) x A) x --+ x A.
——
m times
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* ‘ dime quarter * dime quarter
dime gum candy dime potato chips cookies
quarter candy cigarettes quarter cookies sandwich
Figure 11.3

Fig. 11.3. Consider the set of natural numbers N together with the usual addition
and multiplication operation of integers, + and -. Clearly, (N, +, ) is an alge-
braic system with two operations. Also, let (] be a binary operation on N such
that [J(a, b) is equal to 0 or 1 depending on whether the sum of a and b is even
or odd, and A be a ternary operation on N such that A(a, b, ¢) is equal to the
maximum of a, b, and c. (N, [J, A) is also an algebraic system with two oper-
ations.

11.2 GROUPS

Let ¥ be a binary operation on a set 4. The operation vy is said to be associative
if

(a% b)kc=ak (bko

for all a, b, ¢ in A.1 Let 4 be a set of people and A be a binary operation such
that a A b is equal to the taller one of a and b. (Assume that no two people in A
are of the same height.) We note that A is an associative operation. On the other
hand, let N be the set of all natural numbers and [] be an operation such that
a O b is equal to the value of a’? + b. We ask the reader to check that the
operation [] is not associative. Intuitively, when an associative operation is to be
carried out a certain number of times, the order in which the operations are
carried out is not important.

Let (4, %) be an algebraic system where ¥ is a binary operation on A.
(A4, %) is called a semigroup if the following conditions are satisfied:

1. ¥ is a closed operation.}
2. ¥ is an associative operation.

Let A be the set of all positive even integers {2, 4, 6, ...} and + be the
ordinary addition operation of integers. Since + is a closed operation on A and
is also an associative operation, (4, +) is a semigroup. Let S be a finite alphabet.

t It follows that when ¥ is an associative operation, we can write (a y¢ b) % ¢ as a % b % ¢
without any possible confusion.

1 Note that it is possible to have an associative operation that is not closed. Consider the
algebraic system ({1, 2, 3}, +), where + is the ordinary addition operation of integers.
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Let 4 denote the set of all nonempty strings of letters from S. (For example, let
S = {a, B, y}. We have 4 = {a, f, y, aot, aff, ay, ..., a0, af, ...}.) Let - be a binary
operation on A such that for any two strings a and b in 4, a - b yields a string
which is the concatenation of strings a and b. (For example, ao - ayff = aoayf.)
We note that (4, ) is a semigroup.

Let (A, ) be an algebraic system where % is a binary operation on A. An
element in A, e, is said to be a left identity if for all x in 4, e % x = x. For
example, for the algebraic system shown in Fig. 11.4a, both f and J are left
identities. An element in A, e, is said to be a right identity if for all x in A,
x v e = x. For example, for the algebraic system shown in Fig. 11.4b, « is a right
identity. An element in A is said to be an identity if it is both a left identity and a
right identity.

Suppose e, is a left identity and e, is a right identity of an algebraic system
(A, %). Since e, is a left identity, e, ¥ e, = e,. Since e, is a right identity,
e, % e, = e,. Thus, we have e, = e,. We conclude that if e is a left identity, then
either e is also a right identity or there is no right identity at all. Similarly, if e is a
right identity, then either e is also a left identity or there is no left identity at all.
It follows that, with respect to a binary operation, there is at most one identity.

Intuitively, an identity is a “neutral ” element in that, when it is “combined ”
with another element, its effect on the outcomes is nil. For example, let (A4, ) be
an algebraic system, where A is a set of colored lights and % is a binary oper-
ation such that a y¢ b is the resultant colored light when light a is combined with
light b. Clearly, white light is the identity of the algebraic system. As another
example, let (N, +) be an algebraic system, where N is the set of natural numbers
and + is the ordinary addition operation of integers. Clearly, O is the identity of
the algebraic system.

Let (4, %) be an algebraic system, where y is a binary operation on A.
(A, ¥) is called a monoid if the following conditions are satisfied:

1. ¥ is a closed operation.
2. ¥ is an associative operation.
3. There is an identity.

For example, let A4 be a set of people of different heights. Let A be a binary
operation such that a A b is equal to the taller one of a and b. We note that
(4, A) is a monoid where the identity is the shortest person in A.
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Let (4, %) be an algebraic system with an identity e. Let a be an element in
A. An element b is said to be a left inverse of a if b % a = e. An element b is said
to be a right inverse of a if a ¥ b = e. For example, for the algebraic system in
Fig. 11.5, a is an identity, so f§ is a left inverse of 9, and § is a right inverse of y. An
element b is said to be an inverse of a if it is both a left and a right inverse of a.
Clearly, if b is an inverse of a, a is also an inverse of b. Intuitively, an inverse of an
element “cancels” the effect of the element when they are “combined.” For
example, let (4, ¥) be an algebraic system, where A is a set of chemicals contain-
ing acids, alkalis, and water, and v is a binary operation giving the product of
the combination of two chemicals. In this case, water can be considered as a
neutral chemical, and the inverse of an acid is an alkali, if their combination
yields water.

Let (4, ¥%) be an algebraic system, where ¥ is a binary operation. (4, ¥) is
called a group if the following conditions are satisfied:

1. Y is a closed operation.

2. ¥ is an associative operation.

3. There is an identity.

4. Every element in A4 has a left inverse.

We observe that because of associativity, a left inverse of an element is also a
right inverse of the element in a group. Let b be a left inverse of a and ¢ be a left
inverse of b. Let e denote the identity.t Since

b¥xakb=ekb=0>b
we have
ck(bkakb=chkb=e
From
ck (b a) % b)=(cHh b %ka*kb
=(evda) kb
=a¥b

+ We remind the reader that the identity is unique.
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we have
ax b=e

Thus, b is also a right inverse of a. Consequently, we can refer to the inverses of
the elements without distinguishing left from right inverses.

Furthermore, we observe that associativity also implies the uniqueness of the
inverse of every element. Suppose that both b and ¢ are inverses of a. That is,

bk a=e and cka=e
It follows that
by aykb=(cHhka kb
or
by (a% b)=cy (a% b
or
b=c

From now on, we shall use a~! to denote the inverse of a.

We have encountered many examples of groups before. Consider the alge-
braic system (I, +), where I is the set of all integers and + is the ordinary
addition operation of integers. It is clear that (I, +) is a group with O being the
identity and the inverse of n being —n. Let G = {EVEN, oDD} and a binary oper-
ation @ be defined as in Fig. 11.6. We can check immediately that (G, @) is a
group where EVEN is the identity and both EVEN and oDD are their own inverses.
Consider the rotation of geometric figures in a plane. Let R = {0°, 60°, 120°, 180°,
240°, 300°} denote six possible ways to rotate geometric figures drawn on a plane,
namely, to rotate the figures by 0°, 60°, 120° ..., 300°. Let 9% be a binary
operation so that for a and b in R, a % b is the overall angular rotation corre-
sponding to the successive rotations by a and then by b. (R, ¥%) is a group with 0°
being the identity, the inverse of 60° being 300°, the inverse of 180° being itself,
and so on. Let Z, = {0, 1, 2,..., n — 1}. Let @ be a binary operation on Z, such
that foraand b in Z,

a+b fa+b<n

a@b={a+b—n ifa+bzn

It can readily be checked that (Z,, @) is a group for any n. (Z,, @) is usually
referred to as the group of integers modulo n.
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Let ¥ be a binary operation on A. The operation ¥ is said to be commuta-
tive if

avwb=b¥ a

for all a, b in A. Let 4 be a set of people and A be a binary operation such that
a A b is equal to the taller one of a and b and is equal to a if a and b are of the
same height. Clearly, A is not a commutative operation. (Is A still an associative
operation?)

A group (4, ¥%) is called a commutative group or an abelian group,t if % is a
commutative operation. For example, (Z,, @) is a commutative group.

A group (A, %) is said to be finite if A is a finite set, and infinite if A is an
infinite set. The size of A4 is often referred to as the order of the group.

11.3 SUBGROUPS

Let (A, %) be an algebraic system and B be a subset of A. The algebraic system
(B, %) is said to be a subsystem of (4, ¥). The notion of a subsystem is a very
natural one. Suppose (4, ¥) is an algebraic system describing the interaction of a
set of atomic particles. If we are only interested in the interaction of some of the
particles, we can consider only a subsystem of (4, ¥). Let (N, +) be an algebraic
system describing the addition of natural numbers. Clearly, (E, +) is a subsystem
of (N, +) if E is the set of all even numbers. Also, consider the example of the
rotation of geometric figures in a plane. We note that ({0°, 120°, 240°}, %) is a
subsystem of the algebraic system ({0°, 60°, 120°, 180°, 240°, 300°}, ¥%). So is ({0°,
180°}, %)

Let (A, ¥) be a group, and B be a subset of A. (B, ¥%) is said to be a subgroup
of A if (B, ¥) is also a group by itself. Suppose we want to check whether (B, %)
is a subgroup for a given subset B of A. We note that:

1. We should test whether ¥ is a closed operation on B.

2. ¥ is known to be an associative operation.

3. Since there is only one element e in A such that e % x = x % e = x for all x
in A, we must check that e is in B. In other words, the identity of (4, ¥) must
be in B as the identity of (B, v).

4. Since the inverse of every element in A is unique, for every element b in B, we
must check that its inverse is also in B.

For example, let (I, +) be an algebraic system, where I is the set of all
integers and + is the ordinary addition operation of integers. Clearly, (I, +) is a
group. Moreover, (E, +) is a subgroup, where E is the set of all even integers.
Also, in the example of the rotation of geometric figures in the plane, both ({0°,

+ In honor of the Norwegian mathematician N. H. Abel (1802-1829).
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120°, 240°}, ¥%) and ({0°, 180°}, %) are subgroups of the group ({0°, 60°, 120°,
180°, 240°, 300°}, ¥%).
We want to show that:

Theorem 11.1 Let (4, ¥) be a group and B a subset of A. If B is a finite set,
then (B, ¥) is a subgroup of (4, ¥) if ¥ is a closed operation on B.

PROOF Let a be an element in B. If % is a closed operation on B, the
elements a, a2, a3, ... are all in B.t+ Because B is a finite set, according to the
pigeonhole principle, we must have a' = a’ for some i and j, i <j. That is,
a' = a' J a’7' It follows that @’ is the identity of (4, ¥%), and it is included
in the subset B. If j — i > 1, according to @’ = a ¥ a’~'~!, we can conclude
that @/~ 7! is the inverse of a, and it is included in the subset B. If j — i = 1,
we have a' = a' Y a. Thus, a must be the identity element and is its own
inverse. Consequently, that ¥ is a closed operation on B guarantees that
(B, ¥%) is a subgroup. O

114 GENERATORS AND EVALUATION OF POWERS

Let (4, %) be an algebraic system in which A4 is a set of colors and the binary
operation ¥ gives the color that the combination of two colors yields, e.g.,
red % yellow = orange. Suppose we are given a subset of the colors in A4; we
might want to know all the colors we can obtain by trying all possible com-
binations of the given colors. Also, consider the group ({0°, 60°, 120°, 180°, 240°,
300°}, ¥%) that describes the rotation of geometric figures in the plane. Suppose
we can rotate the figures only by 120° each time. Successive rotations by 120° will
yield the rotations {0°, 120°, 240°}. On the other hand, suppose we can rotate the
figures only by 60° each time. Successive rotations by 60° will yield all the
rotations in {0°, 60°, 120°, 180°, 240°, 300°}.

Let (4, %) be an algebraic system, where v is a closed operation, and
B ={a,, a,,...} be a subset of A. Let B; denote the subset of 4 which contains B
as well as all elements a; % a; for a; and g; in B. B, is called the set generated
directly by B. Similarly, let B, denote the set generated directly by B, ..., and
B;,, denote the set generated directly by B;. Let B* denote the union of B, B,,
B,, .... The algebraic system (B*, ¥) is called the subsystem generated by B, and
an element is said to be generated by B if it is in B*. Note that y¢ is a closed
operation on B*. Thus, for a group (4, ¥%), if B* is finite, then (B*, %) is a
subgroup. If B* = A, B is called a generating set or a set of generators of the
algebraic system (A, ¥). In the example on the combination of colors, a gener-
ating set is a subset of the set of colors whose combinations will yield all the

+ Weusea™todenoteavk ava - ¥ a.

m times
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colors in the original set. In the example on the rotation of geometric figures in
the plane, {60°} is a generating set, so is {120°, 180°}.

A group that has a generating set consisting of a single element is known as a
cyclic group. Figure 11.7a shows a cyclic group for which {8} is a generating set.
Note that {4} is also a generating set. For the example of the rotation of geomet-
ric figures in the plane, the group ({0°, 60°, 120°, 180°, 240°, 300°}, %) is also a
cyclic group. We ask the reader to verify that the group in Fig. 11.7b is not a
cyclic group.

Let (4, %) be a cyclic group and {a} be a generating set of (4, ¥%). Clearly,
the elements in 4 can be expressed as a, a2, a3, .... Since, because of associativity,
a y¢ @’ = a’ 3% a' = a'*d, it follows immediately that any cyclic group is commu-
tative.

We digress for a moment to present an interesting problem in connection
with the concept of generating sets of algebraic systems. Let B be a generating set
of an algebraic system (A4, y). For an element a in 4, we would want to know the
various ways of generating the element a. By generating the element a we mean
to obtain a through successive combinations of the elements in the generating set.
A way of generating a can be specified by a sequence of elements in a

al az a3 tee a,

such that a, = a, and each q;, 1 £i <r, can be expressed as a; % a,, where a;
and g, are either elements from B or elements preceding a; in the sequence. Since
a sequence of r elements corresponds to generating the element a in r applications
of the operation v to elements in the generating set and elements that have
already been generated, it will be interesting to determine short sequences that
generate a given element.

Our problem is motivated by that of finding efficient procedures to evaluate
the power x" for a given x and a positive integer n. Consider the algebraic system
(I, +), where I is the set of all positive integers and + is the ordinary addition
operation of integers. Clearly, B = {1} is a generating set of the system. For a
given integer n, we would like to know the various ways in which n can be
generated. For example, the following sequences show some of the ways to gener-
ate the integer 9:

23 456 789
2 3459
2 4 89
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In the literature, a sequence of elements in I that leads to the generation of an
integer n is called an addition chain for n. The connection between an addition
chain for n and a procedure for evaluating x" for a given value of x becomes
obvious once we recall that x/ - x* = x/**,

The problem of determining a shortest addition chain for a given integer n is
extremely interesting and has been studied rather extensively. However, a thor-
ough discussion of the subject is beyond the scope of this book. As an illustration,
we present here two simple procedures for determining addition chains for n.¥

If n can be factored as pg, we can determine addition chains for p and q first
and then combine them to obtain an addition chain for pq. Let

Pr P2 "' Pi-1 D
and

4, 4> °~°° d4dj-1 4
be addition chains for p and g. Clearly,
91 42 " 4j-1 9 P19 " Pi-14 P9q

is an addition chain for n.
Consider the example n = 45, which can be written as 5 x 9. Since

2 35
is an addition chain for 5, and

2 4 8 9
is an addition chain for 9, we obtain
2 4 8 9 18 27 45
as an addition chain for 45. Alternatively, since
9=3x3

and since

is an addition chain for 3, we obtain
2 3 6 9
as an addition chain for 9, and

2 3 6 9 18 27 45

as an addition chain for 45.
The second procedure is a recursive one. If n is an even number, we can
determine an addition chain for n/2, and then add n/2 to n/2 to obtain n. Thus, if

a, a, - n/2

t See also Prob. 8.11.



352 CHAPTER ELEVEN

is an addition chain for n/2, then
a, a, - n/2 n

is an addition chain for n. If n is an odd number, we can determine an addition
chain for (n — 1)/2, add (n — 1)/2 to (n — 1)/2 to obtain n — 1, and then add 1 to
n — 1 to obtain n. Thus, if

a, a, - (n—=1)2
is an addition chain for (n — 1)/2, then
a a, - m=1/2 n—-1 n

is an addition chain for n. Now, this procedure can be applied to determine an
addition chain for n/2 or (n — 1)/2. For example,

2 4 5 10 11 22 44 45

is an addition chain for the integer 45 determined by this procedure.

11.5 COSETS AND LAGRANGE’S THEOREM

Let us extend the example of the vending machine in Sec. 11.1 such that two
coins from the set {nickel, dime, quarter, half-dollar, dollar} are to be deposited
in each purchase. If we have already deposited a quarter in the machine, we
might want to know the items we will receive if the second coin to be deposited is
either a dime, or a quarter, or a half-dollar. Also, consider the example on the
rotation of geometric figures in the plane. Suppose an initial rotation of either 0,
or 120, or 240° is followed by a subsequent rotation of 60°. We want to know all
the possible total angular rotations. Let (4, ¥) be an algebraic system, where v
is a binary operation. Let a be an element in A and H be a subset of A. The left
coset of H with respect to a, which we shall denote a % H, is the set of elements
{a % x|x € H}. Similarly, the right coset of H with respect to a, which we shall
denote H ¥ a, is the set of elements {x Y a|x € H}. Clearly, in the example of
the vending machine, we want to determine the left coset of the set {dime,
quarter, half-dollar} with respect to a quarter, and in the example of rotation of
geometric figures, we want to determine the right coset of the set {0°, 120°, 240°}
with respect to 60°.

We can say a great deal more about cosets when we restrict ourselves to
cosets in groups. Let (A4, ) by a group and (H, v ) be a subgroup of (4, %) We
have:

Theorem 11.2 Let a % H and b % H be two cosets of H. Either a % H and
b ¥ H are disjoint or they are identical.

PrOOF Suppose a % H and b ¥ H are not disjoint, and have f as a
common element. That is, there exist h, and h, in H such that
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f =av h, =b ¥ h,. We can write a = b % h, % h; '. For any element x
in a % H, since x = a % h; for some h; in H, we have x = b % h, % h;*
% h; which is an element in b % H because h, % h; ' ¥ h; is an element in
H. In a similar way we can show that any element in b % H is also an
element in a % H. We thus conclude that the two sets a Y H and b % H
are equal.t O

Let (4, %) be a group, and (H, ¥) be a subgroup of (4, ¥). Because (4, %)
is a group, for any a in A and any distinct h; and h, in H,a ¥ h, #a % h,. It
follows that the size of any coset of H is the same as that of H. Furthermore,
because H contains the identity of the group, if we compute all the left (right)
cosets of H, we would have exhausted all the elements in 4. Consequently, we
can conclude that the left cosets of H form a partition of A4, in which all blocks
are of the same size. Thus, the size of 4 is equal to the number of distinct left
cosets of H times the size of H. In other words we have:

Theorem 11.3 (Lagrange) The order of any subgroup of a finite group divides
the order of the group.

There are some immediate consequences of Lagrange’s theorem. First, we
note that a group of prime order has no nontrivial subgroup.} It follows that a
group of prime order must be cyclic, and any set containing a single element
other than the identity is a generating set.

*11.6 PERMUTATION GROUPS AND BURNSIDE’S THEOREM

We study in this section an important class of groups. A one-to-one function
from a set S onto itself is called a permutation of the set S. We use the notation
(ZZEZ) for the permutation of the set {a, b, ¢, d} that maps a into b, b into
d, ¢ into ¢, and d into a; that is, in the upper row the elements in the set are
written down in an arbitrary order, and in the lower row the image of an element
will be written below the element itself.

For a set of n elements, S, let 4 denote the set of n! permutations of S. We
define a binary operation o on A to be the composition of two functions. (See
Prob. 4.32.) We note that the binary operation o is a closed operation on A. Let m,
and 7, be two permutations of the set S = {a, b, ¢, ..., x, y, z}. To show that
T, o T, is also a permutation of the set S, we have only to show that no two
elements in S are mapped into the same element by m, o m,. Suppose that m,
maps the element a into b and n, maps the element b into c. #, o 7, will then

+ We want to remind the reader that this does not mean a ¥ h = b % h forall hin H.
1 A subgroup is said to be trivial if it contains either all elements in the group or the identity only.
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map the element a into ¢. Let x be any element distinct from a. Since 7, is a
permutation of the set S, 7, maps x into an element that is distinct from b, say y.
Similarly, n; maps y into an element that is distinct from c, say z. Thus, 7, o 7,
maps x into z. We conclude that ©, o n, always maps two distinct elements (for
example, a and x) into two distinct elements (for example, ¢ and z) and is,
therefore, a permutation of the set S. For example, let

T = abcd _ abcd
1=\ adbe "2 =\ bacd

abcd
Mo = dabc

We also note that the binary operation o is associative. That is, for any
permutations =,, 7, , and n; of a set, we have (1, o ©,) o T3 = m; o (1, o m3). This
fact can be seen as follows: Suppose 73 maps a into b, m, maps b into ¢, and m,
maps c into d. Since ©; o m, maps b into d, (t, o ©,) o T3 maps a into d. Similarly,
since 7, o 3 maps a into ¢, 7, o (m, o m3) maps a into d. For example, let

_ abcd _ (abcd _ abed
"= \adbe) "> T\baca) ™7 \bdac
Then
_ abcd\( abcd abed\ abed\( abcd _ abcd
(my o 7o) 0 73 = adbc )\ bacd) \bdac) — \dabc )\ bdac) ~ \ acdb
— ) = abcd abcd\( abcd _ abcd\( abcd _ abcd
1°W%2 ° %)= adbc bacd \bdac) |~ \adbc )\ adbc) ~ \acdb

It follows that (A4, o) is a group in which the permutation mapping every
element in S into itself is the identity, and the inverse of a permutation = is one
that maps n(a) into a for all a in S. For example, for S = {a, b, c, d}, the identity
of (4, ) is (Z;:EZ), the inverse of <Zf§j> is <Z2;Z) A subgroup of (4, o) is
usually referred to as a permutation group of the set S.

Let (G, ) be a permutation group of a set S = {a, b, ...}. A binary relation on
the set S, called the binary relation induced by (G, o), is defined to be such that
element a is related to element b if and only if there is a permutation in G that
maps a into b. For example, let

G = abcd\ (abcd\ (abcd\ (abcd

~ \abed)’ \bacd )’ \ abdc )’ \ badc
The binary relation induced by (G, o) is shown in Fig. 11.8. We note that the
binary relation on S induced by a permutation group (G, °) is an equivalence rela-

we have

and
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tion. Since the identity permutation is in G, every element in S is related to itself
in the binary relation on S induced by (G, ). Therefore, the reflexive law is
satisfied. If there is a permutation 7, in G that maps a into b, the inverse of 7,
which is also in G, will map b into a. Therefore, the binary relation on S induced
by (G, ) satisfies the symmetric law. If there is a permutation 7, mapping a into b
and a permutation n, mapping b into ¢, the permutation n, o n,, which is also in
G, will map a into c. Therefore, the binary relation on S induced by (G, o) satisfies
the transitive law.

We are now ready to prove a result due to Burnside which is usually referred
to as Burnside’s theorem. Given a set S and a permutation group (G, o) of S, we
wish to find the number of equivalence classes into which § is divided by the
equivalence relation on S induced by (G, o). This problem can be solved most
directly by finding the equivalence relation and then counting the number of
equivalence classes. However, when the set S contains a large number of ele-
ments, such counting becomes prohibitively tedious. Burnside’s theorem enables
us to find the number of equivalence classes in an alternative way by counting the
number of elements that are invariant under the permutations in the group. An
element is said to be invariant under a permutation, or is called an invariance, if
the permutation maps the element into itself.

Theorem 11.4 (Burnside) The number of equivalence classes into which a set
S is divided by the equivalence relation induced by a permutation group
(G, o) of S is given by
1

— 2 ¥(m

IGl n;G
where (n) is the number of elements that are invariant under the permu-
tation 7.

So that we can appreciate more the meaning of Burnside’s theorem, let us
illustrate its application before proceeding to the proof. Let S = {a, b, ¢, d}, and
let G be the permutation group consisting of

I abcd T = abced S abcd I abcd
' \abed 27 \ bacd 37 \abdc 47 \bade
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The equivalence relation on S induced by G is shown in Fig. 11.8. Clearly, S is
divided into two equivalence classes, {a, b} and {c, d}. To compute the number of
equivalence classes according to Burnside’s theorem, we note that since y(r;) =
4, Y(r,) = 2, Y(n3) = 2, and Y(rn,) = 0, the number of equivalence classes is

4+24+240)=2

ProoF For any element s in S, let 5(s) denote the number of permutations
under which s is invariant. Then

2 Wmy =¥ nls)

neG seS

because both ), . ¥(n) and Y s #(s) count the total number of invariants
under all the permutations in G. [One way to count the invariances is to go
through the permutations one by one and count the number of invariances
under each permutation. This gives ) ,.; ¥(n) as the total count. Another
way to count the invariances is to go through the elements one by one and
count the number of permutations under which an element is invariant. That
gives Y ;s n(s) as the total count.]

Let a and b be two elements in S that are in the same equivalence class.
We want to show that there are exactly n(a) permutations mapping a into b.
Since a and b are in the same equivalence class, there is at least one such
permutation which we shall denote by =n,. Let {n, n,, 75, ...} be the set of
the n(a) permutations under which a is invariant. Then, the 5(a) permutations
in the set {n, o m;, m, o 1,, ®, o ®3, ...} are permutations that map a into b.
First, we see that these permutations are all distinct because, if ., o 7, =
m, o m,, we have

n;lo(n’xonl):n;lo(nxonz)

This gives n, = n,, which is impossible. Secondly, we see that no other
permutation in G maps a into b. Suppose that there is a permutation 7, that
maps a into b. Then, n; ! o m, is a permutation that maps a into a, because
n, ! maps b into a. Since m;' o m, is a permutation in the set {m, n,,
My, ...}, Mo (n;' om)=m, is a permutation in the set {m, o mn,, m, o 7,,
T, o 73, ...}. Therefore, we conclude that there are exactly #(a) permutations
in G that map a into b.

Let a, b, ¢, ..., h be the elements in S that are in one equivalence class.
All the permutations in G can be categorized as those that map a into a,
those that map a into b, those that map a into ¢, ..., and those that map a
into h. Since we have shown that there are exactly 5(a) permutations in each
of these categories we have

_ |G|
number of elements in the equivalence class containing a

n(a)
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Using a similar argument, we obtain

nb) = n(c) =--- = n(h)

1G]
number of elements in the equivalence class containing a

and, therefore,
n(a) + n(b) + n(c) + - -+ + n(h) = |G|
It follows that, for any equivalence class of elements in S,

) n(s) = G|

all s in equivalence class
and

number of equivalence classes G|
into which S is divided

Y nis) =

seS
Therefore, we have
Number of equivalence classes into which S is divided

1 1
=G Yon(s) =—

seS

A

We now consider some illustrative examples.

Example 11.1 We want to find the number of distinct strings of length 2 that
are made up of blue beads and yellow beads. The two ends of a string are not
marked, and two strings are, therefore, indistinguishable if interchanging the
ends of one will yield the other. Let b and y denote blue and yellow beads,
respectively. Let bb, by, yb, and yy denote the four different strings of length 2
when equivalence between strings is not taken into consideration. The
problem is to find the number of equivalence classes into which the set
S = {bb, by, yb, yy} is divided by the equivalence relation induced by the
permutation group ({ny, n,}, o), where

n=bbbyybyy n=bbbyybyy
! bb by yb yy 2 bb yb by yy

The permutation n, merely indicates that every string is equivalent to itself,
and the permutation 7, specifies the equivalence between strings when the
two ends of a string are interchanged. According to Burnside’s theorem, the
number of distinct strings is

{4+2)=3

Similarly, for the case of distinct strings of length 3 made up of blue
beads and yellow beads, we have the set S = {bbb, bby, byb, ybb, byy, yby,
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yyb, yyy} and the permutation group (G, <), G = {n,, n,}, where n, is the
identity permutation and 7, is the permutation that maps a string into one
that is obtained from the former by interchanging its ends; for example, bbb
is mapped into bbb, bby is mapped into ybb, byb is mapped into byb, and so
on. The number of elements that are invariant under n, is eight. The number
of elements that are invariant under 7, is four, since a string will be mapped
into itself under =, if the beads at the two ends of a string are of the same
color, and there are four such strings. Therefore, the number of distinct
strings is equal to

8+4) =6 O

Example 11.2 Suppose we want to find the number of distinct bracelets of
five beads made up of yellow, blue, and white beads. Two bracelets are said
to be indistinguishable if the rotation of one will yield another. However, to
simplify the problem, we assume that the bracelets cannot be flipped over.
Let S be the set of the 3% (=243) distinct bracelets when rotational equiva-
lence is not considered. Let ({n,, n,, n3, n4, 75}, ©) be a permutation group,
where 7, is the identity permutation and n, is the permutation that maps a
bracelet into one which is the former rotated clockwise by one bead position.
For example,

N
b y

is mapped into

Similarly, n,, n,, and ns are permutations that map a bracelet into one
which is the former rotated clockwise by two, three, and four bead positions,
respectively.

The number of elements that are invariant under n; is 243. The number
of elements that are invariant under n, is three because only when all five
beads in a bracelet are of the same color will its rotation by one bead
position yield the same bracelet. Similarly, the number of elements that are
invariant under each of n5, n,, and 7 is also three. Therefore, the number of
distinct bracelets is

243 +3+3+3+3)=51

The result on the number of distinct bracelets leads immediately to a
very interesting proof of what is known as Fermat’s little theorem in number
theory. For a prime number p, let us determine the number of distinct brace-
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lets of p beads made up of beads of a distinct colors when rotational equiva-
lence is considered. The number of distinct bracelets is

1 1
;(a”+a+a+”-+a)=;[a"+(p—l)a]

Since the number of distinct bracelets is a whole number, p divides
a’ + (p — 1)a, or p divides a” — a. If p does not divide a, then p must divide
a?~! — 1, which is exactly Fermat’s theorem. O

Example 11.3 We can solve the problem in Example 3.8 using Burnside’s
theorem. Let S be the set of the 10° 5-digit numbers and ({n,, 7}, °) be a
permutation group of S, where m; is the identity permutation, and =, is a
permutation that maps a number into itself if it is not readable as a number
when turned upside down (for example, 13765 is mapped into 13765) and
maps a number into the number obtained by reading the former upside down
whenever it is possible (for example, 89166 is mapped into 99168). The
number of invariances under n; is 10°. The number of invariances under =, is
(10° — 5%) + 3 x 5% because there are 10° — 5° numbers that contain one or
more of the digits 2, 3, 4, 5, and 7 and cannot be read upside down, and
because there are 3 x 5% numbers that will read the same either right side up
or upside down, for example, 16891 (the center digit of these numbers must
be 0 or 1 or 8, the last digit must be the first digit turned upside down, and
the fourth digit must be the second digit turned upside down). Therefore, the
number of distinct slips to be made up is

105 +10° =55 +3 x5 =10 — L x 55+ 3 x 52 O

11.7 CODES AND GROUP CODES

The coding problem is that of representing distinct messages by distinct
sequences of letters from a given alphabet. For example, messages such as
“emergency,” “help is on the way,” “all is clear,” and so on, can be represented
by sequences of dots and dashes. We assume in our discussion in this section that
the alphabet is the binary alphabet {0, 1}. A sequence of letters from an alphabet
is often referred to as a word. A code is a collection of words that are to be used
to represent distinct messages. A word in a code is also called a codeword. A block
code is a code consisting of words that are of the same length. One of the criteria
for choosing a block code to represent a set of messages is its ability to correct
errors. Suppose a codeword is transmitted from its origin to its destination. In the
course of transmission, interferences such as noises might cause some of the 1s in
the codeword to be received as 0s, and some of the Os to be received as Is.
Consequently, the received word might no longer be the transmitted one, and it is
our desire to recover the transmitted word if at all possible. This is what we mean
by error correction.
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Let A denote the set of all binary sequences of length n. Let @ be a binary
operation on A such that for x and y in 4, x @y is a sequence of length n that
has 1s in those positions x and y differ and has Os in those positions x and y are
the same. For example, let x = 00101 and y = 10110, then x ®y = 10011. We
ask the reader to show that (4, @) is a group. Note that the all zero word is the
identity and every word is its own inverse in (4, @).

Let x be a word in A. We define the weight of x, denoted w(x), to be the
number of Is in x. Thus, the weight of 1110000 is 3, and so is that of 1001100.
For x and y in A, we define the distance between x and y, denoted d(x, y), to be
the weight of x @y, w(x @ y). For example, the distance between 1110000 and
1001100 is 4, and the distance between 1110000 and 0001111 is 7. Note that the
distance between two words is exactly the number of positions at which they
differ.

It is obvious that for any x and y, d(x, y) = d(y, x). We now show that for any
X,y,zin A

d(x, y) £ d(x, z) + d(z, y)
Clearly,
wu @ v) < wu) + w(v)
Thus, we have
Wx@y) =wx®z0z@Yy)
Swx®2) +wizdy)
or

d(x, y) £ d(x, z) + d(z, y)

Let G be a block code. We define the distance of G to be the minimum
distance between any pair of distinct codewords in G. The distance of a block
code is closely related to its ability to correct errors, as we shall show. Suppose
that corresponding to the transmission of a codeword in G, the word y was
received. Our question is to determine from y the codeword that was transmitted.
To motivate our discussion, let us assume the simple case that y turns out to be
one of the codewords in G. In this case, one probably would jump to the obvious
conclusion that the transmitted word was indeed y. We note that even such an
obvious conclusion needs clarification. Since we assume that in the course of
transmission, errors can occur in any of the positions, every one of the codewords
in G could have been the transmitted word. When we decided that the transmit-
ted word was y, we have tacitly assumed that when a word was transmitted, it
was more likely that no error had occurred than that some errors had occurred.
Let us not commit ourselves to such an assumption for the time being and state
in a general way how we are to determine the transmitted word corresponding to
a received word y. Let x;, X,, ..., Xy denote the codewords in G. We shall
compute the conditional probability P(x;|y) for i =1, 2, ..., N, where P(x;|y) is
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the probability that x; was the transmitted word given that y was the received
word. If P(x,|y) is the largest of all conditional probabilities computed, we shall
conclude that x, was the transmitted word. Such a criterion for determining the
transmitted word is known as the maximum-likelihood decoding criterion.

The computation of the conditional probability P(x;|y) can be quite involved
since the probability depends on many factors in the communication system.
There is, however, another criterion that can be used to determine the transmit-
ted word. We compute d(x;, y) for i =1, 2, ..., N, and conclude that x, was the
transmitted word if d(x,, y) is the smallest among all distances computed. This is
known as the minimum-distance decoding criterion. If we assume that the
occurrence of errors in the positions are independent, and that the probability of
the occurrence of an error is p, then P(x;|y) = (1 — p)"~'p’, where t is the distance
between x; and y. For p < 3, the smaller d(x;, y) is, the larger P(x;|y) will be.t
Consequently, the minimum-distance decoding criterion is equivalent to the
maximume-likelihood decoding criterion. (In this case, the conclusion that the
transmitted word was y when the received word y is a codeword is justified.)

We note immediately that a code of distance 2t + 1 can correct t or fewer
transmission errors when the minimum-distance decoding criterion is followed.
Suppose a codeword x was transmitted and the word y was received. If no more
than ¢ errors have occurred in the course of transmission, we have

d(x,y) =t
Let x, be another codeword. Since
d(x, x;) =2t + 1
and
d(x, xy) < d(x, y) + d(y, x,)
we have
dly,x)=2t+1

Therefore, the minimum-distance decoding criterion will indeed select x as the
transmitted word.

We study now a class of block codes known as group codes. A subset G of A
is called a group code if (G, @) is a subgroup of (4, @), where A4 is the set of
binary sequences of length n.

We show now that the distance of G is equal to the minimum weight of the
nonzero words in G. This result makes it much easier to compute the distance of
a group code since it is no longer necessary to compute the distance between
every pair of distinct words in G exhaustively. Suppose x is a nonzero word in G.

Since
w(x) = d(x, 0)f

+ See Prob. 11.42 for the case p > L.
1 0 denotes the all-zero word.
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and since 0 is in G, we have
w(x) 2 min [d(y, z)]

y.zeG

On the other hand, for any y and z in G, since
d(y, z) = wy @ z)
and since y @ z is also in G, we have

d(y, z) 2 min [w(x)]
xeG
x#0

From (11.1) we obtain
min [w(x)] =2 min [d(y, 2)]

xeG Yy, ze G
x#0

From (11.2) we obtain

min_[d(y, 2] Z min [w(x)]
el xeo

Combining (11.3) and (11.4) we obtain
min [w(x)] = min [d(y, z)]

xeG y,2eG
x#0

(11.1)

(11.2)

(11.3)

(11.4)

For group codes, there is an efficient way to determine the transmitted word
corresponding to a received word according to the minimum-distance decoding
criterion. Let (G, @) be a group code. Let y be a received word. Since d(x;, y) =
w(x; @y), the weights of the words in the coset G @ y are the distances between
the codewords in G and y. Let e denote the wordt of smallest weight in G ® y.
Let e = x; @y where x; is in G. According to the minimum-distance decoding
criterion, e @ y = X; is the transmitted codeword. Since this argument is valid for

all y in the coset G @y, our decoding procedure can be stated as:

1. Determine all cosets of G.

2. For each coset, pick the word of the smallest weight,] which we shall refer to

as the leader of the coset.

3. For a received word y, e @y is the transmitted word, where e is the leader of

the coset containing y.

As an example, let G = {0000, 0011, 1101, 1110}. It can easily be checked that
(G, @) is a group. The rows in Fig. 11.9 are the distinct cosets of G. We ask the

T Or one of the words of smallest weight.
1 Or one of the words of smallest weight.



GROUPS AND RINGS 363

0000 0011 1101 1110
1000 1011 0101 0110
0100 0111 1001 1010
0010 0001 1111 1100 Figure 11.9

reader to check that according to the minimum distance decoding criterion the
received word 1011 will be decoded as 0011, the received word 1010 will be
decoded as 1110, and the received word 1111 will be decoded either as 1101 or
1110 depending on whether 0010 or 0001 was chosen as the leader of the coset
containing the word 1111.

11.8 ISOMORPHISMS AND AUTOMORPHISMS

Let (A4, %) be the algebraic system shown in Fig. 11.10a. Since the names of the
elements of A, a, b, ¢, and d as well as the name of the operation on A4, ¥ are
abstract names, there is no reason we cannot change them to other abstract
names. For example, by changing a, b, ¢, d to «, 8, y, 6 and ¥ to *, we obtain the
algebraic system (B, *) in Fig. 11.10b. Clearly, one would agree that the two
systems (A, %) and (B, *) are “essentially the same.” We say that an algebraic
system (B, ) is isomorphic to the algebraic system (A, ¥) if we can obtain (B, *)
from (A, ) by renaming the elements and/or the operation in (4, ). In a more
formal but equivalent way, we say that (B, *) is isomorphic to (A, %) if there
exists a one-to-one onto function f from A to B such that for all a, and a,in 4

flay J a)) = flay) * f(ay)

The function f is called an isomorphism from (A4, ¥) to (B, *), and (B, *) is called
an isomorphic image of A. For example, the function f such that

fl@) =«
fb)y=p
f@)=y
f@d=2¢
* a b ¢ d * la B v &
a a b ¢ d a a B y &
b b a a c B B a a vy
c b d d c vy B &6 &6 v
d a b c d 6 a B y 6
(a) (b) Figure 11.10
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* l a b ) l EVEN ODD
a a b EVEN EVEN ODD
b b a ODD ODD EVEN
(A, %) (B,®)
* ‘ 0° 180° + ‘ 0¢ 5S¢
0° 0° 180° Og 0¢ 5S¢
180° 180° 0° S¢ 5S¢ O¢
(C, %) (D, +) Figure 11.11

is an isomorphism from the algebraic system (A, v) in Fig. 11.10a to the alge-
braic system (B, *) in Fig. 11.10b. Note that the function g such that

gla) =6
glb) =7y
gley=p
g(d) = a

is also an isomorphism from (4, y) to (B, *).

As another example, we note that in Fig. 11.11 the algebraic systems (B, @),
(C, %), and (D, +) are all isomorphic to the algebraic system (A4, ¥). As a matter
of fact, the system (B, @) corresponds to the addition of even and odd numbers,
the system (C, *) corresponds to the rotation of geometric figures in the plane by
0 and 180°, and the system (D, +) corresponds to the situation of purchasing two
items in a five-and-ten store, where the element O¢ in D stands for amounts that
are multiples of 10¢, the element 5¢ stands for amounts that are multiples of 10¢
plus 5¢, and the binary operation + determines whether the total purchase price
is a multiple of 10¢ or is a multiple of 10¢ plus 5¢. Indeed, the notion of iso-
morphism between two algebraic systems links abstract algebraic systems to
physical situations we encounter in practice. Consequently, properties of abstract
algebraic systems will have direct interpretation in terms of physical situations.
From an applications viewpoint, this indeed is the reason to study abstract
algebraic systems.

An isomorphism from an algebraic system (A, %) to (4, ¥%) is called an
automorphism on (A, ¥%). For example, the function f such that

fla)=d
fb)=c
f@=b

fd)=a
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is an automorphism on the algebraic system (4, %) in Fig. 11.10a. A physical
interpretation of an automorphism on an algebraic system is a way in which the
elements in the system interchange their roles.

Example 11.4 As an illustrative example on the notion of isomorphism
between groups, we shall show that there is a unique group, up to iso-
morphism, of order p for any prime p. We recall that for any integer n,
(Z,, ®) is a group. Let (G, %) be a group of order p. Since any group of
prime order is cyclic, the elements in G can be represented as a° a, a2, ...,
a?~! for any element a in G that is not the identity.t The function f(a’) =i is
clearly an isomorphism from (G, %) to (Z,, ®@). Consequently, we conclude
that any group of order p is isomorphic to (Z,, ®). O

11.9 HOMOMORPHISMS AND NORMAL SUBGROUPS

The notion of isomorphic algebraic systems can be generalized immediately. Let
(A, %) and (B, *) be two algebraic systems. Let f be a function from A onto B
such that for any a, and a, in A

Sflay ¥ ay) = f(ay) * f(ay)

f is called a homomorphism from (A, ¥) to (B, *), and (B, *) is called a homo-
morphic image of (A, ¥).

For example, for the two algebraic systems in Fig. 11.12a and b, the function
S such that

fl=1 fBy=1 fly=1
f(0)=0 fle=0
f@Q)=-1

t+ a° stands for the identity of (G, ¥).

* a B vy 6 € (¢ * 1 0 -1
a a B a a vy 6 1 1 1 0
B B a v B vy € 0 I 0 -1
vy a vy a B vy € -1 0 -1 -1
é a B B 6 € ¢
€ Yy v v € € ¢
4 6 € € { ¢

(a) (b)

Figure 11.12
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a b ¢ d
* a b c d alv]v
a a a d c b vV
cleaas ol lvlv
d d d b a d VARV
(a) (b) Figure 11.13

is a homomorphism from the algebraic system ({a, B, 7, J, €, (}, %) to the
algebraic system ({1,0, — 1},*).

There is an alternative way to look at the notion of a homomorphism from
one algebraic system to another. Let (4, %) be an algebraic system and R be an
equivalence relation on A. R is called a congruence relation on A (with respect to
%) if (a,, a,) and (b,, b,) in R implies that (a, ¥ by, a, % b,) is also in R. For
example, for the algebraic system in Fig. 11.13a, the equivalence relation R in Fig.
11.13b is a congruence relation. On the other hand, for the algebraic system in
Fig. 11.14a, the equivalence relation R in Fig. 11.14b is not a congruence relation.
[For instance, although (a, b) and (c, d) are in R, (@ ¥ ¢, b % d), which is equal
to (d, a), is not in R.] The equivalence classes into which A4 is divided are called
congruence classes. We can define a new algebraic system (B, *) as follows: Let
B={A,, A,, ..., A,} be the partition of A induced by R.t Let the binary
operation * be such that for any 4; and 4; in B, A4; * A; is equal to the con-
gruence class A, containing the element a, % a,, where a; is any element in 4,
and a, is any element in 4;. Note that because R is a congruence relation, the
operation * is well defined. (That is, the congruence class A; * 4; is uniquely
determined no matter what elements a, in 4; and a, in 4; we happen to pick.)
We note immediately that (B, *) is a homomorphic image of (A4, ¥), since the
function

fla) = A, if a e A;
is a homomorphism from (A4, ¥) to (B, *).I Intuitively, a homomorphic image of
+ Let us remind the reader that a partition is a set of subsets and that it is perfectly all right that
the elements of the set B in the algebraic system (B, %) happen to be sets themselves.

+ We ask the reader to show the converse, namely, a homomorphism from (4, ¥%) to (B, *)
induces a congruence relation on A.

a b ¢ d
* a b ¢ d
a|Vv|Vv
a a a d c b VvV
b b a d a
c ¢ b a b ¢ VIV
d c d b a d VIV | Figure 1114
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O ‘ POSITIVE  NEGATIVE ZERO
POSITIVE POSITIVE  NEGATIVE ZERO
NEGATIVE | NEGATIVE POSITIVE  ZERO
ZERO ZERO ZERO ZERO  Figure 1115

an algebraic system can be viewed as a gross description of the behavior of the
system when some of the characters distinguishing some of the elements in the
system are ignored. Consequently, elements that become indistinguishable can be
placed in one congruence class, and the system’s behavior can be described by
how these congruence classes interact.

As an example, consider the algebraic system in Fig. 11.12a as a description
of the interaction of six different kinds of particles {a, f, 7, J, €, {}. Suppose «, j3,
and y are positively charged particles; 6 and € are neutral particles; and ( is a
negatively charged particle. If we let {1, 0, —1} denote the three kinds of par-
ticles, Fig. 11.12b shows how the three kinds of particles interact. Indeed, as was
pointed out above, the function f such that

fl)=1 fBy=1 fy=1
f0)=0 fle=0
fQ=-1

is a homomorphism from the algebraic system ({a, B, y, &, €, {}, %) to the
algebraic system ({1, 0, — 1}, *).

As another example, consider the algebraic system (I, -), where I is the set of
all integers and - is the ordinary multiplication operation of integers. Suppose we
are not interested in distinguishing all the integers in I but rather in making a
distinction among positive integers, negative integers, and zero. We note imme-
diately that the algebraic system (B, @) in Fig. 11.15 is a homomorphic image of
(I, ) and that the function f such that

POSITIVE if n is a positive integer
f(n) = {NEGATIVE if n is a negative integer
ZERO ifn=0

is indeed a homomorphism from (1, -) to (B, ©).

Given a group (G, %), one would like to know how to determine a homo-
morphic image of (G, %), and furthermore, all homomorphic images of (G, ¥ ).t
We recall our discussion in Sec. 11.5 that a subgroup of (G, ¥) induces a parti-
tion of G into cosets of the subgroup. It is therefore a reasonable guess to ask
whether this partition divides G into congruence classes. The answer to this
question is negative, although an additional condition on the subgroup will do
the trick.

+ It is not difficult to see that a homomorphic image of a group is always a group. See Prob. 11.36.
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* 4 B Y 5 € { * l {as B’ 7} {63 €, {}
a a By & € ¢ {a, B, v} | {a.B v} {86}
B | B vy a € (& {6,€ ¢} {8, ¢} {a, B, v}
Y y a B { & €

4] 8 { € a v B (B, *)

€ e 8 ¢{ B a v

¢ { € 8 v B a

(A, %)
(a) (b)
Figure 11.16

Let H be a subgroup of G. H is said to be a normal subgroup if, for any
element a in G, the left coset a ¥ H is equal to the right coset H ¥ a. (Note that,
if G is a commutative group, any subgroup of G is normal.) For example, for the
group (4, %) shown in Fig. 11.16a, (H, ¥%) is a normal subgroup, where H =
{a, B, y}. For instance,

Sk H={0% o, 0% B 0% v}=1{50¢}
Ho={a% 0 B%d7%kd={¢(

We want to show now that the distinct left (right) cosets of a normal sub-
group H are congruence classes of G. Let a % H and b % H be two cosets. We
want to show that for all elements a, in a % H and all elements b, in b ¥ H, the
elements a, ¥ b, are all in one coset of H. Let

a, =a¥ h,
b,=b¥ h,
for some h; and h, in H. We have
a; Y by = (a % hy) % (b Sk hy)
= (a % hy) % (h; % b) for some hy; e H
=a Y hy%b for some h, € H
=avw by hs for some hs € H

Thus, a, % b, is in the coset (a % b) % H.

For example, for the group (A4, %) shown in Fig. 11.16a and the normal
subgroup (H, %), where H = {a, f, 7}, the congruence classes are {a, f, y} and
{9, €, {}. Consequently, we have the homomorphic image (B, *) shown in Fig.
11.16b, where B = {{a, B, v}, {0, €, {}}. As another example, for the group (I, +),
where [ is the set of all integers and + is the ordinary addition operation of
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@® l EVEN OoDD
EVEN EVEN OoDD
ODD ODD EVEN  Figure 11.17

integers, (E, +) is a normal subgroup where E is the set of all even integers.
Corresponding to the subgroup (E, +), we have the homomorphic image shown
in Fig. 11.17, where EVEN is the congruence class of all even integers and opD is
the congruence class of all odd integers.

Our next question is whether exhausting all normal subgroups of (4, y) will
have exhausted all homomorphic images of (4, ¥ ). It turns out that this indeed is
the case, as we shall show. Let f be a homomorphism from (4, y) to (B, *). We
want to show that f corresponds to a partition of 4 into congruence classes
induced by a normal subgroup. Let H be all the elements in A whose images
under f are the identity of B, which we shall denote €.

We show first that (H, ¥) is a subgroup of (4, v):

1. We want to show that y¢ is closed on H. For any a and b in H, since

flad b)=fl@)x f(b)=€exe=c¢

a ¥ bisalsoin H.
2. We want to show that e, the identity of A4, is in H. For an arbitrary element a
in A, we have

flaYee)=f(a)* f(e)

or

fla)= f(a) x f(e)

Since (B, *) is a group, f(e) must be the identity of (B, *). Consequently, e is
in H.
3. We want to show that a~! is in H for any element a in H. Since

fladk a™")=f(a) = fla™")

or
fle)y= f(a)* fla™?)
or
e=¢€x fla™')
or
= fla™)

we conclude that ™! is in H.
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. HWe show now that (H, ¥) is a normal subgroup: For any a in A and any h
in
flak hdka™t)=fla)* f(h)* f(a™")

= fl@) xex fla™)

= fla)» f(a™")

=fla¥al)

= fle)

=€

Thus,a % h ¥ a 'isin H Thatis,ay hya '=h, oray h=h, ¥ a for
some h,; in H. We conclude that H is normal.

Finally, we show that if a and b are in the same coset of H, then f(a) = f(b).
Since b can be written as

b=avh

for some h in H, we have
f(b)= f(a) x f(h) = f(a)

Conversely, we want to show that, if f(a) = f(b), then a and b are in the same
coset of H. Since

fl@ ' S b)= f(a ) * f(b)
= f(@a™') * f(a)
=€

a ! Y bisin H, thatis,a™' ¥ b= hor b= a y hfor some hin H.

11.10 RINGS, INTEGRAL DOMAINS, AND FIELDS

We have so far studied algebraic systems with one binary operation. We turn
now to study briefly several classes of algebraic systems with two binary oper-
ations. It is clear that given two algebraic systems (A4, ¥%) and (A4, %), we can
always “combine ” them to yield an algebraic system with two binary operations
(A, %, *). On the other hand, an algebraic system with two operations can be
more than merely a “conglomerate” of two algebraic systems with one operation
if the two operations are related in some way. For example, let (4, %, *) be an
algebraic system such that for any a and b in A, a % b = b * a. We observe that
the two operations ¥ and * are related in that either both of them are commuta-
tive operations or both of them are not. (Why?)

A most natural and important way in which two binary operations can be
related is the property of distributivity. Let (A, ¥, *) be an algebraic system with
two binary operations. The operation * is said to distribute over the operation %
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* a B * a B
a a B a a «a
B B « B a B Figure 11.18

if for any a, b, and cin A4,
ax(byc)y=(axb) ¥k (axc)
and
bdkcyxa=(b=*xa) ¥ (c*a

For example, for the algebraic system ({«, B}, ¥, *) where ¥ and * are as defined
in Fig. 11.18, the operation * is distributive over the operation y¢, while the
operation v is not distributive over the operation .t

We are particularly interested in the classes of algebraic systems with two
operations which are known as rings, integral domains, and fields. An algebraic
system (A4, +, °) is called a ring if the following conditions are satisfied:

1. (A, +)is an abelian group.
2. (A, -) is a semigroup.
3. The operation - is distributive over the operation +.

Let Z, be the set of integers {0, 1,2,..., n — 1}. Let @ be a binary operation
on Z, such that

a+b if a+b<n

a®b={a+b—n if a+bz2n

Let © be a binary operation on Z, such that
a © b = the remainder of ab divided by n

It was pointed out in Sec. 11.2 that (Z,, @) is an abelian group. Furthermore, it
is not difficult to see that © is a closed and an associative operation.f Conse-
quently, (Z,, ©) is a semigroup. We leave it to the reader to show that O
distributes over @ and thus to conclude that (Z,, ®, ©)is a ring.

We shall consistently refer to the two operations in a ring (4, +, ) as the
addition and the multiplication operation. We shall also refer to a + b as the sum
of a and b, and a - b as the product of a and b. The identity of the abelian group
(A, +) is referred to as the additive identity and will be denoted 0. The inverse of
an element a of the group (A4, +) is referred to as the additive inverse of a and will
be denoted —a. We sometimes write a — b to mean the sum of a and the additive
inverse of b.

+ For example, B ¥ (x * f) = Band (8 % ) * (8 % f) = a.
1 See Problem 11.4.



372 CHAPTER ELEVEN

We now show that for any element a in a ring (4, +,), 0-a=a-0=0.
Since

0-a=0+0-a=0-a+0-a
we have
0-a=0

That a - 0 = 0 can be proved in a similar way.t
Let (A, +, -) be an algebraic system with two binary operations. (4, +, ) is
called an integral domain if:

1. (A, +)is an abelian group.

2. The operation - is commutative. Furthermore, if c # 0 and ¢ - a = ¢ - b, then
a = b, where 0 denotes the additive identity.

3. The operation - is distributive over the operation +.

For example, let A be the set of all integers, and + and - be the ordinary
addition and multiplication operations of integers. We note that (4, +) is an
abelian group with O being the identity and —n being the inverse of n for any
integer n. We also note that the operation - is commutative. Furthermore, for any
nonzero integer ¢, ¢ - a =c - b implies a = b. Since - is distributive over +, it
follows that (4, +, )is an integral domain.

Let (4, +, -) be an algebraic system with two binary operations. (4, +, °) is
called a field if:

1. (A, +) is an abelian group.
2. (A — {0}, ) is an abelian group.
3. The operation - is distributive over the operation +.

We ask the reader to check that (F, +, ) is a field, where F is the set of all
rational numbers, and + and - are the ordinary addition and multiplication
operations of rational numbers. Other examples of fields are (R, +, ‘), where R is
the set of all real numbers and + and - are the ordinary addition and multiplica-
tion operations of real numbers, and (C, +, ‘), where C is the set of all complex
numbers, and + and - are the ordinary addition and multiplication operations of
complex numbers. (One probably realizes now, if not earlier, that when we
studied addition, subtraction, multiplication, and division of rational, real, and
complex numbers in grade school, we studied the operations in the fields of
rational, real, and complex numbers. Furthermore, subtraction is not really an
“independent” operation in that it is equivalent to addition of the additive
inverse of an element. Similarly, division is equivalent to multiplication by the
multiplicative inverse of an element.)

t Note, indeed, how “ useful ” the property of distributivity is. See also Theorem 12.9.
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As another example, we show that the algebraic system (Z,, ®, ©) is a field
if and only if n is a prime. It is clear that both @ and ©® are commutative
operations. We recall that (Z,, @) is a group for any n. Let us show that (Z,
— {0}, ®) is a group if and only if n is a prime. If n is not a prime, n = ab for
some a and b in Z, — {0}. That is, a © b = 0. Since the operation © is not closed
on the set Z, — {0}, (Z, — {0}, ©) cannot possibly be a group. Let us examine
the case when n is a prime. First of all, for any a and b in Z, — {0}, a© b is not
equal to 0. Therefore, the operation © is closed on the set Z, — {0}. Further-
more, it is clear that the operation © is an associative operation and that 1 is the
identity of (Z, — {0}, ©). Finally, let us show that for any a and any two distinct
elements b and ¢ in Z, — {0}, a © b is not equal to a © c¢. Assume that a ® b is
equal to a © c. That is,

ab=kn+r

ac=In+r

for some k, [ and r. Without loss of generality, suppose that b > ¢ and k > [. We
have

ab—ac=kn—1In
or
ab—c)=(k—1Dn (11.5)

Since both a and b — ¢ are less than n, (11.5) is an impossibility when n is a prime.
It now follows from the pigeonhole principle that, for every a in Z, — {0}, there
exists a b in Z, — {0} such that

a®Ob=1

That is, b is the inverse of a in (Z, — {0}, ©). We thus conclude that (Z, — {0},
©) is an abelian group. We leave it to the reader to show that the operation © is
distributive over the operation @. For a prime n, (Z,, @, ©) is usually referred
to as the field of integers modulo n.

The identity of the group (4 — {0}, -) is referred to as the multiplicative
identity, which is commonly denoted 1. The inverse of an element a in the group
(A — {0}, *) is referred to as the multiplicative inverse of a and will be denoted 1/a.
We sometimes write a/b to mean the product of a and multiplicative inverse of b.

*11.11 RING HOMOMORPHISMS

We introduced the notion of homomorphisms on algebraic systems with one
binary operation in Sec. 11.9. We study now homomorphisms on algebraic
systems with two operations and, in particular, on rings, in further detail. Let
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® , EVEN ODD ©) , EVEN ODD

EVEN EVEN
EVEN ODD

EVEN EVEN ODD EVEN
ODD ODD EVEN ODD

Figure 11.19

(A, +, *) and (B, @, ©) be two algebraic systems. An onto function f from A to
B is said to be a homomorphism from (A, +, *) to (B, ®, ©)if for any aand b in A

fla+b)= f(a)® f(b)
fla b)=f(@O f(b)

Furthermore, (B, @, ©) is called a homomorphic image of (4, +, ).

Alternatively, let R be a congruence relation on A with respect to both the
operations + and -. That is, R is an equivalence relation on A4 and if (a,, a,) and
(by, by) are in R, then (a, + by, a, + b,) and (a, - b,, a, - b,) are also in R. Let
B={A,, A,,..., A} be the set of congruence classes into which 4 is divided. We
define two binary operations @ and © on B such that 4; ® A4; is equal to the
congruence class a, + a, is in, and A4; O A; is equal to the congruence class
a, - a, is in, for any a, in A; and a, in A;. Following our discussion in Sec. 11.9,
(B, @, ©)is a homomorphic image of (4, +, ).

For example, let N be the set of natural numbers and + and - be the
ordinary addition and multiplication operations of natural numbers. Consider
the algebraic system ({EVEN, oDD}, @, ©), where the operations @ and © are as
defined in Fig. 11.19. We note that ({EVEN, oDD}, @, ©) is a homomorphic image
of (N, +, *). Furthermore, the function f such that

fn) =

EVEN if n is an even number
ODD if n is an odd number

is the corresponding homomorphism from (N, +, -) to ({EVEN, oDD}, @, ©O).

Let us investigate now the problem of determining the homomorphic images
of a ring.t Let (4, +, -) be a ring and (H, +) be a subgroup of (4, +). Let R
denote the equivalence relation that H induces on A. Because (4, +) is an
abelian group, R is a congruence relation with respect to +. We want to know
under what condition R is also a congruence relation with respect to ‘. Suppose
that (a, b) and (c, d) are in R. That is,

a=b+h,
c=d+h,
for some h, and h, in H. It follows that
a-c=(b+h) d+hy)
=(b-d)+ (b h)+(h - d)+(h - hy)

t It is not hard to show that a homomorphic image of a ring is always a ring. (See Prob. 11.36.)



GROUPS AND RINGS 375

We note that, if both b - h, and h, - d are in H, then
(b hy) + (hy - d)+ (hy - hy)

is also in H, and we shall have (a - ¢, b - d) in R.

Such an observation motivates the definition of an ideal in a ring. Let
(4, +, ) be a ring and H be a subset of 4. H is said to be an ideal if the
following conditions are satisfied:

1. (H, +) is a subgroup of (4, +).
2. Foranyain Aand hin H,a - hand h - a are both in H.}

It follows immediately from our discussion that an ideal of a ring (4, +, °)
induces a congruence relation on A with respect to both the operations + and -,
and consequently defines a homomorphic image of (4, +, °).

On the other hand, we shall show that every homomorphism of a ring
corresponds to an ideal of the ring. Let f be a homomorphism from a ring
(4, +, ) to (B, @, ©). Let H be the set of elements of 4 that are mapped into the
additive identity of (B, @, ©) under f. [We remind the reader that, since it is a
homomorphic image of (4, +, ), (B, @, ©) is a ring.] It has been shown in Sec.
11.9 that H is a normal subgroup of (4, +). To show that H is an ideal, we note
thatfor anyain 4 and hin H,

fla-n=fa0O fh=fla©0=0
where 0 denotes the additive identity of (B, @, ©®). Thus, a- h is in H. In a

t Intuitively, any element in A4 is “swallowed ” into the ideal when multiplied by an element in the
ideal.

@012 3 45 ) 012 3 45
0 01 2 3 45 0 000 00O
1 1 23 450 1 01 2 3 45
2 2 3 45 0 1 2 02 402 4
3 34501 2 3 0 303 0 3
4 4 501 2 3 4 0 4 2 0 4 2
5 501 2 3 4 5 0 5 4 3 2 1
(a)
| {0,2,4} {1,3,5} ] \ {0,2,4} {1,3,5}
0,2,4) ‘ 0,24} {1,3,5) 0,2, 4) { 0.2.4) {0,2,4)
{1,3,5} | {1,3,5} {0,2,4} {1,3,5} | {0,2,4} {1,3,5}
(b)

Figure 11.20
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similar way, we can show that h - a is in H. Thus, we can conclude that H is an
ideal.

For example, consider the ring (Z¢, ®, ©) shown in Fig. 11.20a. We can
check immediately that {0, 2, 4} is an ideal. The two congruence classes are
{0, 2, 4} and {1, 3, 5}, and the homomorphic image is shown in Fig. 11.20b.

As another example, consider the ring (I, +, -), where I is the set of all
integers, and + and - are the ordinary addition and multiplication operations of
integers. Let H be the set of all multiples of n {..., —2n, —n, 0, n, 2n, 3n, ...} for
any integer n. Clearly, H is an ideal. Moreover, a corresponding homomorphic
image is (Z,, ®, ©).

*11.12 POLYNOMIAL RINGS AND CYCLIC CODES

Let (4, %, *) be an algebraic system where y¢ is an m-ary operation and * is an
n-ary operation. We sometimes refer to the elements in 4 as constants. A variable
(or an indeterminant) is a symbolic name that is not the name of any element in A.
We define algebraic expressions in (A4, ¥, *) according to the following rules:

1. Any constant is an algebraic expression.

2. Any variable is an algebraic expression.

3. Ifey,e,, ..., e, are algebraic expressions, then ¥ (e, e,, ..., e,,) is an algebraic
expression.

4. Ifey, e,, ..., e, are algebraic expressions, then *(e,, e,, ..., e,) is an algebraic
expression.

For example, if x and y are variables, the following are algebraic expressions

in(Z,, ®, 0):
2
2& x
BOx®x)YO(xOY)
Let (A, +, -) be a ring. An algebraic expression in (A4, +, ‘) of the form
o+ (ay - x)+ (@ X+ + @y X" )+ (a, X n20 (116)

is called a polynomial, where a,, a,, ..., a,_,, a, are constants and x is a variable.
Note that because + and - are associative operations, the expression in (11.6) is
unambiguous. We shall use notation such as A(x), B(x), ... for polynomials. The
degree of a polynomial is the largest n for which a, is not equal to 0. Following

+ We use x‘ to denote x  x - -+ - x.

e

i times
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the convention of omitting the multiplication operation symbol - and the
parentheses in (11.6), we rewrite (11.6) as

o+ a;x +a, x>+ -+ a,_ 1 x"'+a,x"

We discuss briefly the construction of polynomial rings. Let (F, +, *) be a
field. Let F[x] denote the set of all polynomials in (F, +, -) with the variable
being x. We define an algebraic system (F[x], B, [J), where and [ are two
binary operations defined as follows: For

AX)=ag+ a;x +a; x* + -+ a,x"

B(x) = by + byx + byx* + -+ + b, x"

we have
Ax) @ Bx)=C(x) =co +c;x + ¢, x2 4+ -+ ¢, x"
where
c;=a;+ bt
and
Ax) @ Bx)=D(x)=do +d;x +dyx* + - +d,x"
where

di=(ap - b)+(a, b))+ +(a; by
It is routine to check that (F[x], @, [J) is a ring, which is commonly called a
polynomial ring.

Let (F, +, ) be a field. Let F,[x] denote the set of polynomials of degree less
than n in F[x]. Let G(x) be a polynomial of degree n in F[x]. Let (F,[x], &, A)
be an algebraic system, where A and A are two binary operations defined as
follows. For

Ax)=ag+ a;x +a, x>+ -+ a,_x"!
B(x)=bo+ byx + b, x> + -+ b,_x""!
we have
A(x) A B(x) = A(x) B(x)
and
A(x) A B(x) = the remainder of A(x) [J B(x) divided by G(x)f

Again, it is routine to check that (F,[x], A, A) is a ring, which is commonly
referred to as the ring of polynomials modulo G(x).

t We assume that a; = Ofor i > nand b; = Ofori > m.
1 Division of polynomials is carried out in the same way as was done in high school algebra with,
of course, addition and multiplication being the field operations in (F, +, ).
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A | 0 1 x  l+x A | 0 1 x  l+x
0 0 1 X 1+x 0 0 0 0 0
1 1 0 1+x X 1 0 1 X 1+x
X X 1+x 0 1 X 0 X 1 1+x
1+x 1+x X 1 0 1+x 0 1+x 1+x 0

Figure 11.21

For example, let (F, +, ) be the field of integers modulo 2. There are four
polynomials in F,[x], namely, 0, 1, x, 1 + x. Let G(x) be 1 + x2. The operations
A and A are defined in Fig. 11.21.

Construction of polynomial rings leads immediately to the construction of
Galois fields. A detailed discussion of the subject is beyond the scope of this
book.

As an illustrative example, let us consider a class of codes, known as cyclic
codes. We recall our discussion in Sec. 11.7 that a block code is a collection of
words of the same length. A block code is called a cyclic code if for every
codeword aga,a, - a,_,a,_, the sequence a,_,apa,a, - a,_, is also a code-
word. In other words, for a cyclic code, a cyclic shift of a codeword is also a
codeword. We show now a very compact way to describe cyclic codes.

Let (F, +, -) be the field of integers modulo 2. First of all, we note that a
binary sequence aya,a, "-- a,_, can be conveniently represented as a poly-
nomial

g +ax +a, x>+ +a,_;x" !
in the polynomial ring (F[x], B, [d). Let (F,[x], A, A) be the ring of poly-
nomials modulo 1 + x". Let I be an ideal of (F,[x], &, A). We want to show that
the polynomials in I constitute a cyclic code. Because (I, A) is a group, the
polynomials in I indeed constitute a group code. Let A(x) be a polynomial in 1.
According to the definition of an ideal, x A A(x) s also a polynomial in I. Let

AX)=ag+ax +a, x>+ +a,_x""!

ox +ax*+ - +a,_x"
14+ x"

x A A(x) = remainder of

aogx+ax*+-4+a, 1 +a,,(1+x"
1+ x"

= remainder of

=a,_ +apx+ax*+ - +a, ,x"!
Therefore, the polynomials in I constitute a cyclic code.

On the other hand, let I denote a set of polynomials corresponding to the
codewords in a cyclic code. Clearly, (I, A) is an abelian group. If A(x) is in I,
x A A(x) is in I, x) A A(x) is in I, and bjxf A A(x) is in I, because the poly-
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nomials in I form a cyclic code. It follows that B(x) A A(x) is in I for any B(x) in
F,[x].

A great deal more can be said about describing cyclic codes as ideals in

polynomial rings. See, for example, the references cited in Sec. 11.13.
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PROBLEMS

11.1 Let N be the set of all natural numbers. For each of the following determine whether * is an
associative operation:

(a) a *» b =max (a, b)
(b) a*x b=min(a, b+ 2)
(c)axb=a+b+3
daxb=a+2b

min (a, b) if min (a, b) < 10
max (a, b) if min (a, b) £ 10

(e)a*b:{

11.2 Let (4, %) be an algebraic system where ¥ is a binary operation such that, for any a and b in 4,
avx b=a.

(a) Show that ¥ is an associative operation.
(b) Can ¥ ever be a commutative operation?
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11.3 Let (A, ¥%) be an algebraic system such that for all a, b, ¢, d in 4
akxa=a
(a Y b) Y (c Y d) = (a % c) % (b d)
Show that
a v (b ¥ c)=(a % b) % (a ¥ c)
11.4 Let Z, denote the set of integers {0, 1,2,...,n — 1}. Let O be binary operation on Z, such that
a © b = the remainder of ab divided by n

(a) Construct the table for the operation © forn = 4.
(b) Show that (Z,, ©) is a semigroup for any n.

11.5 Let (A4, *) be a semigroup. Let a be an element in 4. Consider a binary operation [J on A4 such
that, for every x and y in A4,
xOy=x*ax*y

Show that [ is an associative operation.

11.6 Let (A4, *) be a semigroup. Furthermore, for every aand bin A4, if a # b, thena * b # b * a.
(a) Show that for every ain A4,

axa=a
(b) Show that for every a, b in A4,
axbxa=a
(c) Show that for every a, b, cin 4,

axbxc=axc

Hint: Note that a * b= b * a implies a = b.
11.7 Let (A, *) be a semigroup. Show that, for a, b, cin 4,ifa*c=c *a and b * c =c * b, then
(@*b)yxc=cx(axb).
11.8 Let ({a, b}, *) be a semigroup where a * a = b. Show that:

(@) axb=b=xa

(b) bxb=b
119 Let (4, *x) be a commutative semigroup. Show that if a * a=a and b = b=0>b, then
(@axb)y*x(axb)=axb.
11.10 Let (4, %) be a semigroup. Show that, if 4 is a finite set, there exists a in 4 such thata xa = a.
11.11 Let (A, ») be a semigroup. Furthermore, let there be an element a in A4 such that for every x in
A there exist u and v in A satisfying the relation

a*u=v*xa=Xx

Show that there is an identity element in A.
11.12 Let (A4, *) be a semigroup and e be a left identity. Furthermore, for every x in A4 there exists X in
Asuchthat X *x =e.

(a) Show that for any a, b,cin 4,ifa* b =a*c,then b =c.

(b) Show that (4, ) is a group by showing that e is an identity element.

Hint: Notethat X * x x X * x = e.

11.13 Let (A, ¥%) be an algebraic system such that for all a, b in 4
(av bk a=a
(ad b)kb=(bxkaka

(a) Show that a ¥ (a % b) = a % b for all a and b.
(b) Show that a v a = (a % b) % (a % b) for all a and b.
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(c) Show that a ¥ a =b ¥ bforallaandb.

(d) Let e denote the element a ¥ a.Show that e wa=aand a % e = e.
(e) Show that a ¥ b = b ¥ aif and only ifa = b.

(f) Let (A, ¥) satisfy the additional condition

akb=@x% b kb

Show that ¥ is idempotent and commutative.
11.14 A central groupoid is an algebraic system (4, %), where v is a binary operation such that

(a% bk (b¥kc=>b

foralla, b, cin A.
(a) Show that

ak (akb)kc=akb
(ak(bhch)hkc=brkc

in a central groupoid.
(b) Let (A4, %) be an algebraic system where ¥ is a binary operation such that

(@ad% (b c)kd) kichkd=c

for all a, b, ¢, d in A. Show that (A4, ¥%)is a central groupoid.

Hint: Use the result (a % ((d % (b % ¢)) % d)) % (b % ¢) % d) =b % ¢ to show (b % c) %
(cHd)=c

{c) Construct a directed graph with four vertices in which there is exactly one path of length 2
between any two vertices.

(d) Let G = (V, E) be a directed graph in which there is exactly one path of length 2 between
any two vertices. For any two vertices a and b in V, let (a, c¢) and (c, b) be the two edges in the path
from a to b. We define an algebraic system (V, ¥) such that a ¥ b = c. Show that (V, ¥%) is a central
groupoid.

(e) Let (A4, %) be a central groupoid. We construct a directed graph G = (A4, E) such that there
is an edge (a, c) in E if and only if there is b in 4 such that a ¥ b = c. Show that there is exactly one
path of length 2 between any two vertices in A.

(f) Let (A4, %) be a central groupoid and G = (4, E) be the corresponding directed graph as
defined in part (e). For a € A4, let

R(a) = {b|(a, b) € E}

La) = {b|(b, a) € E}

Show that for any a and b in A, R(a) and L(b) have the same number of elements. Show that for any a
and b in A4, R(a) and R(b) have the same number of elements.

(9) Let (4, ¥) be a central groupoid. Show that 4 has m? elements for some integer m.

Hint: Suppose there are m elements in R(a). What can be said about the sets R(b,), R(b,), ...,
R(b,) for by, b,, ..., b, in R(a)?
11.15 Let (A, ¥%) be a group. Show that for any a, b, ¢, d, a,, b,, c,, d,in A, if

avykc=a, % ¢,

avyd=a, %d,

bxc=b %c

by d=>b, % d,
then

by d=b, % d,

Hint: Note that b Y d = b v (c %ec™ ') % (a™* Y a) ¥ d.
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11.16 (a) Show that every group containing exactly two elements is isomorphic to (Z,, ®).

(b) Show that every group containing exactly three elements is isomorphic to (Z5, ®).

(c) How many nonisomorphic groups that contain exactly four elements are there?
11.17 Let (4, %) and (B, *) be two algebraic systems. The cartesian product of (4, ¥) and (B, ) is an
algebraic system (4 x B, [J), where [J is a binary operation such that for any (a,, b,) and (a,, b,) in
AxB

(ay, b)) O (a,, b,) =(a, % a,, b, * b,)

Show that the cartesian product of two groups is a group.
11.18 Let (4, ) be a group.

(a) Show that (ab)™ ! =b"'a" .

(b) Show that (a,a, - a,_,a)" ' =a 'a ! -+ a;'a; .

(c) Show that (b'b)~! = b~Ja~' . [b~/ denotes (b~ 'Y and a~' denotes (a~')"]
11.19 Let (4, *) be a monoid such that for every x in 4, x * x = e, where e is the identity element.
Show that (A4, *) is an abelian group.
11.20 Let (G, %) be a group and H be a nonempty subset of G. Show that (H, ¥) is a subgroup if for
anyaand bin H,a % b~ !is also in H.
11.21 Show that any subgroup of a cyclic group is cyclic.
11.22 The order of an element a in a group is defined to be the least positive integer m such that
a™ = e. (If no positive power of a equals e, the order of a is defined to be infinite.) Show that, in a
finite group, the order of an element divides the order of the group.
11.23 Let H, and H, be subgroups of a group G, neither of which contains the other. Show that
there exists an element of G belonging neither to H, nor H,.
11.24 Let (H, *) be a subgroup of a group (G, *). Let N = {x|x € G, xHx™! = H}. Show that (N, -) is
a subgroup of (G, -).
11.25 Let (A4, ¥%) be a group where A has an even number of elements. Show that there is an element
ain A such that a ¥ a = e, where e is the identity element and a # e.
11.26 Let (A4, %) be a group. Let B be a.subset of 4 such that 2| B| > | 4. Show that, for any a in 4,
a=b, % b, for some b, and b, in B.

Hint: Consider the set C = {a % b™'|b € B}.
11.27 Let (H, -) and (K, ‘) be subgroups of a group (G, ). Let

HK ={h-k|he H, ke K}

Show that (HK, -) is a subgroup of (G, ‘) if and only if HK = KH.
11.28 Let (4, %) be a group. Show that (4, ¥%) is an abelian group if and only if a> y¢ b* = (a ¥ b)’
for all a and b in A.
11.29 Let (4, %) be a group. Show that (4, %) is an abelian group if a®> % b* = (a % b)®, a* %
b* = (a % b)*, and a® % b = (a ¥ b)* for all aand b in A.
11.30 Let (G, ¥%) be a group of even order. Let (H, %) be a subgroup of (G, %) where |H|=|G|/2.
Show that (H, %) is a normal subgroup.
11.31 Let (H, %) be a subgroup of a group (G, %). Show that (H, v) is a normal subgroup if and
onlyifay Hy a ' < HforeveryaeG.
11.32 Let (G, %) be a group. Let H = {a|la € G and a ¥ b = b ¥ a for all b € G}. Show that H is a
normal subgroup.
11.33 (a) Let (H, %) and (K, %) be subgroups of a group (G, ¥%). Show that (H n K, %) is also a
subgroup.

(b) Show that, if (H, %) and (K, %) are normal subgroups, then (H n K, %) is also a normal
subgroup.
11.34 Let (H, ¥%) and (K, ) be subgroups of a group (G, ). Show that the function f from H x K
to G such that f[(h, k)] = h ¥ k for all hin H and k in K is an isomorphism from the cartesian
product of (H, %) and (K, %) to (G, ¥%)if and only if:
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1. H and K are normal subgroups;
2. {h k|lhe H ke K} =G;
3. H n K = {e}, where e is the identity element.
11.35 Let (H, %) be a normal subgroup of a group (G, %). Show that the homomorphic image of
(G, %) induced by the subgroup (H, %) is an abelian group if and only ifa 9 b ¥ a~ ' % b~ ' isin
Hfor allaand bin G.
11.36 Let (A, %) and (B, *) be two algebraic systems and f be a homomorphism from (4, %) to
(B, *).

(a) Show that, if ¥ is an associative operation, so is *.

(b) Show that, if e is an identity element in (A4, ¥), then f(e) is an identity element in (B, *).

(c) Show that, if b is an inverse of a in (A4, ¥%), then f(b) is an inverse of f(a) in (B, *).

(d) Show that a homomorphic image of a ring is a ring.
11.37 Let f, and f, be homomorphisms from an algebraic system (4, %) to another algebraic system
(B, *). Let g be a function from A to B such that

g(a) = f1(a) * f(a)

for all a in A. Show that g is a homomorphism from (4, %) to (B, *) if (B, *) is a commutative
semigroup.

11.38 Let fand g be homomorphisms from a group (G, %) to a group (H, *). Show that (C, %) is a
subgroup of (G, ¥%), where

C={xeG|f(x)=g(x)}

11.39 A rod divided into six segments is to be colored with one or more of four different colors. In
how many ways can this be done?

11.40 In how many distinct ways can the sectors of the circle in Fig. 11P.1 be painted with three
colors?

Figure 11P.1

11.41 (a) Determine the number of distinct 2 x 2 chessboards whose cells are painted white and
black. Two chessboards are considered distinct if one cannot be obtained from another through
rotation.

(b) Repeat part (a) for 4 x 4 chessboards.
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11.42 (a) Show that for p <4, (1 — p)"~'p"* > (1 — p)" " "*p'2for t, < t,.

(b) Show that for p > 4, (1 — p)"~"p"t < (1 — p)*~"2p'*for t, <t,.

11.43 (a) Consider the code G = {00000, 11111}. Set up the coset table to show that G can indeed
correct all single- and double-transmission errors.

(b) A code G contains 16 codewords: 0000000, 1111111, 1101000 and all its cyclic shifts,

0010111 and all its cyclic shifts. Show that (G, @) is a group code. Set up the coset table to show
that G can correct all single-transmission errors.
11.44 Let (4, %, *) be an algebraic system with e, and e, being the identity elements with respect to
the operations y¢ and *, respectively. Given that the operations ¥ and = distribute over each other
show that x % x = xand x * x = x for all x in 4.

Hint: Show thate, = e, xe, ande, = ¢, % e,.
11.45 Let (A, ¥%, *) be an algebraic system, where

avk b=a

for all a, b in A, and = is an arbitrary binary operation. Show that  distributes over .
11.46 Let (A4, +,") be aringsuch thata - a=aforallain A4.

(a) Show that a + a = O for all a, where 0 is the additive identity.

(b) Show that the operation - is commutative.
11.47 Show that an integral domain that has a finite number of elements is a field.
11.48 An n x n Latin square is an n x n arrangement of n distinct symbols so that no symbol appears
more than once in any row or any column. For a Latin square A4, we shall use q;; to denote the
symbol in the ith row and the jth column of 4. Two n x n Latin squares A and B are said to be
orthogonal if for no i, j, k, | such that a;; = a,; and b;; = b,;. A set of Latin squares is said to be
orthogonal if every two of them are orthogonal.

(a) Construct a 4 x 4 Latin square.

(b) Construct a pair of 3 x 3 orthogonal Latin squares.

(c) Let ({by, by, ..., b,_1}, +, ) be a field where b, is the additive identity. Let us construct
(n — 1) n x nsquares 4,, 4,,..., A,_, such that

aﬁ;’=b,~b,»+bj ,j=0,1,2,...,n—1
r=1,2...,n—1

where af? is the ijth entry of the square 4,. Show that each square is a Latin square. Show that the
set is an orthogonal set.
11.49 A ring (4, +, *) is said to be a commutative ring with unity if (A, -) is a commutative monoid.

(a) An ideal H of a ring is said to be a prime ideal if, for any two elements a and b that are not in
H, a- b is not in H either. Show that the homomorphic image of a commutative ring with unity
induced by an ideal is an integral domain if and only if the ideal is prime.

(b) An ideal H is said to be a maximal ideal if the only ideals of the ring that contain H are H
and the ring itself. Show that the homomorphic image of a commutative ring with unity induced by
an ideal is a field if and only if the ideal is maximal.

11.50 (a) Let (F, +, -) be the field of integers modulo 2 and (F[x], [#, [J) the corresponding ring of
polynomials. Construct the ring of polynomials modulo 1 + x + x2.

(b) Let (F, +, -) be the field of integers modulo 3 and (F[x], @, [J) the corresponding ring of
polynomials. Construct the ring of polynomials modulo 2 + 2x + x>
11.51 Let (R, +, *) be the field of real numbers. Let (R[x], @, [) be the corresponding ring of
polynomials, and (R,[x], &, A) be the ring of polynomials modulo 1 + x2

(a) For a + bx and ¢ + dx in R,[x] determine (a + bx) A(c + dx) and (a + bx) A(c + dx).

(b) Do you see any similarities between (R,, A, A)and the field of complex numbers?
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TWELVE
BOOLEAN ALGEBRAS

12.1 LATTICES AND ALGEBRAIC SYSTEMS

We recall that a lattice is a partially ordered set in which every two elements have
a unique least upper bound and a unique greatest lower bound. For example,
Fig. 12.1 shows a lattice. There is a natural way to define an algebraic system
with two operations corresponding to a given lattice. Let (4, <) be a lattice. We
define an algebraic system (4, V, A), where V and A are two binary operations
on A such that for a and b in 4, aV b is equal to the least upper bound of a and
b, and aAb is equal to the greatest lower bound of a and b. We shall refer to
(4, V, A) as the algebraic system defined by the lattice (4, <). For example, the
algebraic system defined by the lattice in Fig. 12.1 is shown in Fig. 12.2. The
binary operation V is often referred to as the join operation and the binary
operation A is often referred to as the meet operation. Consequently, the least
upper bound of a and b is also referred to as the join of a and b, and the greatest
lower bound of a and b is also referred to as the meet of a and b.

For example, let 2(S) be the power set of a given set S. We recall that
(2(S), <) is a lattice. Consequently, it defines a corresponding algebraic system
(2(S), V, N). For S = {a, b, c}, the lattice (2(S), <) is shown in Fig. 12.3a and
the tables for the operations V and A are shown in Fig. 12.3b. We recognize that
the join of two subsets of S is the union of the two subsets and the meet of two
subsets of S is the intersection of the two subsets. [When we introduced the
notions of union and intersection of sets in Chap. 1, we intentionally did not
bring up the notion of binary operations. Indeed, all the results in Sec. 1.2 on the
combination of sets to yield new sets can be phrased conveniently in terms of
binary operations on Z(S).]

385
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g Figure 12.1

As another example, let (N, <) be a partially ordered set, where N is the set
of natural numbers and < is the “less than or equal to” relationship among
natural numbers. One can readily check that (N, <) is a lattice, and it defines an
algebraic system (N, V, A)such that aV b = max (a, b) and a A b = min (a, b).

Also, as another example, let N* be the set of all positive integers, let | be a
binary relation on N* such that a|b if and only if a divides b. We ask the reader
to check that (N, |) is a lattice. Furthermore, the join of two elements a and b is
the least common multiple of @ and b, and the meet of two elements a and b is the
greatest common divisor of a and b.

We have the following results:

Theorem 12.1 For any a and b in a lattice (4, <)

a<aVb (12.1)
aANb<a (12.2)
Proor Because the join of a and b is an upper bound of a, a < aV b. Because
the meet of a and b is a lower bound of g, aAb < a. O
v a b c d e f g A a b c d e [ g
a a a a a a a a a a b c d e f g
b a b a a b a b b b b e g e g g
c a a ¢c a c ¢ ¢ c c e c [ e f g
d a a ad ad d d d g f d g f g
e a b ¢c a e c e e e e e g e g g
flaacdcff fl fef f g f &g
g | ab cdef g g | &8 8 8 8 8 8 8

Figure 12.2
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{a b.c}

{a. 5} } ' {b.c}
{2} < {c}
¢
(@

v {a,b,c} {a.b} {a,c} {b,c} {a} {b} {c} ¢

{a,b,c} | {a,b,c} {a,b,c} {a,b,c} {a,b,c} {a b,c} {a, b, c} {a,b,c} {a,b,c}
{a, b} {a,b,c} {a,b} {a,b,c} {a,b,c} {a,b} {a,b} {a,b,c} {a, b}
{a, c} {a,b, c} {a,b,c} {a,c} {a,b,c} {a,c} {ab,c} {a,c} {a,c}
{b, ¢} {a,b,c} {a,b,c} {a,b,c} {b,c} {a,b,c} {b,c} {b.c} {b,c}

{a} {a,b,c} {a,b} {a,c} {a,b,c} {a} {a,b} {a,c} {a}
{b} {a,b,c} {a, b} {a,b,c} {b,c} {a b} {b} {b,c} {b}
{c} {a,b,c} {a,b,c} {a,c} {b.c} {a,c} {b,c} {c} {c}
(0 {a,b,c} {a,b} {a,c} {b,c} {a} {b} {c} (0
A {a,b,c} {a,b} {a,c} {b,c} {a} {b} {c} ¢

{a,b,c} | {a,b,c} {a,b} {a,c} {b,c} {a} {b} {c} ¢
{a, b} {a,b} {a, b} {a} {b} {a} {b} ¢ o}
{a, c} {a.c}  {a} {a,c} {c} {a} ¢ {c} ¢
{b, c} {b,c}  {b} {c} {b,c} ¢ {b} {c} ¢

{a} {a} {a} {a} ¢ {a} ¢ ¢ [0}
{p} {b} {b} ¢ {b} ¢ {b} o} [0}
{c} {c} ¢ {c} {c} ¢ o} {c} ¢
o} ¢ ¢ ¢ 0} o) ¢ ¢ o}
Figure 12.3 (b)
Theorem 12.2 For any a, b, ¢, d in a lattice (4, <), if
a<b and c<d
then
aVe<bVd (12.3)

ahc<bAd (12.4)
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Proor Since

b<bVd d<bVd
by transitivity

a<bvVd c<bvd

In other words, bV d is an upperbound of a and c. Since aV ¢ is the least
upper bound of a and ¢, we havet

aVe<bVd
Since
alNc<a alNc<c
by transitivity
alNc<b alhNc<d

In other words, a/Ac is a lower bound of b and d. Since b Ad is the greatest
lower bound of b and d, we have

alNc <bAd |

12.2 PRINCIPLE OF DUALITY

The principle of duality is an important concept that appears in many different
places and contexts. We begin with some simple illustrative examples. In the
United States, all passenger cars have the driver’s seat at the left front. Conse-
quently, we observe traffic regulations such as the following:

Cars always travel on the right side of a street.
On a multilane divided highway, left lanes are passing lanes.
Cars may make right turns at a red light.

However, since all passenger cars in England have the driver’s seat at the right
front, they observe traffic regulations such as these:

Cars always travel on the left side of a street.
On a multilane divided highway, right lanes are passing lanes.
Cars may make left turns at a red light.

We note how the concepts of left and right can be interchanged in these two
situations so that meaningful traffic rules in the United States become meaningful
traffic rules in England, and conversely. We say that the concepts of left and right
are dual concepts.

t We remind the reader that, by definition, in a partially ordered set, an upper bound of two
elements is either a least upper bound or larger than a least upper bound.
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As another example, let us tell a story which we freely adapt from the
Chinese fiction Flowers in the Mirror.t There was a country called The Land of
Gentlemen. The following conversation is a typical example of the behavior of its
people:

Customer: I want to buy this vase. It is most beautiful.

Storekeeper: The vase does not really look that good. Please note that
there are some defects in the paint job.

Customer: You would not call these defects, would you? The vase is a
perfect piece of art work. How much do you want for it?

Storekeeper: Usually, I will sell a vase like this for $10. Since you have been
a good customer of ours for many years, I will sell it for $15.

Customer: $15 is too low. I cannot allow myself to take advantage of
you. How about $20?

Storekeeper: 1 would be making a good profit at $15. Since you insist, let us
agree on $16.

Customer: My wife will complain that I do not pay enough for things I
buy. However, I am willing to buy the vase at $18.

It is interesting that the many concepts in business bargaining in The Land of
Gentlemen are opposite to those we are more accustomed to. As a matter of fact,
it is quite obvious how we can rephrase a conversation between a customer and a
storekeeper in The Land of Gentlemen to make it sound more familiar to us, and,
conversely, how we can rephrase a conversation between a customer and a store-
keeper that we frequently overhear to make it sound more familiar to the people
in The Land of Gentlemen by suitable substitution of the concepts of high and
low prices, profitable and nonprofitable business transactions, good and bad
quality of work, and so on. Again, these pairs of concepts are pairs of dual
concepts.

We hope the reader is now ready for a more serious discussion. Let (4, <) be
a partially ordered set. Let < be a binary relation on A4 such that for a and b in
A,a <gbifand only if b < a. It is not hard to see that (4, <) is also a partially
ordered set. Furthermore, if (4, <) is a lattice so is (4, <g). We note that the
lattices (4, <) and (A, <) are closely related, and so are the algebraic systems
defined by them. To be specific, the join operation of the algebraic system defined
by (A, <) is the meet operation of the algebraic system defined by (4, <g), and
the meet operation of the algebraic system defined by (4, <) is the join operation
of the algebraic system defined by (4, <y). Consequently, given any valid state-
ment concerning the general properties of lattices we can obtain another valid
statement by replacing the relation < with >.,§ the term join operation with the

t The original title is Ching Hua Yuan. It was written by Li Ju-Chen (1763-1830). An English
translation by Lin Tai-Yi was published by the University of California Press, 1965.

1 See Prob. 4.27.

§ Clearly, a <gbifand onlyifa > b.
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term meet operation, and the term meet operation with the term join operation.
This is known as the principle of duality for lattices.

As an example, we note that the relation in (12.1) can be stated as, “ The join
of any two elements in a lattice is larger than or equal to each of the two
elements.” Correspondingly, we have, “ The meet of any two elements in a lattice
is less than or equal to each of the two elements,” which is the relation in (12.2).
Similarly, the relation in (12.4) can be obtained from the relation in (12.3), and
conversely, according to the principle of duality. We shall see more examples on
the application of the principle of duality as we proceed to show some of the
general properties of algebraic systems defined by lattices.f

12.3 BASIC PROPERTIES OF ALGEBRAIC SYSTEMS
DEFINED BY LATTICES

We show now some of the basic properties possessed by algebraic systems
defined by lattices. Let (4, V, A) be an algebraic system defined by a lattice
(A, <). We have: :

Theorem 12.3 Both the join and meet operations are commutative.

ProoF It follows directly from the definition of the least upper bound and
the greatest lower bound of two elements in a lattice. Od

Theorem 12.4 Both the join and meet operations are associative.
PrROOF We first show that the join operation V is associative. That is, for a,
b,cin A,
aV(bVe)=(@Vb)Vc

Let

aV(bVec)=g
and

(avVb)Vec=h
Since g is the join of a and (b V ¢),

a<g bVec<yg

t There are other important examples illustrating the principle of duality. In electrical engineer-
ing, the concepts of voltage and current, resistance and conductance, inductance and capacitance are
dual concepts. (For more details, see, for example, [6].) In graph theory, the concepts of circuit and
cut-set, tree and cotree are dual concepts. (For more details, see, for example, [8].)
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Furthermore, bV ¢ < g means that
b<g c<g

Since the join of a and b is the least upper bound of a and b, from a < g and
b < g we obtain

aVb<g
which, together with ¢ < g, leads to
(aVb)Vec<g
We have thus shown that
h<g

In a similar manner, we can show that
g<h

Consequently, because of the antisymmetry property of a partial ordering
relation, we conclude that

g=nh

According to the principle of duality, the meet operation A is also
associative. O

Theorem 12.5 For everyain 4,aVa=aandalAa = a.

PrROOF According to (12.1),

a<aVa
Since a < a, we obtaint

aVa<a
It follows that

aVa=a

According to the principle of duality, we also have

alhNa=a O

The results in Theorem 12.5 are known as the idempotent property of the join

and meet operations.

Theorem 12.6 For any aand b in A4,
aV(aAb)=a
aN(@Vb)=a

tIfg< fand h < f,then gV h < f because gV h is the least upper bound of g and h.
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Proor Since aV (a Ab) is the join of a and a A b, we have
a<aV(aAb) (12.5)
Since
a<a aANb<a

according to (12.3), we have

aV(@aAb)<aVa (12.6)
Since
aVa=a
(12.6) becomes
aV(aAb)<a (12.7)

Combining (12.5) and (12.7), we obtain
aV(aAb)=a

That aA(aV b) = a follows from the principle of duality. O

The results in Theorem 12.6 are known as the absorption property of the join
and meet operations.

For example, consider the lattice of natural numbers ordered by the “less
than or equal to” relationship, (N, <). Because the maximum of two numbers a
and b is the same as the maximum of the two numbers b and a, the join operation
in (N, V, A) is commutative. Similarly, the meet operation is also commutative.
Because both max (max (a, b), ¢) and max (a, max (b, ¢)) are equal to the
maximum of the three numbers a, b, and c, the join operation in (N, V, A) is
associative. Similarly, the meet operation is associative. The idempotent property
for the join and meet operations follows from the facts that the maximum of a
and a is a, and that the minimum of a and a is a. The equations

max [a, min (a, b)] = a
min [a, max (a, b)] = a

yteld the absorption property.

As another example, consider the lattice of positive integers ordered by the
“divides by ” relationship, (N *, |). Because the least common multiple of a and b
is the same as the least common multiple of b and a, the join operation in
(N*, V, A) is commutative. Similarly, the meet operation is commutative.
Because both (aVb)Vc and aV (b V) are the least common multiple of the three
numbers a, b, and ¢, the join operation is associative. Similarly, the meet oper-
ation is associative. The least common divisor of a and a is a, as is the greatest
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common divisor of a and a. Therefore, the idempotent property of the join and
meet operations follows. The equations

Icm [a, ged (a, b)] = a
ged [a, Iem (a, b)] = a
yield the absorption property.

12.4 DISTRIBUTIVE AND COMPLEMENTED LATTICES

We study now classes of lattices that possess additional properties. Naturally, one
can anticipate that these lattices will define algebraic systems that are even more
“structured.” A lattice is said to be a distributive lattice if the meet operation
distributes over the join operation and the join operation distributes over the
meet operation. That is, for any a, b, and c,

aN(bVe)=(aNAb)V(aAc)
aV(bAc)=(@Vb)AaV )t

The lattice in Fig. 12.3a is a distributive lattice. However, the lattice in Fig. 12.4 is
not a distributive lattice. Note that in the lattice in Fig. 12.4,

bA(cVd)=bAa=b
(bAc)V(bAd)=eVe=e

Our definition of a distributive lattice is slightly redundant as shown in
Theorem 12.7.

t Because of commutativity, the equations
(@aVb)Ac=(aAc)V(bAc)
(@aAb)Ve=(aVe)A(bVe)

are implied.

e Figure 12.4
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Theorem 12.7 If the meet operation is distributive over the join operation in
a lattice, then the join operation is also distributive over the meet operation.
If the join operation is distributive over the meet operation, then the meet
operation is also distributive over the join operation.

Proor Given that
aN(bVec)=(aAb)V(aAc)
we obtain
(@Vb)A@Ve)=[aVb)AalV[(aVb)Ac]

=aV[(aVb)Ac]
=aV[(ahc)V(bAo)]
=[aV(aAc)]V(bAc)
=aV(bAc)

By duality, we obtain the result that if the join operation V is distribu-
tive over the meet operation A then the meet operation A is also distribu-
tive over the join operation V. O

An element a in a lattice (4, <) is called a universal lower bound if for every
element b € A, a < b. For example, for the lattice shown in Fig. 12.5, h is a
universal lower bound. It follows from the definition that if a lattice has a
universal lower bound, it is unique. For if we assume that there are two universal
lower bounds a and b, then

a<b and b<a

h Figure 12.5
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imply
a=b

An element a in a lattice (4, <) is called a universal upper bound if for every
element b € A, b < a. Again, if a lattice has a universal upper bound, it is unique.

We shall use 0 to denote the universal lower bound and 1 to denote the
universal upper bound of a lattice (if such bounds exist). Note the O is indeed the
identity of the join operation V, and 1 the identity of the meet operation A. For
example, in the lattice (#(S), &) where 2(S) is the power set of a set S and < is
the set inclusion relation, the empty set ¢ is the universal lower bound and the
set S is the universal upper bound. We have

Theorem 12.8 Let (4, <) be a lattice with universal upper and lower bounds
Oand 1. For any element ain A,

aVl=1 alNl=a
aV0=a aAN0=0

PROOF According to (12.1), 1 < aV 1. Since 1 is the universal upper bound,
aV1<1 Thus,aVl=1.

According to (12.2), aAl < a. Since a < a and a < 1, according to (12.4),
aNa<aAl,ora<aAl Thus,aAl =a.

The other two relations can be proved similarly. O

Let (A, <) be a lattice with universal lower and upper bounds 0 and 1. For
an element a in A, an element b is said to be a complement of a if

aVb=1 and aAb=0

Note that because of commutativity, if a is a complement of b, then b is also a
complement of a. For example, for the lattice in Fig. 12.1, d is a complement of e
and e is a complement of d. Note that an element might have more than one
complement. For example, in the lattice in Fig. 12.1, both b and e are com-
plements of d. Yet, on the other hand, in the lattice in Fig. 12.1, ¢ has no
complement. We note, however, that 0 is the unique complement of 1 and 1 is the
unique complement of 0.}

A lattice is said to be a complemented lattice if every element in the lattice has
a complement. (Clearly, a complemented lattice must have universal lower and
upper bounds.) For example, the lattice in Fig. 12.6 is a complemented lattice,
where the complement of a is ¢, the complement of b is also ¢, and it follows that
the complements of ¢ are a and b.

Theorem 12.9 shows again that distributivity is a very “useful ” property.

t It is clear that 0 is a complement of 1 and 1 is a complement of 0. We ask the reader to show
uniqueness. (See Prob. 12.14.)
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0 Figure 12.6

Theorem 12.9 In a distributive lattice, if an element has a complement then
this complement is unique.
PrOOF Suppose that an element a has two complements b and c. That is,
aVb=1 aAb=0
aVe=1 ahc=0
We have
b=>bAl
=bA@Ve)
=bAa)V(bAc)
=0V(bAc)
=(@Ac)V(bAc)
=(aVb)Ac
=1Ac
=c 0

12.5 BOOLEAN LATTICES AND BOOLEAN ALGEBRAS

A complemented and distributive lattice is also called a boolean lattice. Let
(A4, <) be a boolean lattice. Since every element in a boolean lattice has a unique

complement, we can define a unary operation on A4, denoted , so that for every a
in A a is the complement of a.t The unary operation is referred to as the
complementation operation. Consequently, we say that a boolean lattice (4, <)
defines an algebraic system (4, V, A, _), where V, A, and  are the join, meet,

t Instead of writing —a, the notation a is more convenient. Thus, for example, the complement of
the join of a and b will be written as a b
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and complementation operations, respectively. An algebraic system defined by a
boolean lattice is known as a boolean algebra.

We can easily construct examples of boolean algebras. Let S be a finite set.
We recall that (2(S), <) is a lattice. Furthermore, (#(S), <) is a boolean lattice in
which the universal upper bound is S, the universal lower bound is ¢, and the
complement of any set T in 2(S) is the set S — T. We now show:

Theorem 12.10 For any a and b in a boolean algebra

PrOOF We have
(aVb)V(aAb)=[(aVb)Va]A[(aVb)Vb]
=[(@Va)Vb]A[aV(bVb)]
=1A1
=1
and
(aVbh)A(@Ab) =[aA(@aAb)]V[bA(aAb)]
=[(@aNa)Ab]V[(bAD)Aa]
=0V0
=0
Thus, a A b is the complement of a V b. That is,
aVb=aAb
That aAb = aV b follows from the principle of duality. d

The results in Theorem 12.10 are known as DeMorgan’s laws.

12.6 UNIQUENESS OF FINITE BOOLEAN ALGEBRAS

One might imagine that there is a great deal of freedom for constructing many
different boolean algebras. As it turns out, this is not quite the case. We shall
show that a finite boolean algebrat has exactly 2" elements for some n > 0.
Moreover, there is a unique boolean algebra of 2" elements for every n > 0.

Let a and b be two elements in a lattice. We recall that a is said to cover b if

+ A finite boolean algebra is one with a finite number of elements.
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b < at and there is no element ¢ such that b <c and ¢ <a. Let (4, <) be a
lattice with a universal lower bound 0. An element is called an atom if it covers 0.
For example, for the lattice in Fig. 12.1, e and f are atoms.

Let (4, <) be a finite lattice with a universal lower bound. We claim that, for
any nonzero elementf b there exists at least one atom a such that a < b. Clearly,
if b is an atom, this is immediate. If b is not an atom, because (4, <) is a finite
lattice, there must be a chain in (4, <) such that 0 <b,<---<b, <b, <b,
where b; is an atom. It follows that b; < b.

We prove now a sequence of lemmas:

Lemma 12.1 In a distributive lattice, if bAc = 0, then b < c.

PROOF Since b A c = 0, we have
(bAc)Ve=c
According to the distributive law, we have
(bVeA(eVe)=c
or
bVc=c (12.8)

Since (12.8) means that ¢ is the least upper bound of b and ¢, b < c. O

Lemma 12.2 Let (4, V, A, ) be a finite boolean algebra. Let b be any
nonzero element in A, and a,, 4,, ..., a, be all the atoms of A such that
a;<b.Thenb=a,Va,V---Va,.

PrOOF Since
a,<b a;<b -+ aq<b
it follows immediately
a;Va,V---Va,<b
For notational convenience, let ¢ denote a, Va, V-V a,.

Let us suppose that bAc # 0. In that case, there exists an atom a such
that a < (b A c¢). Since

bAc<b

and
bAc<c

according to the transitive law, we have
a<b (12.9)

+ We use the notation b < a to mean b < a and b # a.
1 By a nonzero element we mean an element that is not equal to the universal lower bound 0.
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and

a<c
According to (12.9) a is equal to one of the atoms a,, a,, ..., a;. It follows
that

asc

Combining a < ¢ and a < ¢, we obtain
a<cAhc
or
a<O0
which is impossible.

It follows that we must have b A ¢ = 0. In that case, according to Lemma
12.1, b < c. By the antisymmetry law, we have

b=a,Va,V---Va, dJ

Lemma 12.3 Let (4, V, A, ) be a finite boolean algebra. Let b be any
nonzero element in A4, and a,, a,, ..., q, be all the atoms of 4 such that
a;<b. Thenb =a,Va,V-Vais the unique way to represent b as a join of
atoms.

ProOF Suppose that we have an alternative representation
b=a;Va;,V---Va,

Clearly, since b is the least upper bound of a; , a ., a

j20 Jt

ath ajZSb aj,Sb

In other words, if b is expressed as a join of atoms, they must be atoms that
are less than or equal to b.
Now consider an atom a;,, 1 < u < t. Since a;, < b, we have

a, \b=a,,

That is,
a;,Na,Va,V---Vay) = a,,
or
(a;,ANay)Via,Nay)V:--V(a; ANay) = a,

Then, for some g;, | i<k,

a,Na; #0
Since both a;, and g, are atoms, we must have q;, = a;.

Thus, each atom in the alternative representation is an atom in the
original one, and the lemma follows. O
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It follows from Lemmas 12.1, 12.2, and 12.3 that there is a one-to-one corre-
spondence between the elements of a boolean lattice and the subsets of the atoms.
As a matter of fact, this one-to-one correspondence is an isomorphism from
(A, <) to (2(S), <), where S is the set of atoms. We thus have:

Theorem 12.11 Let (4, V, A, ") be a finite boolean algebra. Let S be the set
of atoms. Then (4, V, A, ) is isomorphic to the algebraic system defined by
the lattice (2(S), <).

It follows immediately from Theorem 12.11 that there exists a unique finite
boolean algebra of 2" elements for any n > 0. Furthermore, there are no other
finite boolean algebras.

12.7 BOOLEAN FUNCTIONS AND BOOLEAN EXPRESSIONS

Let (4, V, A, ) be a boolean algebra. Let us consider the functions from A" to
A. For example, the table in Fig. 12.7 shows a function f from {0, 1}> to {0, 1},
and the table in Fig. 12.8 shows a function f from {0, 1, 2, 3} to {0, 1, 2, 3}.
Although a function can always be described exhaustively in tabular form, we are
interested in alternative ways of describing functions. We recall that there is the
possibility of specifying a function by a “closed-form expression.” Let us indeed
pursue such an approach.

Let (4, V, A, )be a boolean algebra. A boolean expression over (4, V, A, —)
is defined as follows:t

1. Any element of A4 is a boolean expression.

2. Any variable name is a boolean expression.

3. If e, and e, are boolean expressions, then e,, e, Ve,, e, Ae, are boolean
expressions.

For example,
0Vx
(RA3)V(x; VX)) Alx; Axy)

are boolean expressions over the boolean algebra ({0, 1, 2, 3}, V, A, ). A
boolean expression that contains n distinct variables is usually referred to as a
boolean expression of n variables.

Let E(x,, X,, ..., X,) be a boolean expression of n variables over a boolean
algebra (4, V, A, ). By an assignment of values to the variables x,, x,, ..., X,
we mean an assignment of elements of 4 to be the values of the variables. For an

assignment of values to the variables we can evaluate the expression E(x, x5, ...,

t See Sec. 11.12 for the definition of an algebraic expression over an algebraic system.
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©,1) 0
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(1,0) 1
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f (1,2) 0
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(1,0,0) 1 3,0 3

(1,0, 1) 1 G, D 0

(1,1,0) 0 3,2 0

(1,1, 1) 1 @3,3) 2
Figure 12.7 Figure 12.8

x,) by substituting the variables in the expression by their values. For example,
for the boolean expression

E(xy, X3, X3) = (%1 V x2) A(x; VX2) A(x5 V X3)

over the boolean algebra ({0, 1}, V, A, ) the assignment of values x, = 0,
x, = 1, x5 = 0 yields

E(0,1,0)=0OV1)AOVIA(IVO)
=1A1A0
=0

Two boolean expressions of n variables are said to be equivalent if they
assume the same value for every assignment of values to the n variables. For
example, the reader can readily check that the two boolean expressions

(x1 Ax) V(xy Axj)
xy A(x, V;s)
are equivalent. We write
Ei(xq, Xgs.vvs X,) = Ea(xq, X3, .00, X,)

to mean the two expressions E (x,, x,, ..., x,) and E,(x,, x,, ..., X,) are equiva-
lent. Thus, when we say to manipulate or to simplify a boolean expression we
always mean to manipulate or to simplify it into an equivalent form. Because



402 CHAPTER TWELVE

elements of 4 will be assigned as values of the variables in a boolean expression,
all equalities we derived in previous sections involving elements of a boolean
algebra can be applied to manipulate and simplify boolean expressions. For
example, we note that

(X  AXp) V(g Ax3) = x; A(x, Vx3)
(X1 Ax2)V (x; A X))
X, Ax, =(x; Axy)AL
= (x; AX2)A(x3V x3)
= (x; Ax; AX3)V (X, Axy AXs)

X1

It is not difficult to see how we can specify a function from A" to A by a
boolean expression E(x,, X,, ..., x,). Namely, let each assignment of values to the
variables x;, x,, ..., x, be an ordered n-tuple in the domain A", and let the
corresponding value of E(x,, x,, ..., x,) be the corresponding image in the range
A. For example, the reader can check immediately that the boolean expression

(x; Ax; AX3) V(X AXy) V(x4 AXs)

over the boolean algebra ({0, 1}, V, A, )defines the function f in Fig. 12.7.

On the other hand, we ask whether every function from A" to 4 can be
specified by a boolean expression over (4, V, A, _). The answer is negative. For
example, there is no boolean expression over the boolean algebra of four ele-
ments that defines the function in Fig. 12.8. (See Prob. 12.24.) A function from A"
to A is called a boolean function if it can be specified by a boolean expression (of n
variables).

We note, however, that for the case of the two-valued boolean algebra any
function from {0, 1}" to {0, 1} is a boolean function. As a matter of fact, we shall
show two ways to obtain a boolean expression that specifies a given function
from {0, 1}" to {0, 1}. A boolean expression of n variables x, x5, ..., x, is said to
be a minterm if it is of the form

AR, A AR, (12.10)

where we use X; to denote either x; or x;. A boolean expression over (o, 1}, v,
A, ) is said to be in disjunctive normal form if it is a join of minterms. For
example,

(x; Axa AXx3) V(X Axy Axs)V (x; Axy AXs) (12.11)

is a boolean expression in disjunctive normal form. Furthermore, there are three
minterms in the expression, namely, x, A X, A x5, x; Ax; Ax;,and x; Ax, Ax;.

A boolean expression of n variables x, x,, ..., x, is said to be a maxterm if it
is of the form

(12.12)
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where, again we use X; to denote either x; or x;. A boolean expression over
({0, 1}, V, A, ) is said to be in conjunctive normal form if it is a meet of
maxterms. For example,

(3 VX V) AGxy Vx, V) A Vi, Vaxg) Ay Vi, Vixs) Ay Ax, Vixs)
(12.13)

is a boolean expression in conjunctive normal form consisting of five maxterms.

Given a function from {0, 1}" to {0, 1}, we can obtain a boolean expression in
disjunctive normal form corresponding to this function by having a minterm
corresponding to each ordered n-tuple of Os and 1s for which the value of the
function is 1. Specifically, for each such n-tuple, we have a minterm

il/\iz/\"'/\in

in which X; is x; if the ith component of the n-tuple is 1 and is x; if the ith
component of the n-tuple is 0. For example, the boolean expression in (12.11)
corresponds to the function f in Fig. 12.9.

Similarly, given a function from {0, 1}" to {0, 1}, we can obtain a boolean
expression in conjunctive normal form corresponding to this function by having a
maxterm corresponding to each ordered n-tuple of Os and s at which the value
of the function is 0. Specifically, for such n-tuple we have a maxterm

X, Vx,V---Vx,
in which %, is x; if the ith component of the n-tuple is 0 and is x; if the ith

component of the n-tuple is 1. For example, the boolean expression in (12.13)
corresponds to the function f in Fig. 12.9.

+ We ask the reader to convince herself that the boolean expression obtained indeed specifies the
given function.

—_———_—0 oo O
'—'OOOO—-O—-I'*\

——ocom=—=o0co
—o—~o=m0or—o

Figure 12.9
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12.8 PROPOSITIONAL CALCULUS

We recall our discussion in Sec. 1.8 on propositions: A proposition is a statement
that may either be true (T) or be false (F). Furthermore, propositions can be
combined to yield new propositions. In particular, we introduced the notion of
disjunction, conjunction, and negation of propositions. We show now that our
discussion can be formulated in the framework of an algebraic system.

Consider an algebraic system ({F, T}, V, A, ") where the definitions of the
operations V, A, and  are shown in Fig. 12.10. The reader can check imme-
diately that ({F, T}, V, A, )is a boolean algebra of two elements. Within such
an algebraic framework, an atomic proposition is a variable that can assume
either the value F (false) or the value T (true). A tautology corresponds to the
constant T and a contradiction corresponds to the constant F. The disjunction of
two propositions p and g can be represented by the algebraic expression pVgq.
Note that the definition of the binary operation V in Fig. 12.10 is indeed consis-
tent with the definition of the disjunction of two propositions as shown in the
truth table of Fig. 1.9. Similarly, the conjunction of two propositions p and g can
be represented by the algebraic expression pAg, and the negation of a proposi-
tion p can be represented by the algebraic expression p. Again, the definitions of
the operation A and  are consistent with that of the conjunction and negation
of propositions as shown in Fig. 1.9. It follows that a compound proposition can
be represented by a boolean expression. Furthermore, the truth table of a com-
pound proposition is exactly a tabular description of the value of the correspond-
ing boolean expression for all possible combinations of the values of the atomic
propositions. We conclude that all our results on manipulation and simplification
of boolean expressions can be applied to manipulate and simplify compound
propositions as the following examples illustrate.

Example 12.1 Consider the statement, “I will go to the ball game either if
there is no examination tomorrow or if there is an examination tomorrow
and the game is a championship match.” Let p denote the proposition,
“There is an examination tomorrow” and g denote the proposition, “The
game is a championship match.” Clearly, I will go to the ball game if the
proposition

pV (A9
is true. However, the equality

pV(pAg) =pVq
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enables us to simplify our statement to, “I will go to the ball game either if
there is no examination tomorrow or if the game is a championship match.”

a

Example 12.2 Consider the following instructions given to a maintenance
technician:

1. The electric power should be turned on if it is not the case that nobody is
in the office and the automatic monitoring system is not in operation.

2. The automatic monitoring system will be in operation if and only if
nobody is in the office or a large payroll is left in the office.

Let p denote the proposition, “nobody is in the office,” g denote the proposi-
tion “the automatic monitoring system is in operation,” and r denote the
proposition “a large payroll is left in the office.” Clearly, the electric power
should be turned on if the proposition

pAq
is true. However, since
q=pVr
we have

(pAg) =pA(pVr)
=pA(PAT)
=T

Consequently, we can conclude that the instructions are completely super-
fluous and can be replaced by the simple instruction of always leaving the
electric power on. O

Example 12.3 Consider the directed graph in Fig. 12.11. We want to deter-
mine a minimal subset of the edges which, if removed, would destroy all the
directed circuits in the graph. (By a minimal set of edges, we mean a set such
that the removal of any proper subset of it will not destroy all the directed
circuits.) We note that in the graph in Fig. 12.11 there are five directed
circuits, namely, (a, d, g, f, b), (a, e, f, b), (c, d, g, f), (c, e, f), and (g, i, h). In
order to destroy the directed circuit (a, d, g, f, b), we should remove at least
one of the edges a, d, g, f, b. In order to destroy the directed circuit (a, e, f, b),
we should remove at least one of the edges a, e, f, b. Consequently, in order

S Figure 12.11
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to destroy all five directed circuits, we should remove at least one edge from
each of them. From the algebraic expression,

(@VvdVgV fVbA@VeV fVb)A(cVdVgV f)N(cVeV f)N(GgViVh)
=(aNdNeAh)V(eAg)V---

we note that the removal of the subset {a, d, e, h}, or {e, g}, ... will destroy all
directed circuits in the graph. a

Finally, we recall that we defined in Sec. 1.8 two additional ways of combin-
ing propositions, namely, p— q and p < q for given propositions p and q. It is
clear that we can augment our algebraic system by defining two operations —
and — as shown in Fig. 12.12. However, such an augmentation is unnecessary in
that we can always replace algebraic expressions involving the operations — and
< by equivalent algebraic expressions involving only the operations A, V,
and . Specifically, from the truth tables for p— g and p < g, we obtain

p—q=pVq
p—qa={PAQVAQ)
for the boolean expressions corresponding to the compound propositions p— g
and pe—gq.t
As an example, we note that
p—4q=pVq
=qVp
=q—=>p
Therefore, the propositions, “If the temperature is above 30°C, we shall go to the
beach,” “ Either the temperature is not above 30°C, or we shall go to the beach,”
and, “If we do not go to the beach, the temperature is not above 30°C” are
equivalent. Similarly, the propositions, “If a group is cyclic, it is abelian,” “ Either
a group is not cyclic or it is abelian,” and, “If a group is not abelian, it is not

cyclic” are equivalent.
As another example, we note that

p—q=0pVaA(PVae}
=(p—->q9Ng—Dp)

1 Conceptually, the situation is similar to that of not defining subtraction as another operation in
a ring since subtraction of an element is equivalent to the addition of the additive inverse of the
element.

1 This is the conjunctive normal form for the boolean expression corresponding to the compound
statement p < q.
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Therefore, the statement, “ There will be a $2 service charge if and only if the
monthly balance of the checking account is less than $100” is equivalent to the
statement, “If there is a $2 service charge then it must be the case that the
monthly balance of the checking account is less than $100, and if the monthly
balance of the checking account is less than $100 then there will be a $2 service
charge.”

At this point, we recall an observation in Sec. 1.8 that there is a strong
similarity between composition of propositions to yield new propositions and
composition of sets to yield new sets. Indeed, since many of the properties and
results on sets and set operations and on propositions and proposition operations
are that of boolean algebras, such a similarity is not a coincidence.

129 DESIGN AND IMPLEMENTATION OF
DIGITAL NETWORKS

Suppose we want to design an electronic circuit that will sound a buzzer in an
automobile if the temperature of the engine exceeds 200°F or if the automobile is
in gear and the driver did not have the seat-belt buckled. Clearly, we have the
relationship

b=pV(gAr)

where b is the proposition “sound the buzzer,” p is the proposition “the tem-
perature of the engine exceeds 200°F,” g is the proposition “the automobile is in
gear,” and r is the proposition “the driver’s seat-belt is buckled.” To build an
electronic circuit that will behave as described, we must first decide upon a
convention for representing propositions by electric signals. For example, we
might represent a proposition by an electric voltage. If the proposition is true, it
will be represented by a high voltage (say 6 V), and if the proposition is false, it
will be represented by a low voltage (say O V). Thus, in the foregoing example,
corresponding to the proposition p, a high-voltage signal will appear if the tem-
perature of the engine exceeds 200°F, and a low-voltage signal will appear if the
temperature of the engine does not exceed 200°F. Similarly, corresponding to the
proposition b, a high-voltage signal, which can be used to trigger the buzzer, will
appear if the conditions to sound the buzzer are met, and a low-voltage signal,
which will not be sufficient to trigger the buzzer, will appear if the conditions to
sound the buzzer are not met. Once we have decided upon a convention for
representing propositions by electric signals, we can design electronic circuits
corresponding to the operations V, A, and . Throughout our discussion in the
remainder of this section, we shall assume the convention of representing propo-
sitions by voltages as described in the foregoing.

An OR-gate is a circuit that has two inputs and one output as shown sche-
matically in Fig. 12.13a. The output voltage of an OR-gate is high if either one or
both of the input voltages is high, and the output voltage is low if both of the
input voltages are low. Clearly, the output signal of an OR-gate corresponds to a
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proposition which is the disjunction of the proposition corresponding to the
input signals.

An AND-gate is a circuit that has two inputs and one output as shown
schematically in Fig. 12.13b. The output voltage of an AND-gate is high if both
of the input voltages are high, and the output voltage is low if either one or both
of the input voltages is low. Clearly, the output signal of an AND-gate corre-
sponds to a proposition which is the conjunction of the propositions correspond-
ing to the input signals.

A NOT-gate, or an inverter, is a circuit that has one input and one output, as
shown schematically in Fig. 12.13c. Its output voltage is high if the input voltage
is low, and its output voltage is low if the input voltage is high. The output signal
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of a NOT-gate corresponds to a proposition which is the negation of the proposi-
tion corresponding to the input signal.

It is quite obvious that we can interconnect these devices to form an elec-
tronic circuit that realizes any given boolean expression. For example, the circuit
in Fig. 12.14 realizes the boolean expression

pV(gAT)

corresponding to the problem of the buzzer in an automobile presented earlier.
As another example, the circuit in Fig. 12.15 realizes the boolean expression

[(x, Vx3) /\(;1 Vx3)]V(x3Vx,)

We hope that our very brief discussion has illustrated the essential ideas in
connection with the design and implementation of digital networks. It is not
difficult to visualize how the behavior of complex computational and control
devices can be specified as compound propositions and then realized with elec-
tronic components. The reader is encouraged to find out many further details on
the design and implementation of digital networks from a book on switching
theory and logical design.

12.10 SWITCHING CIRCUITS

We show now another example of the application of boolean algebras. Consider
a simple on-off electric switch that can be placed either in the off position or in
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the on position, as shown in Fig. 12.16a. When the switch is in the off position we
say that there is an open circuit between the two terminals 1 and 2. When the
switch is in the on position we say that there is a closed circuit between the two
terminals 1 and 2. As is well known to the reader, we can use an on-off switch to
turn on or off any electric appliance, as illustrated in Fig. 12.16b.

Switches can be interconnected in various ways to perform complex control
functions. For example, an air-conditioning system might be controlled by the
thermostats in two rooms. If the temperature in either room exceeds 25°C, the
thermostat in that room will close a switch to turn on the air-conditioning
system. As another example, the door to the vault of a bank might be controlled
electronically so that it cannot be opened unless two separate keys are used to
close two electric switches simultaneously.

The two most fundamental ways of interconnecting switches are parallel
connection and series connection. Two switches can be interconnected in parallel,
as shown in Fig. 12.17a, and in series, as shown in Fig. 12.17b. It is immediately
clear that in a parallel connection of two switches, there is an open circuit
between terminals 1 and 2 if both switches are in the off position, and there is a
closed circuit between terminals 1 and 2 if either one or both of the switches are

L
lo—o L~ o—=e

o e,

(& Figure 12.17
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Figure 12.18

in the on position. Similarly, in a series connection of two switches, there is an
open circuit between terminals 1 and 2 if either one or both of the switches are in
the off position, and there is a closed circuit between terminals 1 and 2 if both
switches are in the on position. Thus, in the example of the air-conditioning
system, we will connect the two switches controlled by the thermostats in parallel.
On the other hand, in the example of the door to the vault of a bank, we will
connect the two switches controlled by the two keys in series.

Since we can view a parallel connection or a series connection of two
switches as a “super” switch that is either open or closed, we can interconnect
them with other switches to form complex switching networks, such as the one
shown in Fig. 12.18, where symbolic names are used to denote different switches.

One immediately realizes that the light in the network in Fig. 12.18 can be
turned on by various settings of the switches in the network. For example, the
light will be turned on if switches a, b, ¢ are closed, or if switches a, d, f are
closed, and so on. On the other hand, the light will be turned off if switch a is
open or if switches b, e, f, are open, and so on. To study the behavior of complex
switching networks, we define now an algebraic system. Let ({open, closed}, PAR,
SER) be an algebraic system where PAR and SER are two binary operations
whose definitions are shown in Fig. 12.19. Clearly, in this algebraic system, a
switch is a variable that can either assume the value open or the value closed. The
binary operation PAR corresponds to the parallel connection of two switches,
and the binary operation SER corresponds to the series connection of two
switches. Consequently, a switching network consisting of parallel and series

PAR | open closed SER } open closed
open open closed open open open
closed | closed closed closed open closed

Figure 12.19
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connection of switches can be described by an algebraic expression in our alge-
braic system. For example, the switching network in Fig. 12.18 can be described
by the algebraic expression:

a SER ((b SER ¢) PAR (d SER (e PAR f)))

We recognize immediately that our algebraic system is isomorphic to the
algebraic system ({0, 1}, V, A) which is obtained from the two-valued boolean
algebra by dropping the negation operation. First of all, the results in boolean
algebras can be applied directly to the study of the behavior of switching net-
works. Furthermore, we see the possibility of using switches to make up circuits
to realize propositions that do not include the negation operation. For example,
Fig. 12.20 shows a circuit which is a “ majority vote taker,” corresponding to the
compound proposition

(aAb)V(aAc)V(bAc)

That is, the light in Fig. 12.20 will be turned on if and only if two or more of the
three switches a, b, ¢ are closed.

In practice, an on-off switch is usually replaced by a relay. A relay is an
electromechanical device shown schematically in Fig. 12.21a. When the on-off
switch is closed, the electromagnetic coil is energized which, in turn, closes the
contacts. Consequently, there will be a closed circuit between terminals 1 and 2.
When the on-off switch is open, the electromagnetic coil is not energized and the
contacts will be left open. Consequently, there is an open circuit between termin-
als 1 and 2. We shall use the same symbolic name to refer to both the on-off
switch controlling the electromagnetic coil and the contacts which the coil con-
trols. At this point, one might say that a relay functions in exactly the same way
as does a single on-off switch, and might wonder why we go through an
“indirect” step of using an on-off switch to control the contacts. One reason is
that the electromagnetic coil can control more than one pair of contacts. Conse-
quently, closing the on-off switch will close more than one pair of contacts, as
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Fig. 12.21b shows. A simple application is to use a switch to turn on several
electric devices simultaneously such as a stereo system and several lamps. Sec-
ondly, a relay can control two kinds of contacts. What we have just described are
known as normally open contacts, meaning that they are open when the control-
ling on-off switch is open and closed when the on-off switch is closed. Alternative-
ly, we could have what are known as normally closed contacts. They are closed
when the controlling on-off switch is open and open when the controlling on-off
switch is closed. A pair of normally closed contacts is shown schematically in Fig.
12.22, where we use a to denote the on-off switch and a to denote the pair of
normally closed contacts controlled by a. For example, one can use a single
switch to turn on a stereo system and, at the same time, to turn off several lamps,
or conversely, as shown in Fig. 12.23.

We can connect relay contacts in parallel and in series in exactly the same

a
J
A
700

—'/a‘—| | | — Figure 12.22
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manner as on-off switches are interconnected. For example, Fig. 12.24 shows a
circuit which is a two-out-of-three vote taker. Note that the light will be turned
on if and only if exactly two out of three of the on-off switches a, b, and c are

closed.
One notes immediately that circuits made up of relay contacts connected in
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parallel and in series can be described by algebraic expressions in the algebraic
system ({open, closed}, SER, PAR, ), where is a unary operation correspond-
ing to the usage of a pair of normally closed contacts. The algebraic system
({open, closed}, SER, PAR, ) is usually referred to as the switching algebra.
Needless to say, the switching algebra is a two-valued boolean algebra, as the
reader has anticipated. Consequently, all results of boolean algebras can be
applied to the analysis and synthesis of relay networks. We conclude our dis-
cussion with an illustrative example:

Example 124 A light is controlled by the switching circuit shown in Fig.
12.25a. The circuit can be described by the algebraic expression:

(a PAR b PAR d) SER (a PAR b PAR ¢) SER (a PAR ¢ PAR d)
in the switching algebra. This expression corresponds to the expression

(@aVbVd)A@VbVe)AaVeVd)

Y al al
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in the two-valued boolean algebra ({0, 1}, V, A, 7). Furthermore, we note
that

(aVbVd)A(aVbVe)AaVeVd)
=[aV((®VA)AbBV)IA@VcVd)
=aV[BVd)ABVc)A(cVd)]
=aV[[BA)V(BAD)V(cAd)]A(cVd)]
=aV(BAcAd)V(bAcAdV(BAD)V(cAd)
=aV(bAd)V(cAd)

Since the expression
aV(bAd)V(cAd)
corresponds to the expression
a PAR (b SER d) PAR (c SER d)

in the switching algebra, the circuit in Fig. 12.25b will perform the same
control function as that in Fig. 12.25a. O
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PROBLEMS

12.1 Let a and b be two elements in a lattice (4, <).Show that aAb = b ifand onlyifaVb = a.
12.2 Let a, b, ¢ be elements in a lattice (4, <).Show that,ifa < b, then aV(bAc) <bA(aVc).
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12.3 Let a, b, ¢ be elements in a lattice (4, <). Show that

aV(bAc)<(aVb)AaVc)

(aAb)V(aAc)<aA(bVe)
12.4 Let a and b be two elements in a lattice (4, <). Show that aAb < a and aAb < b if and only if
a and b are incomparable.
12.5 Let (4, V, A) be an algebraic system, where V and A are binary operations satisfying the
absorption law. Show that V and A also satisfy the idempotent law.

12.6 We study in this problem the possibility of defining a lattice by an algebraic system with two
binary operations. Let (4, V, A) be an algebraic system, where V and A are binary operations
satisfying the commutative, associative, and absorption laws.

(a) Define a binary relation < on A such that for any a and b in 4, a <b if and only if
aAb = a. Show that < is a partial ordering relation.

(b) Show that aV b is the least upper bound of a and b in (4, <). Show that aA b is the greatest
lower bound of a and b in (4, <).
12.7 Show that a lattice is distributive if and only if for any elements a, b, c in the lattice

(a@aVb)Ac<aV(bAc)
12.8 Let (A4, <) be a distributive lattice. Show that, if
aAx=aly and aVx=aVy
for some a, then x = y.
12,9 Show that a lattice (4, <)is distributive if and only if for any elements a, b, ¢ in 4,
(@aAb)V(bAc)V(cAa)=(@Vb)AbBVc)A(cVa)
Hint: To show that (4, <) is distributive, consider the elements a, bV ¢, and (aVb)A(aVc).
12.10 A lattice (4, <)is called a modular lattice if for any a, b, c in A, where a < c,
aV(bAc)=(@Vb)Ac
Show that a lattice is modular if and only if the following condition holds:
aV(bA@Ve)=(@VbyA(aVe)
12.11 Show that for any elements a, b, ¢ in a modular lattice
(aVb)Ac=bAc
implies
(cVb)Aa=bVa

12.12 Let (A, <) be a lattice. 4 subset I of A4 is called an ideal if the following conditions are satisfied:

1. Foranyaandbinl,aVbisinl.
2. Foranyainland any xin A,aAxisin I.
(a) Show that condition 2 can be replaced by:
2. Ifaisin I and x < q, then x isin I.
(b) Let I be a subset of A. Show that I is an ideal if and only if for any a and g in 4:
1”. Ifaand b arein I, thenaVbisin I.
2". IfaVbisin I, then both a and b are in I.
12.13 Let (A, <) be a distributive lattice. Let a and b be two arbitrary elements in A. Let I(a, b)
denote the set

{x|x e A, aAx=bAx}

Show that I(a, b) is an ideal. (See Prob. 12.12 for the definition of an ideal.)
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12.14 Show that in a lattice with universal lower bound 0 and universal upper bound 1, 0 is the
unique complement of 1, and 1 is the unique complement of 0.

12.15 Show that
aV(@Ab)=aVb

aAN@Vb)=aAb
in a boolean algebra.
12.16 Let (4, V, A,) be a boolean algebra. Show that (4, @) is a commutative group, where @ is
defined as
a®b=(aAb)V(@anhb)
12.17 Let (A, %) be the algebraic system defined in Prob. 11.13 [including the condition in part (f)]
with the additional property that for a, b, c in A4,

av (b c)=>by¥k @k

(A, %) is called an implication algebra. We define a binary relation < on A such that a < b if and
onlyifay b=e.

(a) Show that < is a partial ordering relation.

(b) Show that a < b if and only if b = x ¥ afor some x in A.

(c) Show that for a and b in A, (a ¥ b) % bis a least upper bound of a and b.

12.18 Let (4, V, A,) be a boolean algebra. Let y be a binary operation defined on 4 such that
avk b=aVb
Show that (A4, ¥ ) is an implication algebra as defined in Prob. 12.17.
12.19 Let
E(xy, x5, X3) = (x; Ax,) V(x; Ax3) V (X, AXsy)
be a boolean expression over the two-valued boolean algebra. Write E(x,, x,, x3) in both disjunctive

and conjunctive normal forms.
12.20 Let

E(x, x5, x3) = (x, sz)v()—‘—l Ax3)

be a boolean expression over the two-valued boolean algebra. Write E(x,, x,, x5) in both disjunctive
and conjunctive normal forms.

12.21 Let
E(xy, X5, X3, X)) = (X Axy AX)V(x, AX; AX A (X, AX3AX,)

be a boolean expression over the two-valued boolean algebra. Write E(x,, x,, X3, X,) in both
disjunctive and conjunctive normal forms.

12.22 (a) Express the function in Fig. 12P.1 in disjunctive normal form.
(b) Express the function in Fig. 12P.1 in conjunctive normal form.

f
(0,0,0) 1
0,0,1) 0
0,1,0) 1
o, 1,1 | 0
(1,0,0) 0
(1,0, 1) 1
(1,1,00 | 0
., L1 1 Figure 12P.1
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12.23 Simplify the following boolean expressions:

(@) @Ab)V(@AbA)V(bAC)

(b) @Ab)V(@AbA)V(bAC)

(c) @AB)V@AbAYV(bAC)

(d) (@AB)VA(@Vh)Ac
12.24 We defined in Sec. 12.7 the notions of disjunctive normal form and conjunctive normal form
for boolean expressions over the two-valued boolean algebra. We shall see in this problem how these
notions can be extended to boolean algebras in general. Let E(x,, x,, ..., x,) be a boolean expression
over a boolean algebra (4, V, A, ). We shall use the notation E(x; = a) to denote the boolean
expression obtained from E(x,, x,,..., x,) by substituting x; bya, where a is an element of A4.

(a) For any x;, show that

E(x,, X310 -y %) = (% AE(x; = O)V (x; A E(x; = 1))

Hint: The equality can be proved by induction on the length of the expression E(x,, x,, ..., X,),
where the length of an expression is defined to be the total number of appearances of elements of 4,
variable names, the operations V, A, in the expression with replications counted. Thus, expressions
of length one are elements of A and the variables x,, x,,..., x,.

(b) Use the result in part (a) to show that any boolean expression can be written as a join of

expressions of the form
Coyop0, NXL NX Ao AKX,

where c;,5,...5, is an element of A, and X; denotes either x; or X;. Such a way of writing a boolean
expression is called a disjunctive normal form.
(c) Let

E(xy, x3) = 2Ax ) A(x; V)

be a boolean expression over the boolean algebra ({0, 1, 2, 3}, V, A, ~). Rewrite E(x,, x,) in
disjunctive normal form.

(d) Let f be a function from A" to A for some boolean algebra (4, V, A, 7). If f is a boolean
function, how can we determine a boolean expression that specifies the function f?

Hint: Consider the disjunctive normal form of the expression.

(e) Show that the function in Fig.12.8 is not a boolean function.

(f) For any x;, show that

E(xy, Xy, ..oy X,) = (x; VE(x; = O) A (%, V E(x; = 1))

(9) Use the result in part (f) to show that any boolean expression can be written as a meet of
expressions of the form

dy 505 VE VE,V VR,

where d; ;,...;, is an element of 4 and X; denotes either x; or X;. Such a way of writing a boolean
expression is called a conjunctive normal form.

12.25 A student will receive a passing grade in a course if he meets one or more of the following
conditions:

1. He got a B or better in the mid-term examination and an A in the final examination.
2. He got a B or better in both the mid-term and final examinations and did not miss any homework

assignment.
3. He got a B or better in at least one of the mid-term and final examinations and he has an athletic

scholarship.
4. His father is the instructor of the course.

Use the following propositions as variables to write a boolean expression describing the set of
conditions stated above.
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: Getting a B in mid-term examination

: Getting an A in mid-term examination

: Getting a B in final examination

: Getting an A in final examination

: Missing some homework assignment

: Having an athletic scholarship

: Being the son of the instructor

Simplify the expression and thus obtain a simpler set of conditions.

Qw8 86 o8

12.26 The following table shows the contents of five tool boxes labeled a, b, c, d, and e:

Screw
driver Wrench Pliers Hammer Saw
a X X
b X X X
C X X
d X X
e X X

Write a boolean expression to show how selections of the tool boxes can be made so that each

selection contains at least one tool of each kind.

12.27 A committee is to be selected from five candidates a, b, ¢, d, e. The selection must satisfy all the

following conditions:

1. Either a or b must be included, but not both.

2. Either c or e or both must be included.

3. If d is included, then b must be included.

4. Either both a and c are included or neither is included.
5. If e is included, then ¢ and d must be included.

How should the selection be made?

T

D__

Ty

Figure 12P.2
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12.28 Show how the method of boolean algebras can be applied to determine the minimal dominat-
ing sets of a graph. Illustrate the procedure by determining the minimal dominating sets of the graph
in Fig. 5P.2. (See Prob. 5.11 for the definition of a dominating set of a graph.)

Hint: For each vertex, either the vertex itself or one of the vertices adjacent to it must be
included in a dominating set.
12.29 Simplify the circuit in Fig. 12P.2. (There is one circuit that uses only three OR-gates and
AND-gates.)
12.30 (a) Show how an OR-gate can be replaced by a suitable interconnection of AND-gates and

NOT-gates.
(b) Show how an AND-gate can be replaced by a suitable interconnection of OR-gates and

NOT-gates.
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(c) A NOR-gate is a circuit that has two inputs and one output such that the output is equal to
xVy for the inputs x and y. Show that we can realize any boolean expression using NOR-gates alone
by showing how OR-gates, AND-gates, and NOT-gates can be replaced by suitable interconnections
of NOR-gates.

(d) A NAND-gate is a circuit that has two inputs and one output such that the output is x A y
for the inputs x and y. Show that we can realize any boolean expression using NAND-gates alone by
showing how OR-gates, AND-gates, and NOT-gates can be replaced by suitable interconnections of
NAND-gates.

12.31 (a) Simplify the relay networks in Fig. 12P.3.

(b) Construct digital networks using OR-gates, AND-gates, and NOT-gates to realize the
boolean expressions realized by the relay networks in Fig. 12P.3.
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characteristic, 312

difference, 308

simultaneous, 325
(See also Recurrence relation)

Equivalence relation, 113
Equivalent boolean expressions, 401
Equivalent machines, 237
Equivalent propositions, 28
Equivalent states, 238
Euler, L., 149
Eulerian circuit, 150
Eulerian path, 150
Euler’s formula, 171
Even, S., 95, 174
Event, 83

compound, 83

simple, 83
Execution time, 122
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Experiment, 67
Expression:
algebraic, 376
boolean, 400
Extension, transitive, 111

Factors of a graph, 165
False, 28
Fano, R. M., 95
Feller, W., 95, 299
Fermat’s little theorem, 358
Fibonacci sequence, 308, 313
Field, 372
Finite region, 169
Finite set, 10
Finite state language, 242
Finite state machine, 234
nondeterministic, 244
Flow, 214
value of, 214
Ford, L. R., Jr., 219
Forest, 187
FORTRAN, 51, 61n.
Forward difference, 280
Fryer, K. D., 95
Fulkerson, D. R., 219
Full regular binary tree, 198
Function(s), 126
boolean, 402
composition of, 134
discrete numeric, 277
domain of, 126
generating, 290

numeric [see Numeric function(s)]

one-to-one, 126

one-to-one onto, 126

onto, 126

output, 234, 244

product of, 278

range of, 126

scaled version of, 279

sum of, 278

transition, 234, 244
Fundamental circuit, 207
Fundamental cut-set, 208
Fundamental system:

of circuits, 207

of cut-sets, 208

Gallager, R. G., 95
Garey, M. R., 271
Gate:
AND-, 408
NAND-, 422
NOR-, 422
NOT-, 408
OR-, 407
Generating function, 290
Generating set, 349
Generator, 349
Genetic graph, 177
Gill, A., 34, 250
Golomb, S. W., 13n., 34
Golovina, L. 1., 34
Graham, R. L., 130
Grammar:
phrase structure, 51
type-0, 60
type-1, 60
type-2, 60
type-3, 59
Graph(s), 139
bipartite, 185
complement of, 142
complete, 142
connected, 146
directed, 139
disconnected, 146
factors of, 165
genetic, 177
isomorphic, 141
Kuratowski, 173
linear, 143
orientable, 182
planar, 168
self-complementary, 175
strongly connected, 146
undirected, 139
weighted, 143
Gray code, 182
Greatest lower bound, 118
Group, 346
abelian, 348
commutative, 348
cyclic, 350
finite, 348
infinite, 348
of integers modulo n, 347



Group (Cont.):
order of, 348
permutation, 354
Group code, 361
Guillemin, E. A., 416

Halmos, P., 34
Hamiltonian circuit, 155
Hamiltonian path, 155
Harary, F., 174

Harrison, M. A., 61, 250
Hasse diagram, 117

Heap, 274

Height of tree, 196
Hennie, F. C., 62, 174, 250
Herstein, I. N., 379
Heterological adjective, 46
Hexomino, 13n.

Hill, F. J., 416

Hohn, F. E., 416
Homogeneous solution, 312
Homomorphic image, 365
Homomorphism, 365
Hopcroft, J. E., 62, 173, 250, 271
Horowitz, E., 271

Hu, T. C., 205, 219, 271
Huffman, D. A., 201, 220
Hypothesis, induction, 15

Ideal, 375, 417
maximal, 384
prime, 384
Idempotent property, 391
Identity, 345
additive, 371
left, 345
multiplicative, 373
right, 345
Idle period, 122
If and only if, 31
Image, 126
homomorphic, 365
isomorphic, 363
Implication algebra, 418
Incidence, 139
Incoming degree, 153
Independent set, 176
maximal, 176
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Indeterminant, 376
Index, 147, 423
Induction:

basis of, 15

hypothesis, 15

mathematical, 14

strong, 18

step, 15
Inefficient algorithm, 270
Infinite region, 169
Infix notation, 343n.
Information, 90, 115

mutual, 91
Information-processing machine, 231
Initial state, 234, 244
Initial-value theorem, 340
Initial vertex, 139
Injection, 127
Inorder traversal, 221
Instant insanity, 166
Integral domain, 372
Internal node, 20, 187, 191
Intersection:

of multisets, 27

of sets, 6
Intractable problem, 270
Invariance, 355
Inverse, 346

additive, 371

left, 346

multiplicative, 373

right, 346
Inverter, 408
Isolated vertex, 139
Isomorphic graphs, 141

to within vertices of degree 2, 172
Isomorphic image, 363
Isomorphism, 363

Job scheduling, 122
Johnson, D. S., 271
Join, 385

of tables, 108
Join operation, 385

k-equivalent, 239
k-factor, 165
Kemeny, J. G., 34
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Key, primary, 107
Kfoury, A. J., 34, 62
Knapsack problem, 270

Knuth, D. E., 34, 205, 220, 271, 272,

299, 335, 379
Kohavi, Z., 130, 174, 250, 416
Kolman, B., 34
Konigsberg, Germany, 149
Korfhage, R. R., 34
Kowalik, J. S., 220
Kuratowski graphs, 173
Kuratowski’s theorem, 173

Labeling procedure, 216
Lagrange’s theorem, 353
Language, 50
finite state, 242
recognizer, 241
type-0, 60
type-1, 60
type-2, 60
type-3, 60, 246
Latin square(s), 384
orthogonal, 384
Lattice, 118
boolean, 396
complemented, 395
distributive, 393
modular, 417
Lawler, E., 174, 220
Leaf, 20, 187, 191
Least upper bound, 118
Left coset, 352
Left identity, 345
Left inverse, 346
Left subtree, 193
Lessman, F., 335
Levy, H., 335
Levy, L. S., 34
Lewis, H. R., 62, 250
Lewis, P. M., 174
Lexicographic order (see Order,
lexicographic)
Li, Ju-Chen, 389n.
Lin, S., 379
Lin, Tai-Yi, 389n.
Linear graph, 143
Link, 206

Liu, C. L., 34, 95, 174, 220, 299, 335,

379, 416
Liu, J. W. S., 299, 335
Loop, 139
Lower bound, 118
greatest, 118
universal, 394

m-ary operation, 343
m-ary tree, 193
regular, 193
McAllister, D. F., 34, 299
MacLane, S., 379
Machines:
equivalent, 237
finite state, 234
information-processing, 231
Manohar, R. P., 34
Mathematical induction, 14, 18
Matrix multiplication, 331
Maximal element, 118
Maximal ideal, 384
Maximal independent set, 176
Maxterm, 402
Meet, 385
Meet operation, 385
Member of set, 2
Minimal dominating set, 176
Minimal element, 118
Minimum spanning tree, 210
Minsky, M., 62
Minterm, 402
Mirsky, L., 120n., 130
Modular lattice, 417
Moll, R. N., 34, 62
Monoid, 345
Multigraph:
directed, 142
undirected, 142
Multiplication, matrix, 331
Multiplicative identity, 373
Multiplicative inverse, 373
Multiplicity of multiset, 27
Multiset(s), 26
cardinality of, 27
difference of, 27
intersection of, 27
multiplicity of, 27



Multiset(s) (Cont.):
sum of, 27
union of, 27
Murty, U. S. R., 173
Mutual information, 91

n-ary relation, 106
n-cube, 182
n factorial, 68n.
n-tuple, ordered, 49
graphical, 175
NAND-gate, 422
Nearest-neighbor method, 160
Negation of proposition, 29
Nelson, R. J., 327, 335
Network, transport, 213
Nievergelt, J., 95, 174, 272
Node:
branch, 187, 191
internal, 20, 187, 191
terminal, 187, 191
Nondeterministic finite state machine,
244
Nonterminal, 53
NOR-gate, 422
Normal form:
conjunctive, 403
disjunctive, 402
Normal subgroup, 368
NOT-gate, 408
NP-complete problem, 271
Null sequence, 244n., 258
Numeric function(s), 277
accumulated sum of, 280
backward difference of, 280
convolution of, 281
forward difference of, 280
generating function of, 290
product of, 278
scaled version of, 279
sum of, 278

Odd-even merge, 329
1-equivalent, 239

1-factor, 165

One-to-one function, 126
One-to-one onto function, 126
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Onto function, 126
Open circuit, 410
Operation:
binary, 342
associative, 344
closed, 342
commutative, 348
complementation, 396
join, 385
m-ary, 343
meet, 385
ternary, 343
OR-gate, 407
Order, lexicographic, 78
of element, 382
of group, 348
of subgroup, 353
Ordered n-tuple, 49
Ordered pair, 49
Ordered quadruple, 49
Ordered set, 49
partially, 117
totally, 117
Ordered tree, 193
Ordered triple, 49
Orientable graph, 182
Orthogonal Latin squares, 384
Outgoing degree, 153
Output function, 234, 244

Pair, ordered, 49
Paley, H., 379
Pan, V. Ya., 335
Papadimitriou, C. H., 62, 220, 250
Paradox, Russell’s, 45
Parallel connection, 255, 410
Partial ordering relation, 116
Partially ordered set, 117
Particular solution, 312, 314
Partition(s), 113

preserved, 252

product of, 114

refinement of, 114

sum of, 114
Pascal, 51, 61n.
Path, 145

elementary, 145

eulerian, 150
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Path (Cont.):

hamiltonian, 155

simple, 145
Path length, 147, 196
Pentomino, 13n.
Permutation, 67
Permutation group, 354
Peterson, G. R., 416
Peterson, W. W., 379
Phrase structure grammar, 51
Pigeonhole principle, 127
Planar graph, 168

region of, 169

finite, 169
infinite, 169

Point, sample, 81
Pélya, G., 34
Polynomial, 376
Polynomial ring, 377
Poset, 117
Postorder traversal, 221
Power set, 8
Prather, R. E., 34
Precedence relation, 119nx.
Prefix code, 197
Prefix notation, 343n.
Preorder traversal, 221
Preparata, F. P., 34
Preserved partition, 252
Primary key, 107

composite, 108
Prime ideal, 384
Principle(s):

Dirichlet drawer, 127

of duality, 390

of inclusion and exclusion, 26

of mathematical induction, 14

pigeonhole, 127

of strong mathematical induction, 18
Probability, 81

conditional, 87
Problem:

intractable, 270

NP-complete, 271

tractable, 270
Product:

of functions, 278

of partitions, 114

rule of, 67

Production, 53
Projection, 108
Proper coloring, 176
Proper subset, 5
Proposition(s), 28
atomic, 29
compound, 29
conjunction of, 29
disjunction of, 29
equivalent, 28
negation of, 29
Pumping lemma, 243

Quadruple, ordered, 49
Quarternary relation, 106

Ramsey’s theorem, 130
Range, 126
Recurrence relation, 308
kth-order, 309
linear, with constant coefficients, 309
Refinement of partition, 114
Reflexive relation, 110
Region, 169
finite, 169
infinite, 169
Regular m-ary tree, 193
Reingold, E. M., 95, 174, 272
Rejecting state, 241
Relation, 107x.
binary, 103, 109
antisymmetric, 111
compatible, 132
congruence, 366
equivalence, 113
partial ordering, 116
precedence, 119n.
reflexive, 110
symmetric, 110
transitive, 111
n-ary, 106
quarternary, 106
recurrence (see Recurrence relation)
ternary, 105
Relational data model, 106
Relay, 412
Right coset, 352



Right identity, 345
Right inverse, 346
Right subtree, 193
Ring, 371
commutative, with unity, 384
polynomial, 377
of polynomials modulo G(x), 377
Riordan, J., 95, 299
Root, 191
characteristic, 312
Rooted tree, 191
Rosenkrantz, D. J., 174
Rule:
of product, 67
of sum, 67
Russell, B., 45
Russell’s paradox, 45
Rutherford, D. E., 416
Ryser, H. J., 95, 130

Saaty, T. L., 173
Sahni, S., 34, 271
Sample, 81
Sample point, 81
Sample space, 81
discrete, 81
Saturated edge, 214
Scale factor, 279
Scaled version of function, 279
Search tree, 203
Sedgewick, R., 272
Self-complementary graph, 175
Semigroup, 344
Sentence, 50
Sequence, 50
null, 244n., 258
synchronizing, 255
Series connection, 255, 410
Set(s), 2
cardinality of, 10
cartesian product of, 103
complement of, 8
countably infinite, 10
difference of, 7
disjoint, 6n.
element of, 2
empty, 3
equal, 5
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Set(s) (Cont.):
finite, 10
generating, 349
intersection of, 6
member of, 2
ordered, 49
partially ordered, 117
power, 8
successor of, 9
symmetric difference of, 8
totally ordered, 117
union of, 5
Shoe box argument, 127
Shostak, R., 337
Side effect, 263
Simple circuit, 145
Simple event, 83
Simple path, 145
Simultaneous difference equations, 325
Sink, 213
Smullyan, R., 34, 62
Snell, J. L., 34
Solution:
homogeneous, 312
particular, 312, 314
total, 312, 319
Sominskii, I. S., 34
Sorting algorithm, 326
nonadaptive, 334
Source, 213
Space, sample, 81
Spanning subgraph, 142
Spanning tree, 205
minimum, 210
Stanat, D. F., 34, 299
Starting symbol, 53
State(s), 232
accepting, 241
equivalent, 237
initial, 234, 244
rejecting, 241
trapping, 248
Stearns, R. E., 174
Steiglitz, K., 220
Stoll, R. R., 34
Stone, H. S., 34, 62
Strassen, V., 335
String, 50
Strongly connected graph, 146
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Subgraph, 141

spanning, 142
Subgroup, 348

normal, 368

trivial, 353n.
Subset, 4

proper, 5
Substitution property, 132
Subtree, 191

left, 193

right, 193
Successor of set, 9
Sum:

of functions, 278

of multisets, 27

of partitions, 114

rule of, 67
Suppes, P., 34
Surjection, 127
Switching algebra, 415
Symbol, starting, 53
Symmetric difference of sets, 8
Symmetric order traversal, 221
Symmetric relation, 110
Synchronizing sequence, 255
Syslo, M. M., 220
Szasz, G., 416

Table, 107

degree of, 107

truth, 29
Tautology, 28, 404
Terminal, 53
Terminal node, 187, 191
Terminal vertex, 139
Ternary operation, 343
Ternary relation, 105
Tetromino, 13n.
Thickness of graph, 186
Thompson, G. L., 34
3-2 tree, 222
Time complexity:

of algorithms, 261

of a problem, 266
Timing diagram, 122
Total solution, 312, 319
Totally ordered set, 117
Tower of Hanoi, 338

Tractable problem, 270
Transition function, 234, 244
Transitive closure, 112
Transitive extension, 111
Transitive relation, 111
Transport network, 213
Trapping state, 248

Traveling salesperson problem, 159
nearest-neighbor method for, 160

Traversal:

inorder, 221

postorder, 221

preorder, 221

symmetric order, 221
Tree, 187

binary, 193

directed, 191

height of, 196

m-ary, 193

ordered, 193

regular, 193

rooted, 191

search, 203

spanning, 205

weight of, 200
Tremblay, J. P., 34
Triple, ordered, 49
Trivial subgroup, 353n.
True, 28
Truth table, 29
Tucker, A. C., 34, 95, 205, 219
2-factor, 165
Type-0 grammar, 60
Type-0 language, 60
Type-1 grammar, 60
Type-1 language, 60
Type-2 grammar, 60
Type-2 language, 60
Type-3 grammar, 59
Type-3 language, 60, 246

Ullman, J. D., 61, 62, 173, 250, 271

Undirected graph, 139
Union:

of multisets, 27

of sets, 5
Universal lower bound, 394
Universal upper bound, 395



Universe, 8, 48
Unsaturated edge, 214
Upper bound, 118
least, 118
universal, 395

Venn diagram, 8
Vertex, 139
degree of, 150
incoming, 153
outgoing, 153
initial, 139
isolated, 139
terminal, 139
weight of, 143
Vilenkin, N. Ya., 96

Weichsel, P. M., 379

Weight:

of edge, 143

of tree, 200

of vertex, 143
Weighted graph, 143
Weldon, E. J., Jr., 379
Whitworth, W. A., 96
Wilson, R. J., 174
Word, 359

Yaglom, 1. M., 34
Yasuhara, A., 62
Yeh, R. T., 34

Zero (0)-equivalent,
239
Zipf, G. K., 199n., 220
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